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P❘❖❋▼❆❚

❘❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s✿ ❆ ❝♦♥❡①ã♦ ❡♥tr❡
▼❛t❡♠át✐❝❛ ❡ ❋ís✐❝❛ ♣♦r ♠❡✐♦ ❞❛ ❢✉♥çã♦ ❛❢✐♠ ❡

q✉❛❞rát✐❝❛✳

◆❛t❤❛♥❛❡❧ ❞❡ ❙♦✉s❛ ❇❛rr❡t♦

❙ã♦ ▲✉ís ✲ ▼❆
✷✵✶✾



◆❆❚❍❆◆❆❊▲ ❉❊ ❙❖❯❙❆ ❇❆❘❘❊❚❖

❘❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s✿ ❆ ❝♦♥❡①ã♦ ❡♥tr❡

▼❛t❡♠át✐❝❛ ❡ ❋ís✐❝❛ ♣♦r ♠❡✐♦ ❞❛ ❢✉♥çã♦ ❛❢✐♠ ❡

q✉❛❞rát✐❝❛

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ Pr♦❣r❛♠❛ ❞❡ Pós✲
●r❛❞✉❛çã♦ ♥♦ ❈✉rs♦ ❞❡ ▼❡str❛❞♦ Pr♦✜ss♦♥❛❧ ❡♠
▼❛t❡♠át✐❝❛ ❥✉♥t♦ ❛♦ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠á✲
t✐❝❛ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞♦ ▼❛r❛♥❤ã♦✱ ❝♦♠♦
r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡
❡♠ ▼❛t❡♠át✐❝❛✳
❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ❙❡r❣✐♦ ◆♦❧êt♦ ❚✉r✐❜✉s✳

❙ã♦ ▲✉ís ✲ ▼❆
✷✵✶✾



❇❛rr❡t♦✱ ◆❛t❤❛♥❛❡❧ ❞❡ ❙♦✉s❛✳

❘❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s✿ ❛ ❝♦♥❡①ã♦ ❡♥tr❡ ♠❛t❡♠át✐❝❛ ❡ ❋ís✐❝❛

♣♦r ♠❡✐♦ ❞❛ ❢✉♥çã♦ ❛❢✐♠ ❡ q✉❛❞rát✐❝❛ ✴ ◆❛t❤❛♥❛❡❧ ❞❡ ❙♦✉s❛

❇❛rr❡t♦✳ ❙ã♦ ▲✉ís✱ ✷✵✶✾✳

✻✻ ♣✳

❉✐ss❡rt❛çã♦ ✭▼❡str❛❞♦✮ ✕ ▼❡str❛❞♦ Pr♦❢✐ss✐♦♥❛❧ ❡♠ ♠❛t❡♠át✐❝❛

✭P❘❖❋▼❆❚✮✱ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞♦ ▼❛r❛♥❤ã♦✱ ✷✵✶✾✳

❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ❙❡r❣✐♦ ◆♦❧êt♦ ❚✉r✐❜✉s

✶✳ ❘❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s✳ ✷✳ ❋✉♥çã♦ ❛❢✐♠✳ ✸✳❋✉♥çã♦ q✉❛❞rát✐❝❛✳

✹✳❈♦♥❡①ã♦ ❡♥tr❡ ♠❛t❡♠át✐❝❛ ❡ ❢ís✐❝❛

❈❉❯ ✺✶✿✺✸





❉❡❞✐❝❛tór✐❛

❉❡❞✐❝♦ ❡st❡ tr❛❜❛❧❤♦ ❛♦s ♠❡✉s ✜❧❤♦s✱ ❢♦♥t❡ ❞❛ ♠✐♥❤❛ ✐♥s♣✐r❛✲

çã♦✱ ❧✉❣❛r ♦♥❞❡ r❡♥♦✈♦ ♠✐♥❤❛s ❢♦rç❛s✱ r❡❝❛♥t♦ ♦♥❞❡ ❡♥❝♦♥tr♦

❞❡s❝❛♥s♦✳ ❆ ♠✐♥❤❛ ❢❛♠í❧✐❛✱ ♣♦r t❡r ❛❝r❡❞✐t❛❞♦ ❡♠ ♠✐♠✱ ♣♦r

t❡r ♠❡ ❡♥s✐♥❛❞♦ ❛ s❡r ❤♦♥❡st♦✱ ♣♦r ♠❡ ❢❛③❡r ❡♥t❡♥❞❡r ♦ ✈❛❧♦r

❞❛s ❝♦✐s❛s q✉❡ ❝♦♥q✉✐st❛♠♦s ❝♦♠ ❞✐✜❝✉❧❞❛❞❡✳ ❆ ♠✐♥❤❛ ✐❣r❡❥❛✱

♣♦r ♠❡ ❡♥s✐♥❛r ✈❛❧♦r❡s ❝r✐stã♦s✱ ♥❛ q✉❛❧ ♠❡ ❢❡③ s❡r ✉♠ ❤♦♠❡♠

t❡♠❡♥t❡ ❛ ❉❡✉s ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ❧✉❣❛r ❡ ❞❛ ♣♦s✐çã♦ s♦❝✐❛❧ q✉❡

❡✉ ✈❡♥❤❛ ♦❝✉♣❛r✳



❆❣r❛❞❡❝✐♠❡♥t♦s

P♦r trás ❞❡ ✉♠❛ tr❛❥❡tór✐❛ ✈✐t♦r✐♦s❛ ❡①✐st❡ ✈ár✐♦s ❛❧✐❝❡r❝❡s ♥♦ q✉❛❧ ❜✉s❝❛♠♦s ❢♦rç❛

♣❛r❛ s❡❣✉✐r ✈❡♥❝❡♥❞♦✱ s❡♥❞♦ ❛ss✐♠✱ ❣♦st❛r✐❛ ❞❡ ❛❣r❛❞❡❝❡r ❛♦ ❊t❡r♥♦ ❉❡✉s ❡♠ s✉❛ ♣❛❧❛✈r❛

♣♦r ♠❡ ❡♥❝♦r❛❥❛r ♥♦s ♠♦♠❡♥t♦s ♠❛✐s ❞✐❢í❝❡✐s✱ q✉❛♥❞♦ ✐♥ú♠❡r❛s ✈❡③❡s ❛s ❞✐✜❝✉❧❞❛❞❡s

q✉✐s❡r❛♠ ♠❡ ❢❛③❡r ❞❡s✐st✐r✳

❆❣r❛❞❡❝❡r ❛ ♠✐♥❤❛ ❡s♣♦s❛ ◆ú❜✐❛ ❘❡❣✐♥❛ ▼❡♥❞❡s ❞♦s ❙❛♥t♦s ❇❛rr❡t♦ ❡ ♠✐♥❤❛ ♠ã❡

❆❧❞❡♥✐r❛ ❞❡ ❙♦✉s❛ ❖❧✐✈❡✐r❛ ❇❛rr❡t♦ ♣❡❧❛ ❢♦rç❛ ❡ ✐♥❝❡♥t✐✈♦ ❡ ♣♦r s❡♠♣r❡ ❡st❛r❡♠ ❛♦ ♠❡✉

❧❛❞♦✳

❆❣r❛❞❡❝❡r ❛♦s ❛♠✐❣♦s ❞❡ ❝❧❛ss❡ ♣❡❧❛ ✉♥✐ã♦✱ ♣❡❧♦s ♠♦♠❡♥t♦s ❞❡ ❞❡s❝♦♥tr❛çã♦ ❡

tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦ ❛♦ ❧♦♥❣♦ ❞❡ss❡s q✉❛s❡ ❞♦✐s ❛♥♦s✳

❆❣r❛❞❡❝❡r ❛ t♦❞♦ ❝♦r♣♦ ❞♦❝❡♥t❡ ♣♦r ♥♦s tr❛♥s❢❡r✐r ♦ ♠❛✐s ✈❛❧✐♦s♦ ❞❡ t♦❞♦s ♦s

t❡s♦✉r♦s q✉❡ é ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❡ ❛ t♦❞❛ ❡q✉✐♣❡ q✉❡ ❝♦♠♣õ❡ ♦ P❘❖❋▼❆❚✲❯❊▼❆✱ t♦❞♦s

❢♦r❛♠ ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ q✉❡ ❛❧❝❛♥ç❛ss❡ ❡ss❛ ✈✐tór✐❛✳

❊ ♣♦r ✜♠✱ ❛❣r❛❞❡ç♦ ❞❡ t♦❞♦ ♦ ❝♦r❛çã♦ ♦ ♠❡✉ ♦r✐❡♥t❛❞♦r Pr♦❢✳ ❉r✳ ❙❡r❣✐♦ ◆♦❧êt♦

❚✉r✐❜✉s ♣❡❧❛ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡✱ ♣❛❝✐ê♥❝✐❛ ❡ ♣❡❧♦ ❞♦♠ ❞❡ ❡♥s✐♥❛r ❡ s❡ ❝♦❧♦❝❛r ♥❛ ♣♦s✐çã♦ ❞♦

♣ró①✐♠♦✳



✧◆ã♦ t♦ ♠❛♥❞❡✐ ❡✉❄ ❙ê ❢♦rt❡ ❡ ❝♦r❛✲

❥♦s♦✱ ♥ã♦ t❡♠❛s✱ ♥❡♠ t❡ ❡s♣❛♥t❡s✱ ♣♦r✲

q✉❡ ♦ ❙❡♥❤♦r✱ t❡✉ ❉❡✉s✱ é ❝♦♥t✐❣♦ ♣♦r

♦♥❞❡ q✉❡r q✉❡ ❛♥❞❛r❡s✧
❏♦s✉é ✶✿✾



❘❊❙❯▼❖

❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ♠♦str❛ ♦s ✈ár✐♦s ❜❡♥❡❢í❝✐♦s ♣r♦♣♦st♦s ♣❡❧❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❛
r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛ ❛tr❛✈és ❞❛ ❢✉♥çã♦ ❛✜♠ ❡ q✉❛❞rát✐❝❛✳ ❆ ♣❡sq✉✐s❛ ❛✐♥❞❛ ✉t✐❧✐③❛
❛ ❝♦♥❡①ã♦ ❡♥tr❡ ♠❛t❡♠át✐❝❛ ❡ ❢ís✐❝❛✱ ❝♦♠♦ ❢❛t♦r ✐♠♣♦rt❛♥t❡ ♥❛ ❝♦♠♣r❡❡♥sã♦ ❞❡ ❛❧❣✉♥s
♠♦✈✐♠❡♥t♦s✱ ❡ t❡♠ ❡ss❛ r❡❧❛çã♦ ❝♦♠♦ ♠♦t✐✈❛çã♦ ♣❛r❛ ♦ ❛❧✉♥♦ ♣r♦ss❡❣✉✐r ❝♦♠ ♦ ❡st✉❞♦
❞❛ ♠❛t❡♠át✐❝❛✳ ❆ ♠❡s♠❛ ❢♦✐ r❡❛❧✐③❛❞❛ ♥✉♠❛ ❡s❝♦❧❛ ♣ú❜❧✐❝❛ ♥♦ ♠✉♥✐❝í♣✐♦ ❞❡ ❆♥❛❥❛t✉❜❛✲
▼❆ ❝♦♠ ❛❧✉♥♦s ❞❡ ✶❛ ❡ ✸❛ sér✐❡ ❞♦ ❡♥s✐♥♦ ♠é❞✐♦✳ P♦r ♠❡✐♦ ❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s✱
❛ ♣❡sq✉✐s❛ ♠♦str♦✉ ♦s ❜❡♥❡❢í❝✐♦s ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❛ ❡❞✉❝❛çã♦ q✉❛♥❞♦ ❛tr❛✈és ❞❛ ♠❡s♠❛
♣ô❞❡ ❛❧❝❛♥ç❛r ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ♦❜❥❡t✐✈♦s ❝♦♠♦✿ ❝♦♥❡①ã♦ ❡♥tr❡ ♠❛t❡♠át✐❝❛ ❡ ❢ís✐❝❛✱ ✉♠❛
♠❡❧❤♦r ✐♥t❡r♣r❡t❛çã♦ ❞♦s t❡①t♦s✱ ❝♦♥❡❝t❛r ❛ ♠❛t❡♠át✐❝❛ ❛♦ ♠✉♥❞♦ r❡❛❧✱ ♠♦t✐✈❛r ♦ ❡st✉❞♦
❞❛ ♠❛t❡♠át✐❝❛✱ ❛ss♦❝✐❛r ♦ ❝♦♥t❡ú❞♦ ❡♠ s✐t✉❛çõ❡s ♣r♦❜❧❡♠❛s ❝♦♥t❡①t✉❛❧✐③❛❞❛s✳

P❛❧❛✈r❛s ❈❤❛✈❡✿ ❘❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s✳ ❋✉♥çã♦ ❛✜♠✳ ❋✉♥çã♦ q✉❛❞rát✐❝❛✳ ❈♦♥❡①ã♦
❡♥tr❡ ♠❛t❡♠át✐❝❛ ❡ ❢ís✐❝❛✳



❆❇❙❚❘❆❈❚

❚❤❡ ♣r❡s❡♥t ✇♦r❦ s❤♦✇s t❤❡ ✈❛r✐♦✉s ❜❡♥❡✜ts ♣r♦♣♦s❡❞ ❜② t❤❡ ♠❡t❤♦❞♦❧♦❣② ♦❢ ♣r♦✲
❜❧❡♠ s♦❧✈✐♥❣ t❤r♦✉❣❤ t❤❡ r❡❧❛t❡❞ ❛♥❞ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥✳ ❚❤❡ r❡s❡❛r❝❤ st✐❧❧ ✉s❡s t❤❡
❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ♠❛t❤❡♠❛t✐❝s ❛♥❞ ♣❤②s✐❝s✱ ❛s ❛♥ ✐♠♣♦rt❛♥t ❢❛❝t♦r ✐♥ ✉♥❞❡rst❛♥❞✐♥❣
s♦♠❡ ♠♦✈❡♠❡♥ts✱ ❛♥❞ ❤❛s t❤✐s r❡❧❛t✐♦♥ ❛s ♠♦t✐✈❛t✐♦♥ ❢♦r t❤❡ st✉❞❡♥t t♦ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡
st✉❞② ♦❢ ♠❛t❤❡♠❛t✐❝s✳ ❚❤❡ r❡s❡❛r❝❤ ✇❛s ❝❛rr✐❡❞ ♦✉t ✐♥ ❛ ♣✉❜❧✐❝ s❝❤♦♦❧ ✐♥ t❤❡ ♠✉♥✐❝✐♣❛✲
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r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ♣❡r♠✐t❡ ❛♦ ❞♦❝❡♥t❡ ♠♦str❛r ❡ ❡♥❢❛t✐③❛r ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ❝♦♥✲

t❡ú❞♦ ♥♦s ♣r♦❜❧❡♠❛s ❝♦♥t❡①t✉❛❧✐③❛❞♦s✳

P♦r ♠❡✐♦ ❞❡❧❛ ❛ ♠♦❞❡❧❛❣❡♠ ♠❛t❡♠át✐❝❛ s❡ t♦r♥❛ ♠❛✐s ❝❧❛r❛ ❡ ❞á ✉♠❛ ♠♦t✐✈❛çã♦ ❛

♠❛✐s ♣❛r❛ ♦ ❛❧✉♥♦ s❡ ❛♣r♦❢✉♥❞❛r ♥❡ss❛ ❞✐s❝✐♣❧✐♥❛ tã♦ ✐♠♣♦rt❛♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ❛ ♠❡t♦❞♦❧♦✲

❣✐❛ ❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ✧t❡♠ ❣r❛♥❞❡ ♣♦❞❡r ♠♦t✐✈❛❞♦r ♣❛r❛ ♦ ❛❧✉♥♦✱ ♣♦✐s ❡♥✈♦❧✈❡♠

s✐t✉❛çõ❡s ♥♦✈❛s ❡ ❞✐❢❡r❡♥t❡s ❛t✐t✉❞❡s ❡ ❝♦♥❤❡❝✐♠❡♥t♦s✑ ✭❙❖❆❘❊❙❀ P■◆❚❖✱ ✷✵✶✹✱ ♣❛❣✳ ✷✮✳

❖s r❡s✉❧t❛❞♦s ❞✐✈✉❧❣❛❞♦s ♣❡❧♦ ■◆❊P ♥♦ ❞✐❛ ✸✵✴✵✽✴✷✵✶✽ ❛tr❛✈és ❞❛ ❛✈❛❧✐❛çã♦ ❞♦

❙❛❡❜ ✭✷✵✶✼✮ ♠♦str❛♠ q✉❡ ♦s ❛❧✉♥♦s ❞❛ ❡❞✉❝❛çã♦ ❜ás✐❝❛ s❡ ❡♥❝♦♥tr❛♠ ❝♦♠ ❝♦♥❤❡❝✐♠❡♥t♦s

✐♥s✉✜❝✐❡♥t❡s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥❛s ❞✐s❝✐♣❧✐♥❛s ❞❡ ♣♦rt✉❣✉ês ❡ ♠❛t❡♠át✐❝❛✱ s❡ ❛❣r❛✈❛♥❞♦

❛✐♥❞❛ ♠❛✐s q✉❛♥❞♦ s❡ tr❛t❛ ❞♦ ❡♥s✐♥♦ ♠é❞✐♦✳ ◆♦ t❡r❝❡✐r♦ ❛♥♦ ❞♦ ❡♥s✐♥♦ ♠é❞✐♦ ❛♣❡♥❛s

✹✱✺✷✪ ❞♦s ❛❧✉♥♦s ♣♦ss✉❡♠ ♥í✈❡❧ ❛❞❡q✉❛❞♦ ♥❛ ❞✐s❝✐♣❧✐♥❛ ❞❡ ♠❛t❡♠át✐❝❛✳

◆❛ é♣♦❝❛✱ ♦ ♠✐♥✐str♦ ❞❛ ❡❞✉❝❛çã♦ ❘♦ss✐❡❧✐ ❙♦❛r❡s ❞❛ ❙✐❧✈❛ ❞✐ss❡ ✏ ♥ós ❡st❛♠♦s s✐♠

♥❛ ❢❛❧ê♥❝✐❛✱ ♥♦ ❢✉♥❞♦ ❞♦ ♣♦ss♦ ❝♦♠ ♦ ♥♦ss♦ ❡♥s✐♥♦ ♠é❞✐♦✑✳ ❉❛❞♦s ❛✐♥❞❛ r❡✈❡❧❛♠ q✉❡ ❛♣ós

✶✷ ❛♥♦s ❞❡ ❡s❝♦❧❛r✐❞❛❞❡✱ ❝❡r❝❛ ❞❡ ✼✵✪ ❞♦s ❡st✉❞❛♥t❡s t❡r♠✐♥❛♠ ❛ ❡❞✉❝❛çã♦ ❜ás✐❝❛ s❡♠

❝♦♥s❡❣✉✐r ❧❡r ❡ ❡♥t❡♥❞❡r ✉♠ t❡①t♦ s✐♠♣❧❡s ❡ s❡♠ ❝♦♥❤❡❝✐♠❡♥t♦s ♠í♥✐♠♦s ❡♠ ♠❛t❡♠át✐❝❛✳

❆❧❣✉♥s ❞♦s ♣r✐♥❝✐♣❛✐s ❢❛t♦r❡s q✉❡ ✐♥✢✉❡♥❝✐❛♠ ❛ ✐♥s✉✜❝✐ê♥❝✐❛ ♥❛ ❞✐s❝✐♣❧✐♥❛ ❞❡ ♠❛✲

t❡♠át✐❝❛ é ❛ ❞❡s♠♦t✐✈❛çã♦ ❡♠ ❡st✉❞á✲❧❛✱ ♣♦r s❡r ❛♣r❡s❡♥t❛❞❛ ❞❡ ✉♠❛ ❢♦r♠❛ tã♦ ❞✐st❛♥t❡

❞❛ r❡❛❧✐❞❛❞❡ ❡ ❛ ❢❛❧t❛ ❞❡ ❝♦♠♣r❡❡♥sã♦ ♥♦s ♣r♦❜❧❡♠❛s ❝♦♥t❡①t✉❛❧✐③❛❞♦s ✭♠♦❞❡❧❛❞♦s✮✳ ❆

r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s é ♦ ♠❡✐♦ ♣❡❧♦ q✉❛❧ ❛ ♠❛t❡♠át✐❝❛ ♠♦str❛ t♦❞❛ ❛ s✉❛ ❡①✉❜❡râ♥❝✐❛

❡ ❡❧❡❣â♥❝✐❛✳

❯♠❛ ❞❛s ❝♦♠♣❡tê♥❝✐❛s ❡ ❤❛❜✐❧✐❞❛❞❡s ❡①✐❣✐❞❛ ♣❡❧♦s P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s ◆❛❝✐✲

♦♥❛✐s ✭❇❘❆❙■▲✱ ✷✵✵✵✱ ♣✳ ✾✻✮ é q✉❡ ♦ ❛❧✉♥♦ s❛✐❜❛ ✧❝♦♠♣r❡❡♥❞❡r ❝♦♥❝❡✐t♦s✱ ♣r♦❝❡❞✐♠❡♥t♦s

❡ ❡str❛té❣✐❛s ♠❛t❡♠át✐❝❛s✱ ❡ ❛♣❧✐❝á✲❧❛s ❛ s✐t✉❛çõ❡s ❞✐✈❡rs❛s ♥♦ ❝♦♥t❡①t♦ ❞❛s ❝✐ê♥❝✐❛s✱ ❞❛

t❡❝♥♦❧♦❣✐❛ ❡ ❞❛s ❛t✐✈✐❞❛❞❡s ❝♦t✐❞✐❛♥❛s✳✧

❈❡rt♦ ❞✐❛ ♦❜s❡r✈❛♥❞♦ ♦ ♠❡✉ ✜❧❤♦ ❞❡ ✶ ❛♥♦ ❡ ✹ ♠❡s❡s t❡♥t❛♥❞♦ ♣❛ss❛r ♣❡❧♦ ♣♦rtã♦

❞❛ ❝❛s❛ q✉❡ ❡st❛✈❛ ❢❡❝❤❛❞♦✱ ♦ ♠❡s♠♦ t❡♥t♦✉ t✐r❛r ♦ ♣✐♥♦ ❞♦ ♣♦rtã♦ ♣❛r❛ ♣♦❞❡r ❛❧❝❛♥ç❛r

s❡✉ ♦❜❥❡t✐✈♦✱ ♠❛s ❝♦♠♦ ♥ã♦ ❝♦♥s❡❣✉✐✉ ❢♦✐ ❛té ♦ ♦✉tr♦ ❧❛❞♦✱ ♥♦ ✜♥❛❧ ❞♦ ♣♦rtã♦✱ ♦♥❞❡ t✐♥❤❛

✉♠❛ ♣❛rt❡ q✉❡ ♣♦ss✐❜✐❧✐t❛✈❛ ❝♦♠ ♠❛✐♦r ❢❛❝✐❧✐❞❛❞❡ ♠♦✈❡r ♦ ♣♦rtã♦✱ ❛ss✐♠ ❝♦♥s❡❣✉✐✉ ♠♦✈ê✲

❧♦ ♣❛r❛ s❛✐r✳ ❆ ♣❛rt✐r ❞❡ss❛ s✐t✉❛çã♦ ♣✉❞❡ ❢❛③❡r ✉♠ ♣❛r❛❧❡❧♦ ❝♦♠ ❛ ♠❡t♦❞♦❧♦❣✐❛ r❡s♦❧✉çã♦

✶✹



❞❡ ♣r♦❜❧❡♠❛s ♣❡❧❛ q✉❛❧ ❡①✐❣❡ ❡ ♣❡r♠✐t❡ q✉❡ ❞❡s❡♥✈♦❧✈❛♠♦s ❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❡st❛❜❡❧❡❝❡r

♥♦✈❛s ❡str❛té❣✐❛s ♣❛r❛ ❛❧❝❛♥ç❛r ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛✳

●r❛❞✉❛❞♦ ❡♠ ♠❛t❡♠át✐❝❛✱ ♠❛s ♣❡❧❛ ❝❛rê♥❝✐❛ ❞❡ ♣r♦❢❡ss♦r❡s ♣❛ss❡✐ ❛ ♠✐♥✐str❛r ❛✉❧❛s

❞❡ ❢ís✐❝❛ ♥❛ ❙❡❞✉❝✲▼❆ ❡♠ ❢❡✈❡r❡✐r♦ ❞❡ ✷✵✶✽ ♥♦ ✶♦ ❛♥♦ ❞♦ ❡♥s✐♥♦ ♠é❞✐♦✱ ❡ ♣♦r ♠✉✐t❛s ✈❡③❡s

♣r❡❝✐s❡✐ r❡❝♦rr❡r ❛♦s ❢✉♥❞❛♠❡♥t♦s ❞❛ ♠❛t❡♠át✐❝❛ ♣❛r❛ ❞❡s❝r❡✈❡r ❢❡♥ô♠❡♥♦s ❞❛ ❢ís✐❝❛ ❡ ❡♠

♦✉tr♦s ❝❛s♦s ✉t✐❧✐③❡✐ ❞❡ ❡①❡♠♣❧♦s ❞❛ ❢ís✐❝❛ ♣❛r❛ ❡①❡♠♣❧✐✜❝❛r ❝♦♥❝❡✐t♦s ♠❛t❡♠át✐❝♦s✳

P♦ré♠✱ ❣❡r❛❧♠❡♥t❡ ♦s ❝✉rrí❝✉❧♦s ❞❛s ❞✉❛s ❞✐s❝✐♣❧✐♥❛s sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❞✐✜❝✉❧t❛♥❞♦

❛ ♣❡r❝❡♣çã♦ ❞♦ ❛❧✉♥♦✱ ❡♠ r❡❧❛çã♦ à ❝♦♥❡①ã♦ ❡①✐st❡♥t❡ ❡♥tr❡ ❡❧❛s✳ P♦r ✐ss♦✱ ✉♠ ❞♦s ♦❜❥❡t✐✈♦s

❞♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ é ✉s❛r ❞❛ ♠❡t♦❞♦❧♦❣✐❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❝♦♠♦ ❢❡rr❛♠❡♥t❛ ♣❛r❛

♠♦str❛r ❛ ❝♦♥❡①ã♦ ❡♥tr❡ ❛s ❞✐s❝✐♣❧✐♥❛s ❝✐t❛❞❛s ❛❝✐♠❛✳

❚❡♥❞♦ ❡♠ ✈✐st❛ ❛ ❛t✉❛❧ s✐t✉❛çã♦ ❞❛ ❡❞✉❝❛çã♦ ❜ás✐❝❛ ❡ ❛q✉✐❧♦ q✉❡ é ❡①✐❣✐❞♦ ♣❡❧♦s

P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s ✭❇❘❆❙■▲✱ ✷✵✵✵✮ ❡ ♣❡❧♦ ❊①❛♠❡ ◆❛❝✐♦♥❛❧ ❞♦ ❊♥s✐♥♦

▼é❞✐♦ ✭❊◆❊▼✮ ❡♠ r❡❧❛çã♦ ❛s ❝♦♠♣❡tê♥❝✐❛s ❡ ❤❛❜✐❧✐❞❛❞❡s q✉❡ ♦ ❛❧✉♥♦ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♦s

❞♦ ❡♥s✐♥♦ ♠é❞✐♦ ❞❡✈❡♠ t❡r✱ ♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❣❡r❛❧ ■♥✈❡st✐❣❛r ❛s

❝❛r❛❝t❡ríst✐❝❛s s✐♥❣✉❧❛r❡s ❞♦s ❝♦♥t❡ú❞♦s ❞❡ ❢✉♥çã♦ ❛✜♠ ❡ q✉❛❞rát✐❝❛ ❛tr❛✈és ❞❛ r❡s♦❧✉çã♦

❞❡ ♣r♦❜❧❡♠❛s✱ ❝❛r❛❝t❡r✐③❛♥❞♦✲❛s ❡ ✈❡r✐✜❝❛♥❞♦ ❛s ❝♦♥❡①õ❡s ❡♥tr❡ ♠❛t❡♠át✐❝❛ ❡ ❢ís✐❝❛✳

❊ ♣❛r❛ ❛❧❝❛♥ç❛r ♦ ♦❜❥❡t✐✈♦ ❣❡r❛❧ ❢♦✐✲s❡ tr❛ç❛❞♦ ♦s s❡❣✉✐♥t❡s ♦❜❥❡t✐✈♦s ❡s♣❡❝í✜❝♦s✱

❛✉♠❡♥t❛r ❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❛ss♦❝✐❛r ♦ ❝♦♥t❡ú❞♦ ❛ s✐t✉❛çõ❡s ♣r♦❜❧❡♠❛s✱ ❛♣❧✐❝❛r ♦ ❝♦♥❤❡✲

❝✐♠❡♥t♦ ♠❛t❡♠át✐❝♦ ❛❞q✉✐r✐❞♦ ❡♠ ❝♦♥t❡ú❞♦s ❞❛ ❢ís✐❝❛✱ ♠♦t✐✈❛r ♦ ❡st✉❞♦ ❞❛ ♠❛t❡♠át✐❝❛

❛tr❛✈és ❞❛ ✐♥t❡r❞✐s❝✐♣❧✐♥❛r✐❞❛❞❡ ❡♥tr❡ ♠❛t❡♠át✐❝❛ ❡ ❢ís✐❝❛ ♣♦r ♠❡✐♦ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡✲

♠❛s ♠♦❞❡❧❛❞♦s✱ ❡ ♣♦r ✜♠ ❞❡♠♦♥str❛r ❛tr❛✈és ❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s q✉❡ ❡①✐st❡ ✉♠❛

❣r❛♥❞❡ ❝♦♥❡①ã♦ ❡♥tr❡ ❛ ♠❛t❡♠át✐❝❛ ❡ ❛ r❡❛❧✐❞❛❞❡✱ ❡ ❡♥tr❡ ♠❛t❡♠át✐❝❛ ❡ ❛ ❢ís✐❝❛✳

❖ tr❛❜❛❧❤♦ s❡ ❛♣♦✐❛ ♥♦s ❞❛❞♦s ♦✜❝✐❛✐s ❞♦ ❣♦✈❡r♥♦ ❛tr❛✈és ❞❛ ❛✈❛❧✐❛çã♦ ❞♦ ❙❛❡❜

✭✷✵✶✼✮✱ ♥♦s P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s ✭❇❘❆❙■▲✱ ✷✵✵✵✮✱ ♥❛ ♠❛tr✐③ ❞❡ ❝♦♠♣❡tê♥✲

❝✐❛s ❡ ❤❛❜✐❧✐❞❛❞❡s ❞♦ ❊◆❊▼✱ ❡ t❡♦r✐❝❛♠❡♥t❡ ❡♠ ❉✐♥✐③ ✭✶✾✾✶✮✱ ▲✐♠❛ ✭✷✵✶✸✮ ❡ ❆♥❞r❛❞❡ ❡

❖❧✐✈❡✐r❛ ✭✷✵✶✹✮✳

❆ ♣❡sq✉✐s❛ ❡stá ♦r❣❛♥✐③❛❞❛ ❞❡ ❢♦r♠❛ s✉❝✐♥t❛ ♣r♦♣♦r❝✐♦♥❛♥❞♦ ✉♠❛ ✈✐sã♦ ❣❡r❛❧ s♦✲

❜r❡ ❛s ❞✐❢❡r❡♥t❡s ❝♦♥tr✐❜✉✐çõ❡s ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ r❡s♦❧✉çã♦ ❞❛ ♣r♦❜❧❡♠❛s ♥♦ ♣r♦❝❡ss♦

❞❡ ❡♥s✐♥♦ ❛♣r❡♥❞✐③❛❣❡♠ ♥❛ ❡❞✉❝❛çã♦ ❜ás✐❝❛✳ ❖ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ ❡stá ❞✐✈✐❞✐❞♦ ❡♠ ❝✐♥❝♦

s❡çõ❡s✱ ❡stás s❡çõ❡s ♠♦str❛♠ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦ ❡st✉❞♦ ❞❛s ❢✉♥çõ❡s ❛✜♥s ❡ q✉❛❞rát✐❝❛s✱ ❡

❛❧é♠ ❞✐ss❡ ❢❛③ ✉♠ ❡st✉❞♦ s♦❜r❡ ❡❧❛s✳ ❖ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦ ❢❛③ ✉♠❛ ❝♦♥❡①ã♦ ❡♥tr❡ ▼❛t❡♠á✲

t✐❝❛ ❡ ❋ís✐❝❛ ❞❡ ♠♦❞♦ t❡ór✐❝♦✱ ❛♣r♦✈❡✐t❛♥❞♦ ❛q✉✐❧♦ q✉❡ ❢♦✐ ❡①♣♦st♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ❡

✶✺



t❛♠❜é♠ ❛♣r❡s❡♥t❛ ❡ss❛ ❝♦♥❡①ã♦ ❛tr❛✈és ❞❡ s✐t✉❛çõ❡s ♣r♦❜❧❡♠❛s✳

❖ t❡r❝❡✐r♦ tr❛t❛ ❞❛ ♠❡t♦❧♦❣✐❛✱ s❡♥❞♦ ❞✐✈✐❞♦ ❡♠ ❞✉❛s s❡çõ❡s✳ ❆ ♣r✐♠❡✐r❛ ❞❡s❝r❡✈❡

❧♦❝❛❧✱ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ❡ ♦s ♣❛ss♦s ❞❛❞♦s ♣❛r❛ ❛ ❝♦❧❡t❛ ❞♦s r❡s✉❧t❛❞♦s✱ ❡ ❛ s❡❣✉♥❞❛ ♥♦s

r❡♠❡t❡ ❛♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s✱ ❡♥❢❛t✐③❛❞♦ ❝♦♠ ❜❛s❡

♥♦ ♣❡♥s❛♠❡♥t♦ ❞❡ ✈ár✐♦s ❛✉t♦r❡s ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ t❛❧ ♠❡t♦❞♦❧♦❣✐❛ ❡ s✉❛s ❞✐✈❡rs❛s ❢❛❝❡t❛s

♣❛r❛ ❛❧❝❛♥ç❛r ♦❜❥❡t✐✈♦s ✐♠♣♦rt❛♥t❡s ♥❛ ❝♦♥str✉çã♦ ❞♦ s❛❜❡r✳

◆♦s ❝❛♣ít✉❧♦s ✹ ❡ ✺ sã♦ ❛♣r❡s❡♥t❛❞♦s ♦s r❡s✉❧t❛❞♦s ❞❛ ♣❡sq✉✐s❛ ❡ ❛ ❝♦♥❝❧✉sã♦ ❞❛

♠❡s♠❛✳ ❖s ❞❡♠❛✐s ❝❛♣ít✉❧♦s r❡❧❛❝✐♦♥❛♠ ❛ ❜✐❜❧✐♦❣rá✜❝❛ ❝♦♥s✉❧t❛❞❛ ❡ ♦s ❛♥❡①♦s ❡♠ ❣❡r❛❧✳

✶✻



✶ ❋❯◆➬Õ❊❙ P❖▲■◆❖▼■❆■❙ ❉❊ ✶♦ ❡ ✷♦ ●❘❆❯

✶✳✶ ■♠♣♦rtâ♥❝✐❛ ❞♦ ❊st✉❞♦ ❞❡ ❋✉♥çõ❡s

❊♠ t♦❞❛ ár❡❛ ❞❛ ♠❛t❡♠át✐❝❛ ♦s ❝♦♥❝❡✐t♦s s♦❢r❡♠ ❡✈♦❧✉çã♦ ❡ ❣r❛♥❞❡s sã♦ ♦s ❝♦❧❛❜♦✲

r❛❞♦r❡s✱ ♥ã♦ é ❞✐❢❡r❡♥t❡ ♥♦ ❝♦♥❝❡✐t♦ ❞❡ ❢✉♥çõ❡s✳ ❊♥tr❡s ❛s ♠❡♥t❡s ❜r✐❧❤❛♥t❡s ❞❛ ♠❛t❡♠át✐❝❛

q✉❡ ❛❥✉❞❛r❛♠ ♥❛ ❡✈♦❧✉çã♦ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ❢✉♥çã♦ ♣♦❞❡♠♦s ❝✐t❛r✿ ◆❡✇t♦♥ ✭✶✻✹✷ ✲ ✶✼✷✼✮✱

▲❡✐❜♥✐③ ✭✶✻✹✻ ✲ ✶✼✶✻✮✱ ❊✉❧❡r ✭✶✼✵✼ ✲ ✶✼✽✸✮ ❡ ❏♦❤❛♥♥ ❇❡r♥♦✉❧❧✐ ✭✶✻✻✼ ✲ ✶✼✹✽✮✳

▲❡✐❜♥✐③ ❢♦✐ ♦ ♣r✐♠❡✐r♦ ❛ ✉s❛r ♦ t❡r♠♦ ❢✉♥çã♦ ❡ ✐♥tr♦❞✉③✐✉ t❡r♠✐♥♦❧♦❣✐❛s ❝♦♠♦

✧❝♦♥st❛♥t❡✧✱ ✧✈❛r✐á✈❡❧✧ ❡ ✧♣❛râ♠❡tr♦✧✳ ❉❡♥tr♦ ❞❡ss❡ ❝♦♥t❡①t♦✱ ❡♠ ✶✼✶✽ ❏♦❤❛♥♥ ❇❡r♥♦✉❧❧✐

♣✉❜❧✐❝♦✉ ✉♠ ❛rt✐❣♦ ❝♦♠ ✉♠❛ ❞❡✜♥✐çã♦ ❞❡ ❢✉♥çã♦✱ ♥❡❧❛ ❛ ❢✉♥çã♦ ❞❡ ❝❡rt❛ ✈❛r✐á✈❡❧ s❡

❛♣r❡s❡♥t❛✈❛ ❝♦♠♦ ✉♠❛ q✉❛♥t✐❞❛❞❡ q✉❡ é ❝♦♠♣♦st❛ ❞❡ q✉❛❧q✉❡r ❢♦r♠❛ ❞❡ss❛ ✈❛r✐á✈❡❧ ❡

❝♦♥st❛♥t❡s✳ ▼❛✐s t❛r❞❡ s❡✉ ❞✐s❝í♣✉❧♦ ❊✉❧❡r ❞❛r✐❛ ✉♠ r❡t♦q✉❡ ♥❡ss❛ ❞❡✜♥✐çã♦ ❡ ✐♥tr♦❞✉③✐✉

❛ ♥♦t❛çã♦ f(x)✳

❆ ❞❡✜♥✐çã♦ ❛t✉❛❧ ❞❡ ❢✉♥çã♦ ❞✐③✿ ✧❉❛❞♦s ❞♦✐s ❝♦♥❥✉♥t♦ ❆ ❡ ❇ ♥ã♦ ✈❛③✐♦s✱ ✉♠❛

❢✉♥çã♦ f ❞❡ ❆ ❡♠ ❇ ✭f : A −→ B✮ é ✉♠❛ r❡❣r❛ ✭♦✉ ❧❡✐✮ q✉❡ ❞❡t❡r♠✐♥❛ ❝♦♠♦ ❛ss♦❝✐❛r ❛

❝❛❞❛ ❡❧❡♠❡♥t♦ x ∈ A ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦ y = f(x) ∈ B✧✭❈❍❆❱❆◆❚❊❀ P❘❊❙❚❊❙✱ ✷✵✶✻✱

♣✳ ✹✶✮✳

❆s ❛♣❧✐❝❛çõ❡s ❡♠ ❞✐✈❡rs❛s ár❡❛s ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❝♦♠♦ ❢ís✐❝❛✱ q✉í♠✐❝❛ ❡ ♦✉tr❛s✱ é

r❡s✉❧t❛❞♦ ❞❛ ❡✈♦❧✉çã♦ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ❢✉♥çã♦✳ P♦✐s é ♦ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ✉s❛❞♦ ♣❛r❛

❞❡s❝r❡✈❡r ❛ r❡❧❛çã♦ ❡♥tr❡ ❣r❛♥❞❡③❛s q✉❡ s❡ r❡❧❛❝✐♦♥❛♠ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛✱ ❛ss✐♠ ♦ ❡st✉❞♦

❞❡ ❢✉♥çõ❡s s❡ t♦r♥❛ ✉♠ ❞♦s ♣✐❧❛r❡s ❞❛ ♠❛t❡♠át✐❝❛ ❝♦♥t❡♠♣♦râ♥❡❛✳

◆❛ ❋ís✐❝❛ ♦ ❡st✉❞♦ ❞❡ ❢✉♥çõ❡s s❡ ♠♦str❛ ❞❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♥♦ ❡st✉❞♦ ❞❡

❝♦♥t❡ú❞♦s ❝♦♠♦ ♠♦✈✐♠❡♥t♦ ✉♥✐❢♦r♠❡✱ ♠♦✈✐♠❡♥t♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ✈❛r✐❛❞♦✱ ❧❛♥ç❛♠❡♥t♦s

♦❜❧íq✉♦s✱ ❡st✉❞♦ ❞❡ ♦♥❞❛s ❡ ❡♥tr❡s ♦✉tr♦s✳ ◆❛ q✉í♠✐❝❛ ♣❛r❛ ✉♠ ❜♦♠ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ♥❛

ár❡❛ ❞❛ ❢ís✐❝♦✲q✉í♠✐❝❛ s❡ ❢❛③ ♥❡❝❡ssár✐♦ ✉♠ ❜♦♠ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛s ❢✉♥çõ❡s ❡ ♥❛ ❜✐♦❧♦❣✐❛

♦ ❡st✉❞♦ ❞❡ ❝♦♥t❡ú❞♦s ❝♦♠♦ ❡❝♦❧ó❣✐❝❛ ❞❛ ♣♦♣✉❧❛çã♦✱ ♣♦t❡♥❝✐❛❧ ❞❡ ❜✐ót✐❝♦s✱ ❝r❡s❝✐♠❡♥t♦

♣♦♣✉❧❛❝✐♦♥❛❧ ❡ ❞✐✈✐sã♦ ❝❡❧✉❧❛r t❡♠ ❝♦♠♦ ❜❛s❡ ♦ ❡st✉❞♦ ❞❡ ❢✉♥çõ❡s✳

❆s ❢✉♥çõ❡s ❡♠ s❡✉s ❞✐❢❡r❡♥t❡s t✐♣♦s✱ ❛❧é♠ ❞❡ ❛❥✉❞❛r ❛ ❝♦♠♣r❡❡♥❞❡r ❢❡♥ô♠❡♥♦s

❡♠ ♦✉tr❛s ár❡❛s✱ ❡❧❛s ♣❡r♠✐t❡♠ ❛ ❝♦♠♣r❡❡♥sã♦ ❞❡ ♦✉tr♦s ❝♦♥t❡ú❞♦s ❞❡♥tr♦ ❞❛ ♣ró♣r✐❛

♠❛t❡♠át✐❝❛✳ ◗✉❛♥❞♦ ❛ ❢✉♥çã♦ ❛✜♠ s❡ r❡❧❛❝✐♦♥❛ ❝♦♠ ♦ ❡st✉❞♦ ❞❡ ♣r♦❣r❡ssõ❡s ❛r✐t♠ét✐❝❛s

❡ ❥✉r♦s s✐♠♣❧❡s✱ ❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧ ♠♦str❛ ♦ q✉❡ ❛❝♦♥t❡❝❡ ♥♦ ♠❡r❝❛❞♦ ✜♥❛♥❝❡✐r♦ ♣♦r

♠❡✐♦ ❞♦ ❥✉r♦s ❝♦♠♣♦st♦s ✭s✐st❡♠❛ ❙❆❈ ❡ P❘■❈❊✮✱ ❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ ❞❡s❝r❡✈❡ ❞❡ ♠❛♥❡✐r❛

✶✼



❡✜❝❛③ ❛ tr❛❥❡tór✐❛ ♥♦ ❧❛♥ç❛♠❡♥t♦ ❞❡ ❢♦❣✉❡t❡s ❡ ❛tr❛✈és ❞❡ ✉♠❛ ❞❛s s✉❛s ♣r♦♣r✐❡❞❛❞❡s q✉❡

é ❞❡ ❣r❛♥❞❡ ✉t✐❧✐③❛çã♦ ♥❛s ♣❛r❛❜ó❧✐❝❛s ❡ ❢❛ró✐s ❞❡ ❝❛rr♦✳

❆❧é♠ ❞✐ss♦✱ ♦ ❡st✉❞♦ ❞❛s ❢✉♥çõ❡s s❡ ♠♦str❛ ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♣♦r s❡r ❛ ❜❛s❡

❞❡ ✉♠❛ ❣r❛♥❞❡ ❡str✉t✉r❛ ❝❤❛♠❛❞❛ ❈á❧❝✉❧♦✱ ❡str✉t✉r❛ ❡ss❛ q✉❡ ♣♦ss✉✐ ❣r❛♥❞❡s ❛♣❧✐❝❛çõ❡s

♥❛ ❡❝♦♥♦♠✐❛✱ ♠❡r❝❛❞♦ ✜♥❛♥❝❡✐r♦ ❡ ❡♠ ár❡❛s ♣r♦✜ss✐♦♥❛✐s ❝♦♠♦ ❛s ❞✐✈❡rs❛s ♣❛rt❡s ❞❛

❡♥❣❡♥❤❛r✐❛✭❝✐✈✐❧✱ ♠❡❝â♥✐❝❛✱ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ r♦❜ót✐❝❛✮✳

❆s ❛♣❧✐❝❛çõ❡s ❞❛s ❢✉♥çõ❡s ♥♦ ♥♦ss♦ ❝♦t✐❞✐❛♥♦ s❡ t♦r♥❛ ❛✐♥❞❛ ♠❛✐s ✈✐sí✈❡✐s q✉❛♥❞♦ s❡

tr❛t❛ ❞❛ ❡❞✉❝❛çã♦ ❜ás✐❝❛✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣♦r ♠❡✐♦ ❞❛s ❢✉♥çõ❡s ❛✜♥s ❡ ❢✉♥çã♦ q✉❛❞rát✐❝❛s✳

❖❜s❡r✈❡♠♦s ❛ s❡❣✉✐r ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ s✐t✉❛çõ❡s ♣r♦❜❧❡♠❛s ❞❡ss❡s t✐♣♦s ❞❡ ❢✉♥çõ❡s✳

✶✮ ✭❯❋✲●❖✮ P❛r❛ ❢❛③❡r tr❛❞✉çõ❡s ❞❡ t❡①t♦s ♣❛r❛ ♦ ✐♥❣❧ês✱ ✉♠ tr❛❞✉t♦r ❆ ❝♦❜r❛ ✉♠ ✈❛❧♦r

✐♥✐❝✐❛❧ ❞❡ ❘✩ ✶✻✱✵✵ ♠❛✐s ❘✩ ✵✱✼✽ ♣♦r ❧✐♥❤❛ tr❛❞✉③✐❞❛ ❡ ✉♠ ♦✉tr♦ tr❛❞✉t♦r✱ ❇✱ ❝♦❜r❛ ✉♠

✈❛❧♦r ❞❡ ✐♥✐❝✐❛❧ ❞❡ ❘✩ ✷✽✱✵✵ ♠❛✐s ❘✩ ✵✱✹✽ ♣♦r ❧✐♥❤❛ tr❛❞✉③✐❞❛✳ ❆ q✉❛♥t✐❞❛❞❡ ♠í♥✐♠❛ ❞❡

❧✐♥❤❛s ❞❡ ✉♠ t❡①t♦ ❛ s❡r tr❛❞✉③✐❞♦ ♣❛r❛ ♦ ✐♥❣❧ês✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ❝✉st♦ s❡❥❛ ♠❡♥♦r s❡ ❢♦r

r❡❛❧✐③❛❞♦ ♣❡❧♦ tr❛❞✉t♦r ❇✱ é❄

✷✮ ❖ r❡s♣♦♥sá✈❡❧ ♣♦r ✉♠ ❝✐r❝♦ ♣❡r❝❡❜❡✉ q✉❡✱ q✉❛♥❞♦ ♦ ✐♥❣r❡ss♦ ❝✉st❛✈❛ ❘✩ ✶✽✱✵✵✱ ❡♠

♠é❞✐❛ ✻✵✵ ♣❡ss♦❛s ❛ss✐st❡♠ ❛♦s ❡s♣❡tá❝✉❧♦s ❡ q✉❡ ❛ ❝❛❞❛ r❡❞✉çã♦ ❞❡ ❘✩ ✷✱✵✵ ♥♦ ♣r❡ç♦ ❞♦s

✐♥❣r❡ss♦s✱ ♦ ♣ú❜❧✐❝♦ ❛✉♠❡♥t❛✈❛ ❞❡ ✷✵✵ ❡①♣❡❝t❛❞♦r❡s✳ ◗✉❛❧ ❞❡✈❡ s❡r ♦ ♣r❡ç♦ ❞♦ ✐♥❣r❡ss♦

♣❛r❛ q✉❡ ❛ ❛rr❡❝❛❞❛çã♦ s❡❥❛ ♠á①✐♠❛❄

✸✮ ❈❛✈❛r ✉♠ ❜✉r❛❝♦ r❡t❛♥❣✉❧❛r ❞❡ 1 m ❞❡ ❧❛r❣✉r❛ ❞❡ ♠♦❞♦ q✉❡ ♦ ✈♦❧✉♠❡ ❝❛✈❛❞♦ s❡❥❛ ❞❡

✸✵✵ m3✳ ❙❛❜❡♥❞♦ q✉❡ ❝❛❞❛ ♠❡tr♦ q✉❛❞r❛❞♦ ❞❡ ár❡❛ ❝❛✈❛❞❛ ❝✉st❛ ✶✵ r❡❛✐s ❡ ❝❛❞❛ ♠❡tr♦ ❞❡

♣r♦❢✉♥❞✐❞❛❞❡ ❝✉st❛ ✸✵ r❡❛✐s✱ ❞❡t❡r♠✐♥❛r ❛s ❞♦ ❜✉r❛❝♦ ❞❡ ♠♦❞♦ q✉❡ s❡✉ ❝✉st♦ s❡❥❛ ♠í♥✐♠♦✳

❆ ♣❛rá❜♦❧❛ q✉❡ é ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ ♣♦ss✉✐ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ r❡✢❡t♦r❛

♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❡ q✉❡ ♣❡r♠✐t❡ ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s ❡ ❞❡ ❢á❝✐❧ ❡♥t❡♥❞✐♠❡♥t♦✳ ❆ ♣r♦♣r✐❡❞❛❞❡

r❡✢❡t♦r❛ ❞❛ ♣❛rá❜♦❧❛ ❞✐③ q✉❡ q✉❛❧q✉❡r ❢❡✐①❡ ❞❡ ❧✉③ ♦✉ ♦♥❞❛s q✉❡ ✐♥❝✐❞❡ ♣❡r♣❡♥❞✐❝✉❧❛r♠❡♥t❡

♥❛ ♣❛rá❜♦❧❛✱ ♦✉ s❡❥❛✱ ♣❛r❛❧❡❧❛♠❡♥t❡ ❛♦ ❡✐①♦ ❞❡ s✐♠❡tr✐❛✱ ♦s s❡✉s r❛✐♦s sã♦ r❡✢❡t✐❞♦s ❡

❝♦♥✈❡r❣❡♠ ♣❛r❛ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ❝❤❛♠❛❞♦ ❢♦❝♦✳

❆ ✉t✐❧✐③❛çã♦ ❞❡ ♦❜❥❡t♦s ♥♦ ❝♦t✐❞✐❛♥♦ ♥♦ ❢♦r♠❛t♦ ❞❡ ✉♠ ♣❛r❛❜♦✲
❧ó✐❞❡ ❞❡ r❡✈♦❧✉çã♦ t❛✐s ❝♦♠♦ ❛♥t❡♥❛s✱ r❛❞❛r❡s ❡ ♦✉tr♦s✱ é ♣r♦♣♦s✐✲
t❛❞❛♠❡♥t❡✳ ❆ s✐♠❡tr✐❛ ❞❡ss❡s ♦❜❥❡t♦s ❝♦♠ ❛ ✐♥❝rí✈❡❧ ♣r♦♣r✐❡❞❛❞❡
r❡✢❡t♦r❛ ❞❛ ♣❛rá❜♦❧❛ sã♦ ♠✉✐t♦ út❡✐s✱ ❞❡✈✐❞♦ t❡r♠♦s ❛ ♥❡❝❡ss✐❞❛❞❡
❡♠ ♠✉✐t❛s ✈❡③❡s ❞❡ ❛♠♣❧✐✜❝❛r ❡ss❡s s✐♥❛✐s ❡ ♦t✐♠✐③á✲❧♦s✳✭❈❍❯◆●✱
✷✵✶✸✱ ♣✳ ✷✵✮

❆s ❛♥t❡♥❛s ♣❛r❛❜ó❧✐❝❛s é ✉♠❛ ❞❡ ♠✉✐t❛s ❛♣❧✐❝❛çõ❡s ❞❡ss❛ ♣r♦♣r✐❡❞❛❞❡✳ ❖s s❛té❧✐t❡s

✶✽



q✉❡ s❡ ❡♥❝♦♥tr❛♠ ❡♠ ♦r❜✐t❛ ♥♦ ❡s♣❛ç♦ ❡♥✈✐❛♠ s❡✉s s✐♥❛✐s ❡♠ ❢♦r♠❛ ❞❡ ♠✐❝r♦✲♦♥❞❛s ♣❛r❛ ❛

s✉♣❡r❢í❝✐❡ t❡rr❡str❡ ♦♥❞❡ ♣r❡❝✐s❛♠ s❡r ❝❛♣t❛❞♦s ❞❡ ❛❧❣✉♠❛s ❢♦r♠❛ ♣❛r❛ ❣❡r❛r ♦ s✐♥❛❧✱ ♣❛r❛

s❡ t❡r ✉♠❛ ❜♦❛ q✉❛❧✐❞❛❞❡ ❞❡ ✐♠❛❣❡♠ é ♥❡❝❡ssár✐♦ q✉❡ ❡ss❡s s✐♥❛✐s s❡ ❝♦♥❝❡♥tr❡♠ ❡♠ ♣♦♥t♦✱

♦✉ s❡❥❛✱ ♠❛①✐♠✐③❛r ❛ ❝♦♥❝❡♥tr❛çã♦✱ é ❛✐ ♦♥❞❡ ❡♥tr❛ ❛ ♣❛rá❜♦❧❛ ❝♦♠ s✉❛ ♣r♦♣r✐❡❞❛❞❡✳ P❛r❛

❝♦♥✈❡rt❡r ♦s s✐♥❛✐s é ❝♦❧♦❝❛❞♦ ✉♠ ❞❡❝♦❞✐✜❝❛❞♦r ♥♦ ❢♦❝♦✱ ❝♦♠♦ ♠♦str❛ ❛ ✜❣✉r❛ ✶✳

❋✐❣✉r❛ ✶✿ ❆♥t❡♥❛ P❛r❛❜ó❧✐❝❛✳

❋♦♥t❡✿ ✇✇✇✳❧♦❥❛❞♦❧♥❜❢✳❝♦♠✳❜r

❙ã♦ ♠✉✐t❛s ❛s ✈❛r✐❡❞❛❞❡ ❞❡ ❛♣❧✐❝❛çõ❡s ♥♦ ❝♦t✐❞✐❛♥♦ s♦❜r❡ ❛ ♣❛rá❜♦❧❛ ❡ s✉❛ ♣r♦♣r✐✲

❡❞❛❞❡ r❡✢❡t♦r❛

◆♦s r❡✢❡t♦r❡s✱ ❧❛♥t❡r♥❛s✱ ❢❛ró✐s ❡ ♦✉tr♦s✱ t❡♠♦s ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡
♠❛①✐♠✐③❛r ♦ ❞✐r❡❝✐♦♥❛♠❡♥t♦ ❞❛ ❧✉③ ❡♠✐t✐❞❛ ♣♦r t❛✐s ♦❜❥❡t♦s✳ ❢❛r♦❧
♣❛r❛❜ó❧✐❝♦ ❞❡ ✉♠ ❝❛rr♦ é ✉♠ ❡①❡♠♣❧♦ ❜❡♠ ♣rát✐❝♦ ❞❛ ✐♠♣♦rt❛♥t❡
♣r♦♣r✐❡❞❛❞❡ r❡✢❡t♦r❛ ❞❛ ♣❛rá❜♦❧❛✳ ◆❡ss❡ ❝❛s♦ t❡♠♦s ❞✉❛s s✐t✉❛çõ❡s
q✉❛s❡ q✉❡ s✐♠✉❧tâ♥❡❛s✱ ♦✉ s❡❥❛✱ ♦s ❢❛ró✐s ❞❡ ❝❛rr♦s ❤♦❥❡ sã♦ ❝♦♠✲
♣♦st♦s ❞❡ ❞♦✐s ♣❛r❛❜♦❧ó✐❞❡s ❝✐r❝✉❧❛r❡s✱ ✉♠ ❝♦♠ ❛ ❢♦♥t❡ ❧✉♠✐♥♦s❛
♥♦ ❢♦❝♦ ❞♦ ❢❛r♦❧ ❡ ♦ ♦✉tr♦✱ ❝♦♠ ❛ ❢♦♥t❡ ❧✉♠✐♥♦s❛ ❡♥tr❡ ♦ ✈ért✐❝❡ ❡
♦ ❢♦❝♦ ❞♦ ❢❛r♦❧ ✭❈❍❯◆●✱ ✷✵✶✸✱ ♣✳ ✷✷✮✳

❉✐❛♥t❡ ❞♦ q✉❡ ❢♦✐ ❡①♣♦st♦ t♦r♥❛✲s❡ ❝❧❛r♦ q✉❡ ♦ ❛❧✉♥♦ ♣♦r ♠❡✐♦ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡

t❛✐s ❛♣❧✐❝❛çõ❡s✱ s❛❜❡♥❞♦ r❡s♣♦♥❞❡r ❛s s✐t✉❛çõ❡s ♣r♦❜❧❡♠❛s ❝♦❧♦❝❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡ ❡st❛rá

❛♣t♦ ❛ s♦❧✉❝✐♦♥❛r ♣r♦❜❧❡♠❛s q✉❡ ♣♦ss❛♠ s✉r❣✐r ♣❛r❛ s✉❛ ✐♥s❡rçã♦ ❡♠ ♠❡✐♦ ❛ s♦❝✐❡❞❛❞❡✱ ✐st♦

é✱ ❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❝❛♣❛❝✐t❛ ♥ã♦ só ♣❛r❛ s❡ ❛ss✐♠✐❧❛r ♦s ❝♦♥t❡ú❞♦s✱ ♠❛s t❛♠❜é♠

♣r❡♣❛r❛ ♣❛r❛ ♦s ♦❜stá❝✉❧♦s ❢✉t✉r♦s ❞♦ ❞✐❛ ❛ ❞✐❛✳ ❆❧é♠ ❞✐ss♦✱ ♦ ✐♥❞✐✈í❞✉♦ ❡①❡r❝❡rá s✉❛

❝✐❞❛❞❛♥✐❛ ❝♦♠ ♠✉✐t♦ ♠❛✐s ❡✜❝á❝✐❛✳

✶✳✷ ❊st✉❞♦ ❞❛ ❋✉♥çã♦ ❆✜♠

❆ ❢✉♥çã♦ ❛✜♠ ❡stá ❡♥tr❡ ♦s ❝♦♥t❡ú❞♦s q✉❡ ♠❛✐s ♣♦ss✉❡♠ ❛♣❧✐❝❛çõ❡s ♣rát✐❝❛s ❡ q✉❡

s❡ ✉s❛ ❝♦♠ ❢r❡q✉ê♥❝✐❛ ♥♦ ❞✐❛ ❛ ❞✐❛✱ ❛té ♣♦r ❡stá ❧✐❣❛❞❛ ❛s ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡s ❡①✐st❡♥t❡s

♥❛s ✈❛r✐❛❞❛s s✐t✉❛çõ❡s ♣r♦❜❧❡♠❛s✳

✶✾



❙■❚❯❆➬➹❖ P❘❖❇▲❊▼❆✿ ✭❯❋●❖✮ P❛r❛ ❢❛③❡r tr❛❞✉çõ❡s ❞❡ t❡①t♦s ♣❛r❛ ♦ ✐♥❣❧ês✱ ✉♠

tr❛❞✉t♦r ❆ ❝♦❜r❛ ✉♠ ✈❛❧♦r ✐♥✐❝✐❛❧ ❞❡ ❘✩ ✶✻✱✵✵ ♠❛✐s ❘✩ ✵✱✼✽ ♣♦r ❧✐♥❤❛ tr❛❞✉③✐❞❛ ❡ ✉♠

♦✉tr♦ tr❛❞✉t♦r✱ ❇✱ ❝♦❜r❛ ✉♠ ✈❛❧♦r ❞❡ ✐♥✐❝✐❛❧ ❞❡ ❘✩ ✷✽✱✵✵ ♠❛✐s ❘✩ ✵✱✹✽ ♣♦r ❧✐♥❤❛ tr❛❞✉③✐❞❛✳

❆ q✉❛♥t✐❞❛❞❡ ♠í♥✐♠❛ ❞❡ ❧✐♥❤❛s ❞❡ ✉♠ t❡①t♦ ❛ s❡r tr❛❞✉③✐❞♦ ♣❛r❛ ♦ ✐♥❣❧ês✱ ❞❡ ♠♦❞♦ q✉❡

♦ ❝✉st♦ s❡❥❛ ♠❡♥♦r s❡ ❢♦r r❡❛❧✐③❛❞♦ ♣❡❧♦ tr❛❞✉t♦r ❇✱ é❄

❖ ♣r♦❜❧❡♠❛ ❛❝✐♠❛ r❡✈❡❧❛ ✉♠❛ s✐t✉❛çã♦ ❝♦♠✉♠ ♥♦ ❝♦t✐❞✐❛♥♦ ❞❡ ♠✉✐t❛s ♣❡ss♦❛s✱

❡ q✉❡ ♣❛r❛ ✉♠❛ ❞❡❝✐sã♦ ❛ss❡rt✐✈❛ ♦s ❝♦♥❤❡❝✐♠❡♥t♦s s♦❜r❡ ❢✉♥çã♦ ❛✜♠ s❡r✐❛♠ ❞❡ ❣r❛♥❞❡

❛❥✉❞❛✳ ❖ ♣r♦❜❧❡♠❛ s❡rá r❡s♣♦♥❞✐❞♦ ❡ ❝♦♠❡♥t❛❞♦ ♥❛ s❡çã♦ ✷✳✹✱ q✉❛♥❞♦ ❞❡ ♣♦ss❡ ❞♦s

❝♦♥❤❡❝✐♠❡♥t♦s ♥❡❝❡ssár✐♦s✳

❉❊❋■◆■➬➹❖✿ ✧❯♠❛ ❢✉♥çã♦ f : R −→ R ❝❤❛♠❛✲s❡ ❛✜♠ q✉❛♥❞♦ ❡①✐st❡♠ ❝♦♥st❛♥t❡s a✱ b

∈ R t❛✐s q✉❡ f(x) = ax+ b ♣❛r❛ t♦❞♦ x ∈ R✧✭▲■▼❆✱ ✷✵✶✸✱ ♣✳ ✼✾✮✳

❊❳❊▼P▲❖❙✿ ❆ ❢✉♥çã♦ ✐❞❡♥t✐❞❛❞❡ f : R −→ R✱ ❞❡✜♥✐❞❛ ♣♦r f(x) = x ♣❛r❛ t♦❞♦ x ∈
R✱ é ❛✜♠✳ ❚❛♠❜é♠ sã♦ ❢✉♥çõ❡s ❛✜♥s ❛ ❢✉♥çã♦ tr❛♥s❧❛çã♦ f : R −→ R✱ ❝♦♠ f(x) = x+ b✳

❖✉tr♦s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ ❢✉♥çõ❡s ❛✜♥s sã♦ ❛s ❢✉♥çõ❡s ❧✐♥❡❛r❡s✱ f(x) = a · x ✭a 6= 0✮ ❡✱

❛s ❢✉♥çõ❡s ❝♦♥st❛♥t❡s f(x) = b✱ ❝♦♠ b 6= 0 ✭▲■▼❆✱ ✷✵✶✸✮✳

❖❇❙❊❘❱❆➬➹❖✿ ❆ ❢✉♥çã♦ ❧✐♥❡❛r✱ ❞❛❞❛ ♣❡❧❛ ❧❡✐ f(x) = a · x✱ ❝♦♠ a 6= 0✱ é ♦ ♠♦❞❡❧♦

♠❛t❡♠át✐❝♦ ♣❛r❛ ❛ ♠❛✐♦r✐❛ ❞♦s ♣r♦❜❧❡♠❛s ❞❡ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡✳ ❬✳✳✳❪ ❊♠ s✉♠❛✱ ❛ ❞❡✜♥✐çã♦

tr❛❞✐❝✐♦♥❛❧ ❡q✉✐✈❛❧❡ ❛ ❞✐③❡r q✉❡ ❛ ❣r❛♥❞❡③❛ y = f(x) é ❞✐r❡t❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛❧ à ❣r❛♥❞❡③❛

x q✉❛♥❞♦ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ a ✭❝❤❛♠❛❞♦ ❝♦♥st❛♥t❡ ❞❡ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡✮ t❛❧ q✉❡ y = a ·x✱
❝♦♠ a 6= 0 ❡ x ∈ R ✭▲■▼❆✱ ✷✵✶✸✮✳

✶✳✷✳✶ ●rá✜❝♦ ❞❛ ❋✉♥çã♦ ❆✜♠

❉❡ ❛❝♦r❞♦ ❝♦♠ ▲✐♠❛ ✭✷✵✶✸✮✱ ♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❛✜♠ ✭f✮ é ✉♠❛ ❧✐♥❤❛ r❡t❛✱

❝♦♠ f ❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

f : R −→ R

x 7−→ f(x) = ax+ b.

◆❛ ❋✐❣✉r❛ ✷ é ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ♦s ♣♦♥t♦s B(0, b) ❡ P (x, ax+b) ♣❡rt❡♥❝❡♠ à ❢✉♥çã♦

❛✜♠ ❞❡✜♥✐❞❛ ❛♥t❡r✐♦r♠❡♥t❡✱ ❡ s❡♥❞♦ Q ♦ ♣é ❞❛ ♣❡r♣❡♥❞✐❝✉❧❛r ❞❡ P ❜❛✐①❛❞❛ s♦❜r❡ ♦ r❡t❛

y = b✱ ♣r♦❝❡❞❡ q✉❡ ❛ r❛③ã♦ ❡♥tr❡ ♦s s❡❣♠❡♥t♦s PQ ❡ BQ é ❝♦♥st❛♥t❡✱ ♣♦✐s

✷✵



PQ

BQ
=

ax+ b− b

x− 0
=

ax

x
= a. ✭✶✮

❋✐❣✉r❛ ✷✿ ●rá✜❝♦ ❞❛ ❋✉♥çã♦ ❛✜♠ ■✳

❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r

❖ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ♥❛ ❡①♣r❡ssã♦ ✭✶✮ s✐❣♥✐✜❝❛ q✉❡ ♥♦ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦ ❇◗P ✭r❡t♦

❡♠ Q✮ ❞❛ ❋✐❣✉r❛ ✸✱ ♦ â♥❣✉❧♦ PB̂Q = α é ❝♦♥st❛♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛ ♣♦s✐çã♦ ❞♦

♣♦♥t♦ P ✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♦ ♣♦♥t♦ P só ♣♦❞❡ s❡ ♠♦✈❡r s♦❜r❡ ✉♠❛ r❡t❛✱ ❧♦❣♦ ♦ ❣rá✜❝♦

❞❛ ❢✉♥çã♦ ❛✜♠ é ✉♠❛ ❧✐♥❤❛ r❡t❛✳

❋✐❣✉r❛ ✸✿ ●rá✜❝♦ ❞❛ ❋✉♥çã♦ ❛✜♠ ■■✳

❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r✳

❖❇❙❊❘❱❆➬➹❖✿ ✧❊✈✐❞❡♥t❡♠❡♥t❡✱ ♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❛✜♠ é ✉♠❛ r❡t❛ ♥ã♦ ✈❡rt✐❝❛❧✱

✐st♦ é✱ ♥ã♦ é ♣❛r❛❧❡❧❛ ❛♦ ❡✐①♦ ❖❨ ✭❡✐①♦ ❞❛s ♦r❞❡♥❛❞❛s✮✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✿ ❚♦❞❛ r❡t❛ ♥ã♦✲

✈❡rt✐❝❛❧ é ♦ ❣rá✜❝♦ ❞❡ ✉♠ ❢✉♥çã♦ ❛✜♠✧✭▲■▼❆✱ ✷✵✶✸✱ ♣✳ ✽✷✮✳

✷✶



✶✳✷✳✷ ❈♦♥str✉çã♦ ❞♦ ●rá✜❝♦

❈♦♠♦ ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ❛✜♠ é ✉♠❛ ❧✐♥❤❛ r❡t❛✱ t❡♠✲s❡ ❞❛ ❣❡♦♠❡tr✐❛ ❡✉❝❧✐❞✐❛♥❛

q✉❡ ✉♠❛ r❡t❛ ✜❝❛ ❜❡♠ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s q✉❛✐sq✉❡r✳ P♦ré♠✱ ♣❛r❛ ✉♠❛

♠❡❧❤♦r ❛♥á❧✐s❡ ❡ ❡st✉❞♦ ❞♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ❛✜♠✱ ❡ss❡s ❞♦✐s ♣♦♥t♦s q✉❡ ✐rã♦ ❞❡t❡r♠✐♥❛r

♦ ❣rá✜❝♦ s❡rã♦ ♦s q✉❡ ♣❡rt❡♥❝❡♠ ❛♦s ❡✐①♦s ❝♦♦r❞❡♥❛❞♦s✳

❉❡ss❛ ❢♦r♠❛✱ ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞♦ ❣rá✜❝♦ é ♥❡❝❡ssár✐♦ ❡♥❝♦♥tr❛r ♦s ♣♦♥t♦s ❡♠

q✉❡ ❡❧❡ ❝r✉③❛ ♦ ❡✐①♦ ❞❛s ❛❜s❝✐ss❛s ✭❤♦r✐③♦♥t❛❧✮ ❡ ♦ ❞❛s ♦r❞❡♥❛❞❛s ✭✈❡rt✐❝❛❧✮✳ ❉❡♣♦✐s ❞❡

❡♥❝♦♥tr❛r ♦s ♣♦♥t♦s ❜❛st❛r tr❛ç❛r ❛ r❡t❛ ♣❛ss❛♥❞♦ ♣♦r ❡❧❡s✱ ❝♦♠♦ ✐❧✉str❛ ❛ ❋✐❣✉r❛ ✻✳

❋✐❣✉r❛ ✹✿ ❈♦♥str✉çã♦ ❞♦ ●rá✜❝♦✳

❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r✳

P❛r❛ ❡♥❝♦♥tr❛r ♦ ♣♦♥t♦ q✉❡ ♦ ❣rá✜❝♦ t♦❝❛ ♦ ❡✐①♦ ✈❡rt✐❝❛❧ ❜❛st❛ ❢❛③❡r x = 0✱ ❛ss✐♠

♣❛r❛ ✉♠❛ ❢✉♥çã♦ ❛✜♠ f(x) = ax + b✱ f(0) = b✱ ❧♦❣♦ ♦ ♣♦♥t♦ ♦♥❞❡ ♦ ❣rá✜❝♦ ❝r✉③❛ ♦ ❡✐①♦

❞❛s ♦r❞❡♥❛❞❛s é ♦ ❝♦❡✜❝✐❡♥t❡ b ❞❛ ❢✉♥çã♦ ❛✜♠✳ ❊ ♦ ♣♦♥t♦ ♦♥❞❡ ❣rá✜❝♦ t♦❝❛ ♦ ❡✐①♦ ❞❛s

❛❜s❝✐ss❛s s❡ ❞❛ q✉❛♥❞♦ f(x) = 0✱ ♦✉ s❡❥❛✱ ax+ b = 0✱ ♦ q✉❡ ✐♠♣❧✐❝❛

x = − b

a
. ✭✷✮

❆ ❡q✉❛çã♦ ✭✷✮ ❝❤❛♠❛✲s❡ r❛✐③ ♦✉ ③❡r♦ ❞❛ ❢✉♥çã♦✳

✶✳✷✳✸ ❈♦❡✜❝✐❡♥t❡s ❞❛ ❋✉♥çã♦ ❆✜♠

◆❛ ❋✐❣✉r❛ ✺ t❡♠✲s❡ ❛ r❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞❛ ❢✉♥çã♦ ❛✜♠ ❡♠ ❞✉❛s s✐t✉❛çõ❡s✱

❝✉❥♦ ♦ ♦❜❥❡t✐✈♦ é ♠♦str❛r ♦ s✐❣♥✐✜❝❛❞♦ ❣❡♦♠étr✐❝♦ ❞♦s ❝♦❡✜❝✐❡♥t❡s a ❡ b ❞❛ ❢✉♥çã♦ ❛✜♠
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❞❡✜♥✐❞❛ ♥❛ s❡çã♦ ✶✳✷✱ ❝♦♠ ê♥❢❛s❡ ♥♦ ❝♦❡✜❝✐❡♥t❡ a✱ t❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ ♦ b ❢♦✐ ❜❡♠ ❛❜♦r❞❛❞♦

♥❛ s✉❜s❡çã♦ ❛♥t❡r✐♦r✳

❋✐❣✉r❛ ✺✿ ❆♥❛❧✐s❡ ❞♦s ❈♦❡✜❝✐❡♥t❡s✳

❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r✳

❖ ❝♦❡✜❝✐❡♥t❡ a é ♦ ✈❛❧♦r q✉❡ ❢❛③ ❝♦♠ q✉❡ ❛ ❢✉♥çã♦ f ❝r❡sç❛ ♦✉ ❞❡❝r❡sç❛ ❛ ❝❛❞❛

✉♥✐❞❛❞❡ ✈❛r✐❛❞❛ ♥♦ ❡✐①♦ ❤♦r✐③♦♥t❛❧ ✭❡✐①♦ ❞❛s ❛❜s❝✐ss❛s✮✳ ❆ s✐t✉❛çã♦ ✶ r❡♣r❡s❡♥t❛ ♦ ❝r❡s✲

❝✐♠❡♥t♦ ❞❛ ❢✉♥çã♦ ❡♠ a ✉♥✐❞❛❞❡s ❛ ♠❡❞✐❞❛ q✉❡ s❡ ❛✉♠❡♥t❛ ✉♠❛ ✉♥✐❞❛❞❡ ♥♦ ❡✐①♦ ❞❛s

❛❜s❝✐ss❛s✱ ❡ ❛ s✐t✉❛çã♦ ✷ ♠♦str❛ ❝♦♠♦ ❛ ❢✉♥çã♦ ❞❡❝r❡s❝❡ ❛ ❝❛❞❛ ✈❛r✐❛çã♦ ❞❡ ✉♥✐❞❛❞❡ ♥♦

❡✐①♦ ❞❛s ❛❜s❝✐ss❛s✳ ❙❡ a > 0✱ ❡♥tã♦ f é ❝r❡s❝❡♥t❡✱ ❡ s❡✱ a < 0✱ ❡♥tã♦ f é ❞❡❝r❡s❝❡♥t❡✳

❖ ❝♦❡✜❝✐❡♥t❡ b é ❝❛❧❝✉❧❛❞♦ q✉❛♥❞♦ x = 0✱ ♦✉ s❡❥❛✱ b = f(0) ❡ às ✈❡③❡s s❡ ❝❤❛♠❛ ♦

✈❛❧♦r ✐♥✐❝✐❛❧ ❞❛ ❢✉♥çã♦ f ✳ ◗✉❛♥t♦ ❛♦ ❝♦❡✜❝✐❡♥t❡ ❛✱ ❡❧❡ ♣♦❞❡ s❡r ❞❡t❡r♠✐♥❛❞♦ ❛ ♣❛rt✐r ❞❡

❞♦✐s ✈❛❧♦r❡s q✉❛✐sq✉❡r ❞❛ ❢✉♥çã♦ ❛✜♠✱ s❡♥❞♦ ❡❧❡s f(x1) ❡ f(x2) q✉❡ ❛ ❢✉♥çã♦ ❛ss✉♠❡ ❡♠

❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s x1 ❡ x2 ✭▲■▼❆✱ ✷✵✶✸✱ ♣✳ ✽✵✮✳ ❈♦♥❤❡❝✐❞♦s

f(x1) = ax1 + b ❡ f(x2) = ax2 + b

a · (x2 − x1) = f(x2)− f(x1).

❉❡ss❛ ❢♦r♠❛

a =
f(x2)− f(x1)

x2 − x1

. ✭✸✮

✷✸



❉❛❞♦s x1 = x✱ x2 = x + h ∈ R✱ ♦ ♥ú♠❡r♦ a ❞❛ ❡q✉❛çã♦ ✭✸✮ ❝❤❛♠❛✲s❡ ❛ t❛①❛ ❞❡

✈❛r✐❛çã♦ ❞❛ ❢✉♥çã♦ f ♥♦ ✐♥t❡r✈❛❧♦ ❞❡ ❡①tr❡♠♦s x✱ x+ h✳

❆P▲■❈❆➬➹❖✿ ✭▼❛❝❦❡♥③✐❡ ✲ ❙P✮ ❆ ✜❣✉r❛ ✻ ♠♦str❛ ♦s ❣rá✜❝♦s ❞❛s ❢✉♥çõ❡s ❝✉st♦ t♦t❛❧

C(x) ❡ r❡❝❡✐t❛ t♦t❛❧ R(x) ❞❡ ✉♠❛ ❡♠♣r❡s❛ ♣r♦❞✉t♦r❛ ❞❡ ❈❉s✳ ❙❡✱ ♣r♦❞✉③✐♥❞♦ ❡ ❝♦♠❡r❝✐✲

❛❧✐③❛♥❞♦ ✾✻✵ ❈❉s✱ ♦ ❝✉st♦ ❡ ❛ r❡❝❡✐t❛ sã♦ ✐❣✉❛✐s✱ ♦ ❧✉❝r♦ ♣❡❧❛ ✈❡♥❞❛ ❞❡ ✷✵✵✵ ❈❉s é

❋✐❣✉r❛ ✻✿ ❘❡❝❡✐t❛ ❡ ❈✉st♦✳

❛✮ ✶✹✵✵ ❜✮ ✷✺✵✵ ❝✮ ✸✵✵✵ ❞✮ ✷✻✵✵ ❡✮ ✶✺✽✵

❘❊❙❖▲❯➬➹❖✿ ❈♦♠♦ ♦ ❣rá✜❝♦ q✉❡ r❡♣r❡s❡♥t❛ ❛s ❢✉♥çõ❡s ❝✉st♦ C(x) ❡ r❡❝❡✐t❛ R(x) sã♦

r❡♣r❡s❡♥t❛❞❛s ♣♦r ✉♠❛ r❡t❛✱ ❧♦❣♦ ❛ ❧❡✐ ❞❡ ❢♦r♠❛çã♦ é ✉♠❛ ❢✉♥çã♦ ❛✜♠✱ ❞❡ ♠♦❞♦ q✉❡

R(x) = ax+ b.

❈♦♠ b = 0✱ ❥á q✉❡ R(0) = 0✱ C(960) = 2400 + 5, 5 · 2000 = 7680✳ ❈♦♠♦ C(960) =

R(960) = 7680✱ ✈❡♠ q✉❡✿

a =
7680− 0

960− 0
= 8

R(x) = 8x.

✷✹



▲♦❣♦ ❛ ❢✉♥çã♦ ❧✉❝r♦ é ❞❛❞❛ ♣♦r

L(x) = R(x)− C(x)

L(x) = 8x− (5, 5x+ 2400)

L(x) = 2, 5x− 2400.

❈♦♠♦ s❡ q✉❡r ♦ ❧✉❝r♦ q✉❛♥❞♦ x = 2000✱ s❡❣✉❡✲s❡ q✉❡

L(2000) = 2, 5 · 2000− 2400

L(2000) = 2600.

❈♦♠ ✐ss♦✱ ♦ ❧✉❝r♦ ❝♦♠ ❛ ✈❡♥❞❛ ❞❡ ✷✵✵✵ ❈❉✬s é ❘✩ ✷✻✵✵✱✵✵✳

❖❯❚❘❖ ▼❖❉❖✿ ❙♦❧✉çã♦ ❛❧t❡r♥❛t✐✈❛✳

➱ ✐♠♣♦rt❛♥t❡ q✉❡ s❡ ❢❛ç❛ ✉♠❛ ❛♥❛❧✐s❡ ❞❛s ❢✉♥çõ❡s ❝✉st♦ ❡ r❡❝❡✐t❛✱ ❛♠❜❛s sã♦ ❞❛❞❛s r❡s✲

♣❡❝t✐✈❛♠❡♥t❡ ♣❡❧❛s ❡①♣r❡ssõ❡s C(x) = 2400 + 5, 5x ❡ R(x) = 8x✳ ❆❣♦r❛ ❛♥❛❧✐s❛♥❞♦ ♦s

❝♦❡✜❝✐❡♥t❡s ❡♠ ❝❛❞❛ ❢✉♥çã♦ ❡ s❡✉ s✐❣♥✐✜❝❛❞♦✳ ◆❛ ❢✉♥çã♦ ❝✉st♦ ❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ é 5, 5✱

♦✉ s❡❥❛✱ ♦ ❝✉st♦ ❞❡ ❝❛❞❛ ♣❡ç❛ ♣r♦❞✉③✐❞❛ é ❞❡ 5 r❡❛✐s ❡ 50 ❝❡♥t❛✈♦s✱ ❥á ♥❛ ❢✉♥çã♦ r❡❝❡✐t❛ ❛

t❛①❛ ❞❡ ✈❛r✐❛çã♦ é 8✱ ✐st♦ é✱ ❝❛❞❛ ♣❡ç❛ é ✈❡♥❞✐❞❛ ♣♦r ✽ r❡❛✐s✱ ❞❡st❛ ❢♦r♠❛ ♦ ❧✉❝r♦ ❞❡ ♣♦r

♣❡ç❛ ♣r♦❞✉③✐❞❛ é ❞❡ ❘✩ ✷✱✺✵ r❡❛✐s✳ ❈♦♠♦ b = C(0)✱ ❡♥tã♦ ♣❡❧❛ ❢✉♥çã♦ ❝✉st♦✱ b = 2400✱

♦✉ s❡❥❛✱ ♦ ❝✉st♦ ✜①♦ ❞❛ ❡♠♣r❡s❛ é ❞❡ ❘✩ ✷✹✵✵✳ ❊♥✜♠✱ ❝♦♠♦ s❡ q✉❡r ♣r♦❞✉③✐r ✷✵✵✵ ♣❡ç❛s

t❡♥❞♦ ❧✉❝r♦ ❞❡ ✷✱✺✵ ♣♦r ♣❡ç❛ ❡ ✉♠ ❝✉st♦ ✜①♦ ❞❡ ✷✹✵✵ r❡❛✐s✱ ❧♦❣♦✱ ♦ ❧✉❝r♦ é✿

L(2000) = 2000 · 2, 5− 2400 = 2600.

✶✳✷✳✹ ❈❛r❛❝t❡r✐③❛çã♦ ❞❛ ❋✉♥çã♦ ❆✜♠

❚❊❖❘❊▼❆✿ ✧❙❡❥❛ f : R −→ R ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡ ♦✉ ❞❡❝r❡s❝❡♥t❡✳ ❙❡ ❛ ❞✐❢❡r❡♥ç❛

f(x + h) − f(x) ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ h ♠❛s ♥ã♦ ❞❡ x✱ ❡♥tã♦ f é ✉♠❛ ❢✉♥çã♦ ❛✜♠✧✭▲■▼❆

❡t ❛❧✱ ✷✵✶✵✱ ♣✳ ✶✻✮✳

❉❊▼❖◆❙❚❘❆➬➹❖✿ ❙❡♠ ♣❡r❝❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ s❡rá ❢❡✐t♦ ❛♣❡♥❛s ♦ ❝❛s♦ ❡♠ q✉❡ f é

❝r❡s❝❡♥t❡✱ ♣♦✐s ♦ ♦✉tr♦ é s❡♠❡❧❤❛♥t❡✳ P❡❧❛ ❤✐♣ót❡s❡ ❢❡✐t❛ s♦❜r❡ f ✱ ❛ ❢✉♥çã♦ ϕ : R −→ R✱

✷✺



❞❛❞❛ ♣♦r ϕ(h) = f(x+ h)− f(x)✱ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❊✈✐❞❡♥t❡♠❡♥t❡ ϕ é ❝r❡s❝❡♥t❡✳ ❆❧é♠

❞✐ss♦✱ ♣❛r❛ t♦❞♦ h ∈ R ✈❛❧❡✿

ϕ(2h) = f(x+ 2h)− f(x)

= [f ((x+ h) + h)− f(x+ h)] + [f(x+ h)− f(x)]

= ϕ(h) + ϕ(h) = 2 · ϕ(h)

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ ϕ(nh) = n · ϕ(h) ♣❛r❛ t♦❞♦ n ∈ N ❡ t❡♠✲s❡ ❛✐♥❞❛

ϕ(−h) = f(x− h)− f(x) = − [f(x)− f(x− h)] = −ϕ(h).

❏á q✉❡ x = (x− h) + h✳ ❙❡❣✉❡✲s❡ q✉❡✱ ♣❛r❛ t♦❞♦ n ∈ N ❡ t♦❞♦ h ∈ R ✈❛❧❡

ϕ ((−n)h) = ϕ(−nh) = −ϕ(nh) = − [n · ϕ(h)] = (−n)ϕ(h).

❈♦♠♦ t❡♠✲s❡ q✉❡ ϕ(0) = 0✱ ❡ ❛✐♥❞❛ t❡♠✲s❡ q✉❡ ϕ(nh) = n · ϕ(h) ♣❛r❛ t♦❞♦ n ∈ Z✱

❧♦❣♦ ϕ(h) é ❧✐♥❡❛r✳ ❆ss✐♠✱ ♣♦♥❞♦ a = ϕ(1) = f(x + 1) − f(x)✱ t❡♠✲s❡ ϕ(h) = ϕ(h · 1) =
h · ϕ(1) = h · a ♣❛r❛ t♦❞♦ h ∈ R✳ P❛r❛ q✉❛✐sq✉❡r x✱ h ∈ R ✈❛❧❡ f(x + h) − f(x) = a · h✳
❚r♦❝❛♥❞♦ h ♣♦r x✱ ✈❡♠✿ f(x + h) − f(x) = ax✱ ❋❛③❡♥❞♦ h = 0 ❡ ❡s❝r❡✈❡♥❞♦ b = f(0)✱

♦❜té♠✲s❡ f(x)− b = ax✱ ❞♦♥❞❡ f(x) = ax+ b ❡ ♦ t❡♦r❡♠❛ ❡stá ❞❡♠♦♥str❛❞♦ ✭▲■▼❆ ❡t ❛❧✱

✷✵✶✵✮✳

❆ r❡❝í♣r♦❝❛ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛ é ó❜✈✐❛✳ ❙❡ f(x) = ax+b ❡♥tã♦ f(x+
h)−f(x) = ah ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ x✳ ❆ ❤✐♣ót❡s❡ ❞❡ q✉❡ f(x+h)−f(x)

♥ã♦ ❞❡♣❡♥❞❡ ❞❡ x ás ✈❡③❡s s❡ ❡①♣r✐♠❡ ❞✐③❡♥❞♦ q✉❡ ✏❛ ❛❝rés❝✐♠♦s
✐❣✉❛✐s ❞❡ x ❝♦rr❡s♣♦♥❞❡♠ ❛ ❛❝rés❝✐♠♦s ✐❣✉❛✐s ♣❛r❛ f(x)✳ ❖✉tr❛
♠❛♥❡✐r❛ ❞❡ ❡①♣r✐♠✐r ❡st❛ ❤✐♣ót❡s❡ ❝♦♥s✐st❡ ❡♠ ❞✐③❡r q✉❡ ❛❝rés❝✐♠♦s
s♦❢r✐❞♦s ♣♦r f(x) sã♦ ♣r♦♣♦r❝✐♦♥❛✐s ❛♦s ❛❝rés❝✐♠♦s ❞❛❞♦s ♣♦r x

✭▲■▼❆✱ ✷✵✶✸✱ ♣✳ ✾✵✮✳

❆P▲■❈❆➬➹❖✿ ◆✉♠❛ s❛♣❛t❛r✐❛ ✉♠ ✈❡♥❞❡❞♦r ❞❡t❡r♠✐♥❛✈❛ ♦ ♥ú♠❡r♦ ❞♦ s❛♣❛t♦ ❞❡ s❡✉s

❝❧✐❡♥t❡s ♠❡❞✐♥❞♦ ♦ s❡✉ ♣é ❝♦♠ ✉♠❛ ❡s❝❛❧❛ ♥❛ q✉❛❧✱ ❡♠ ✈❡③ ❞❡ ❝❡♥tí♠❡tr♦s✱ ❡st❛✈❛♠ ♠❛r✲

❝❛❞♦s ♦s ♥ú♠❡r♦s ✳✳✳ ✸✻✱ ✸✼✱ ✸✽✳✳✳ ❙❛❜❡♥❞♦ q✉❡ ❡ss❡s ♥ú♠❡r♦s ❡stã♦ ✐❣✉❛❧♠❡♥t❡ ❡s♣❛ç❛❞♦s

❡ q✉❡ ✉♠ ♣é ❞❡ ✷✵ ❝♠ ❝♦rr❡s♣♦♥❞❡ ❛♦ t❛♠❛♥❤♦ ✸✷ ♥❛ ❡s❝❛❧❛ ❞❛ s❛♣❛t❛r✐❛ ❡ ✷✽ ❝♠ ❛ ✹✷✳

◗✉❛❧ ❛ ❧❡✐ q✉❡ r❡❧❛❝✐♦♥❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❡♠ ❝♠ ❞♦ ♣é ❝♦♠ ♦ ♥ú♠❡r♦ ❞♦ s❛♣❛t♦❄ ✭▲■▼❆✱

✷✵✶✸✮✳

✷✻



❘❊❙❖▲❯➬➹❖✿ ❆ ❛✜r♠❛çã♦ ❞❡ q✉❡ ♦s ♥ú♠❡r♦s ❞❛ ❡s❝❛❧❛ ❡stã♦ ✐❣✉❛❧♠❡♥t❡ ❡s♣❛ç❛❞♦s✱

♥♦s ❞✐③ q✉❡ ❛❝rés❝✐♠♦s s♦❢r✐❞♦s ♥❛ ❡s❝❛❧❛ sã♦ ♣r♦♣♦r❝✐♦♥❛✐s ❛♦s ❛❝rés❝✐♠♦s ❞❛❞♦ ♥♦ ♣é ❞♦

❝❧✐❡♥t❡✳ ❆ss✐♠✱ ♣❡❧❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ❢✉♥çã♦ ❛✜♠✱ t❡♠♦s q✉❡ ♦ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ é ❞♦

t✐♣♦ f(x) = ax+ b✱ ♦♥❞❡ x é ♦ ✈❛❧♦r ❡♠ ❝♠ ❞♦ ♣é ❞♦ ❝❧✐❡♥t❡ ❡ f(x) ♦ ♥ú♠❡r♦ ❞♦ s❛♣❛t♦✳

❈♦♠♦ x1 = 20✱ ✐♠♣❧✐❝❛ f(x1) = 32 ❡ x2 = 28 ❛ f(x2) = 42✱ ♦❜té♠✲s❡

a =
f(x2)− f(x1)

x2 − x1

a =
42− 32

28− 20

a =
5

4
,

❛ss✐♠✱

f(x) =
5

4
x+ b.

❙✉❜st✐t✉✐♥❞♦ x = 20 ❡ f(x) = 32✱ ♦❜t❡♠♦s b = 7✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ❡①♣r❡ssã♦ q✉❡

r❡❧❛❝✐♦♥❛ ♦ t❛♠❛♥❤♦ ❞♦ s❛♣❛t♦ f(x) ❛♦ t❛♠❛♥❤♦ ❞♦ ♣é x é ❞❛❞♦ ♣♦r

f(x) =
5

4
x+ 7.

✶✳✸ ❊st✉❞♦ ❞❛ ❋✉♥çã♦ ◗✉❛❞rát✐❝❛

❈♦♥st❛♥t❡♠❡♥t❡ ❛s ♣❡ss♦❛s ♣r❡❝✐s❛♠ t♦♠❛r ❞❡❝✐sõ❡s q✉❡ ❧❤❡ ❜❡♥❡✜❝✐❡♠ ❞❡ ❛❧❣✉♠❛

❢♦r♠❛✱ ♠✉✐t❛s ❞❡ss❛s s✐t✉❛çõ❡s ❡♥✈♦❧✈❡♠ ♠❛①✐♠✐③❛r r❡❝❡✐t❛s ❡ ♠✐♥✐♠✐③❛r ❝✉st♦s✱ ❡ ♥❡ss❡

❝♦♥t❡①t♦ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ❛❧❣✉♥s ❝♦♥❤❡❝✐♠❡♥t♦s ♠❛t❡♠át✐❝♦s é ❞❡ ❡①tr❡♠❛ ✐♠♣♦rtâ♥❝✐❛✳

❆ s❡❣✉✐r ❡stá ❡①♣♦st❛ ✉♠❛ ❞❡ss❛s s✐t✉❛çõ❡s✳

❙■❚❯❆➬➹❖ P❘❖❇▲❊▼❆✿ ❯♠ ô♥✐❜✉s ❞❡ ✺✵ ❧✉❣❛r❡s ❢♦✐ ❢r❡t❛❞♦ ♣❛r❛ ✉♠❛ ✈✐❛❣❡♠

❞❡ ❢ér✐❛s✳ ❆ ❡♠♣r❡s❛ ❝♦❜r♦✉ ✉♠❛ q✉❛♥t✐❛ R$ 400 ❞❡ ❝❛❞❛ ♣❛ss❛❣❡✐r♦ ❡ ❡①✐❣✐✉ q✉❡ ❝❛❞❛

❧✉❣❛r ✈❛❣♦ ❝✉st❛r✐❛ R$ 10, 00 ❛ ❝❛❞❛ ♣❛ss❛❣❡✐r♦✳ ◗✉❛❧ ♦ ♥ú♠❡r♦ ❞❡ ♣❛ss❛❣❡✐r♦s q✉❡ t♦r♥❛

♠á①✐♠❛ ❛ r❡❝❡✐t❛ ❞❛ ❡♠♣r❡s❛ ❄

P❛r❛ ✉♠❛ ❞❡❝✐sã♦ ❞❡ ê①✐t♦ ♥♦ ♣r♦❜❧❡♠❛ ❛❝✐♠❛✱ t❛♥t♦ ♣♦r ♣❛rt❡ ❞❛ ❡♠♣r❡s❛ q✉❛♥t♦

❞♦s ♣❛ss❛❣❡✐r♦s é ♥❡❝❡ssár✐♦ ❝♦♥❤❡❝❡r ✉♠ ♣♦✉❝♦ ❞❛s ❝❛r❛❝t❡ríst✐❝❛s ❡ ♣r♦♣r✐❡❞❛❞❡s ❞❛

✷✼



❢✉♥çã♦ q✉❛❞rát✐❝❛✱ ❛ss✐♠ ♦ ♣r♦❜❧❡♠❛ s❡rá r❡s♦❧✈✐❞♦ ❡ ❝♦♠❡♥t❛❞♦ ❧♦❣♦ ❛♣ós ♦ ❡st✉❞♦ ❞❛

❢✉♥çã♦ q✉❛❞rát✐❝❛✳

❉❊❋■◆■➬➹❖✿ ✧❈❤❛♠❛✲s❡ ❢✉♥çã♦ q✉❛❞rát✐❝❛✱ ♦✉ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ ❞♦ ✷♦ ❣r❛✉✱ q✉❛❧q✉❡r

❢✉♥çã♦ f ❞❡ R em R ❞❛❞❛ ♣♦r ✉♠❛ ❧❡✐ ❞❛ ❢♦r♠❛ f(x) = ax2+ bx+ c✱ ❡♠ q✉❡ a✱ b ❡ c ∈ R✱

❝♦♠ a 6= 0✧✭■❊❩❩■ ❡t ❛❧✱ ✷✵✶✺✱ ♣✳ ✼✾✮✳

❊❳❊▼P▲❖❙✿

❛✮ f(x) = 2x2 + 5✱ s❡♥❞♦ a = 2✱ b = 0 ❡ c = 5❀

❜✮ f(x) = −x2 − 4x✱ s❡♥❞♦ a = −1✱ b = −4 ❡ c = 0❀

❝✮ f(x) = −x2 ✱ s❡♥❞♦ a = −1✱ b = 0 ❡ c = 0❀

❞✮ f(x) = −3x2 + 2x− 1✱ s❡♥❞♦ a = −3✱ b = 2 ❡ c = −1✳

▼✉✐t♦s ♣r♦❜❧❡♠❛s r❡❝❛❡♠ ♥❛ ❡str✉t✉r❛ ❞❡ ✉♠❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛✳ ❯♠ ❞♦s ♠❛✐s

❛♥t✐❣♦s ❝♦♥s✐st❡ ❡♠ ❛❝❤❛r ❞♦✐s ♥ú♠❡r♦s ❝♦♥❤❡❝❡♥❞♦ s✉❛ s♦♠❛ s ❡ s❡✉ ♣r♦❞✉t♦ p✳ ❙❡ ✉♠

❞❡ss❡s ♥ú♠❡r♦s é x✱ ♦ ♦✉tr♦ s❡rá s−x✱ ❧♦❣♦ x(s−x) = p✳ ❊❢❡t✉❛♥❞♦ ❛ ♠✉❧t✐♣❧✐❝❛çã♦✱ ✈❡♠

sx− x2 = p✱ ♦✉ s❡❥❛✱ ✲ x2 + sx− p = 0✳ ❊♥❝♦♥tr❛r x ✭❡✱ ♣♦r ❝♦♥s❡q✉ê♥❝✐❛ s− x✮ s✐❣♥✐✜❝❛

r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ❞♦ s❡❣✉♥❞♦ ❣r❛✉ x2 − sx + p = 0✱ ✐st♦ é✱ ❛❝❤❛r ♦s ✈❛❧♦r❡s ❞❡ x ♣❛r❛

♦s q✉❛✐s ❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ f(x) = x2 − sx+ p s❡ ❛♥✉❧❛✳ ❊ss❡s ✈❛❧♦r❡s sã♦ ❝❤❛♠❛❞♦s ♦s

③❡r♦s ❞❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ ♦✉ ❛s r❛í③❡s ❞❛ ❡q✉❛çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡✳

◆♦t❡ q✉❡ s❡ x ❢♦r ✉♠❛ r❛✐③ ❞❛ ❡q✉❛çã♦ x2 − sx+ p = 0✱ ❡♥tã♦ s− x t❛♠❜é♠ s❡rá✱

♣♦✐s (s− x)2 − s(s− x) + p = s2 − 2sx+ x2 − s2 + sx+ p = x2 − sx+ p = 0.

❉❡ss❡ ♠♦❞♦✱ ❛s ❞✉❛s r❛í③❡s ❞❡ss❛ ❡q✉❛çã♦ sã♦ ♦s ♥ú♠❡r♦s ♣r♦❝✉r❛❞♦s✳ ❉❡✈❡✲s❡

♦❜s❡r✈❛r ❡♥tr❡t❛♥t♦ q✉❡✱ ❞❛❞♦s ❛r❜✐tr❛r✐❛♠❡♥t❡ ♦s ♥ú♠❡r♦s s ❡ p✱ ♥❡♠ s❡♠♣r❡ ❡①✐st❡♠

❞♦✐s ♥ú♠❡r♦s ❝✉❥❛ s♦♠❛ é s ❡ ❝✉❥♦ ♣r♦❞✉t♦ é p✳

✶✳✸✳✶ ❋♦r♠❛ ❈❛♥ô♥✐❝❛

❈♦♥s✐❞❡r❛♥❞♦ ♦ tr✐♥ô♠✐♦

ax2 + bx+ c = a

[

x2 +
b

a
x+

c

a

]

.

❈♦♠♣❧❡t❛♥❞♦ q✉❛❞r❛❞♦s ❝♦♠ ♦ s❡❣✉♥❞♦ ♠❡♠❜r♦✱ ♦❜té♠✲s❡

✷✽



ax2 + bx+ c = a

[

x2 +
b

a
x+

b2

4a2
− b2

4a2
+

c

a

]

♦✉

ax2 + bx+ c = a

[

(

x+
b

2a

)2

+
4ac− b2

4a2

]

.

❆ ♣❛rt✐r ❞❡ss❡ ♠♦❞♦ ❞❡ ❡s❝r❡✈❡r ♦ tr✐♥ô♠✐♦ ❞♦ s❡❣✉♥❞♦ ❣r❛✉ ♦❜té♠✲s❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s

✐♠♣♦rt❛♥t❡s ♥♦ ❡st✉❞♦ ❞❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛✳ ❖ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ é q✉❡ ❡❧❛ ♥♦s ❝♦♥❞✉③

❛ ❢ór♠✉❧❛ q✉❡ ❞á ❛s r❛í③❡s ❞❛ ❡q✉❛çã♦ ax2 + bx+ c = 0✳ ❆ss✐♠✱ s❡ a 6= 0✱ ❡♥tã♦

ax2 + bx+ c = 0 ⇔
(

x+
b

2a

)2

+
4ac− b2

4a2
= 0

ax2 + bx+ c = 0 ⇔
(

x+
b

2a

)2

=
b2 − 4ac

4a2

ax2 + bx+ c = 0 ⇔ x+
b

2a
= ±

√
b2 − 4ac

2a

ax2 + bx+ c = 0 ⇔ x =
−b±

√
b2 − 4ac

2a
. ✭✹✮

✧❱❛❧❡ r❡ss❛❧t❛r q✉❡ ❛ ❡①♣r❡ssã♦ b2 − 4ac é ❝❤❛♠❛❞♦ ❞❡ ❞✐s❝r✐♠✐♥❛♥t❡ ❡✱ é r❡♣r❡s❡♥✲

t❛❞♦ ♣❡❧❛ ❧❡tr❛ ❣r❡❣❛ ❞❡❧t❛✱ ♦✉ s❡❥❛✱ ∆ = b2 − 4ac✧✭▲■▼❆✱ ✷✵✶✸✱ ♣✳ ✶✶✵✮✳ P♦❞❡✲s❡ ❛✐♥❞❛

❝♦♥❝❧✉✐r q✉❡ s❡✿

(i) ∆ > 0✱ ❡♥tã♦ ❛ ❡q✉❛çã♦ ♣♦ss✉✐ ❞✉❛s r❛í③❡s r❡❛✐s ❡ ❞✐❢❡r❡♥t❡s✱ ✐st♦ é✱

x =
−b+

√
∆

2a
❡ x =

−b−
√
∆

2a
.

(ii) ∆ < 0✱ ❡♥tã♦ ❛ ❡q✉❛çã♦ ♥ã♦ ♣♦ss✉✐ r❛í③❡s r❡❛✐s✳

(iii) ∆ = 0✱ ❡♥tã♦ ❛ ❡q✉❛çã♦ ♣♦ss✉✐ ❞✉❛s r❛í③❡s r❡❛✐s ❡ ✐❣✉❛✐s✱ ♦✉ s❡❥❛✱

x = − b

2a
. ✭✺✮

✷✾



✶✳✸✳✷ ❙♦♠❛ ❡ Pr♦❞✉t♦ ❞❛s ❘❛í③❡s

❈♦♠♦ x =
−b±

√
∆

2a
sã♦ ❛s r❛í③❡s ❞❛ ❡q✉❛çã♦ ax2 + bx+ c = 0✱ ❝❤❛♠❛♥❞♦ ❛ s♦♠❛

❞❛s r❛í③❡s ❞❡ S ❡ ♦ ♣r♦❞✉t♦ ❞❡ P ✱ s✉❝❡❞❡ q✉❡✿

S =
−b+

√
∆

2a
+

−b−
√
∆

2a
⇒ S = − b

2a
.

❊ ♦ ♣r♦❞✉t♦ P é

P =

(

−b−
√
∆

2a

)

·
(

−b+
√
∆

2a

)

P =
b2 −∆

4a2
⇒ P =

c

a
.

✶✳✸✳✸ ▼á①✐♠♦ ❡ ▼í♥✐♠♦ ❞❛ ❋✉♥çã♦ ◗✉❛❞rát✐❝❛

❆ ❢✉♥çã♦ q✉❛❞rát✐❝❛ ❡♠ s✉❛ ❢♦r♠❛ ❝❛♥ô♥✐❝❛ é ❞❛❞❛ ♣♦r

f(x) = ax2 + bx+ c = a

[

(

x+
b

2a

)2

+
4ac− b2

4a2

]

.

❉❡♥tr♦ ❞♦s ❝♦❧❝❤❡t❡s s❡ ❡①✐❜❡ ✉♠❛ s♦♠❛ ❞❡ ❞✉❛s ♣❛r❝❡❧❛s✱ ❛ ♣r✐♠❡✐r❛ ❞❡♣❡♥❞❡ ❞❡ x

❡ ❛ s❡❣✉♥❞❛ é r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠ ✈❛❧♦r ❝♦♥st❛♥t❡✱ ❛ss✐♠ ♦ ✈❛❧♦r ❞❡ f(x) ❞❡♣❡♥❞❡ ❛♣❡♥❛s

❞❛ ♣r✐♠❡✐r❛ ♣❛r❝❡❧❛✳ ❆ ♣r✐♠❡✐r❛ ♣❛r❝❡❧❛ é s❡♠♣r❡ > ✵✳ ❆ss✐♠✱

■✮ ❙✉♣♦♥❞♦ a > 0✱ t❡♠♦s q✉❡ ♦ ♠❡♥♦r ✈❛❧♦r ❞❡ f(x) é ❞❛❞♦ q✉❛♥❞♦

(

x+
b

2a

)2

= 0, ❛ss✐♠, x = − b

2a
.

P♦rt❛♥t♦✱ ♦ ✈❛❧♦r ♠í♥✐♠♦ ❛ss✉♠✐❞♦ ♣♦r f(x) = ax2 + bx+ c é

f

(

− b

2a

)

= a ·
(

− b

2a

)2

+ b ·
(−b

2a

)

+ c =
4ac− b2

4a
= −∆

4a
.

■■✮ ❙❡ a < 0✱ ❡♥tã♦ ♦ ✈❛❧♦r ❞❡ f
(−b

2a

)

é ♦ ♠❛✐♦r ✈❛❧♦r ❞♦s ♥ú♠❡r♦s f(x)✱ ♣❛r❛ q✉❛❧q✉❡r

x ∈ R✳

✸✵



◆❖❚❆✿ ▼❛✐s ✉♠❛ ♣❡r❣✉♥t❛ r❡s♣♦♥❞✐❞❛ ♣❡❧❛ ❢♦r♠❛ ❝❛♥ô♥✐❝❛✳ ❉❛❞❛ ❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛

f(x) = ax2 + bx+ c ♣❛r❛ q✉❛✐s ✈❛❧♦r❡s x1 6= x2 t❡♠✲s❡ f(x1) = f(x2)❄

P❡❧❛ ❢♦r♠❛ ❝❛♥ô♥✐❝❛✱ ❞❡❝♦rr❡ q✉❡ f(x1) = f(x2) s❡✱ ❡ s♦♠❡♥t❡ s❡✱

(

x1 +
b

2a

)2

=

(

x2 +
b

2a

)2

.

❈♦♠♦ x1 6= x2✱ ✐st♦ s✐❣♥✐✜❝❛ q✉❡

x2 +
b

2a
= −

(

x1 +
b

2a

)

,

✐st♦ é✱

x1 + x2

2
= − b

2a
.

❊♥✜♠✱ ❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ f(x) = ax2 + bx + c ❛ss✉♠❡ ✈❛❧♦r f(x1) = f(x2) ♣❛r❛

x1 6= x2 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦s ♣♦♥t♦s x1 ❡ x2 sã♦ ❡q✉✐❞✐st❛♥t❡s ❞❡ − b

2a
✳

✶✳✸✳✹ ●rá✜❝♦ ❞❛ ❋✉♥çã♦ ◗✉❛❞rát✐❝❛

❉❡ ❛❝♦r❞♦ ❝♦♠ ▲✐♠❛ ✭✷✵✶✸✮✱ ♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ f(x) = ax2+bx+c

❝♦♠ a✱ b ❡ c ∈ R ❡ a 6= 0 é ✉♠❛ ♣❛rá❜♦❧❛✳

❉❊❋■◆■➬➹❖✿ ✧❉❛❞♦s ✉♠ ♣♦♥t♦ ❋ ❡ ✉♠❛ r❡t❛ ❞ ♣❡rt❡♥❝❡♥t❡s ❛ ✉♠ ♣❧❛♥♦ α✱ ❝♦♠ ❋ /∈
❞✱ s❡❥❛ ♣ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦ ♣♦♥t♦ ❋ ❡ ❛ r❡t❛ ❞✳ P❛rá❜♦❧❛ é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ❞❡ α

q✉❡ ❡stã♦ à ♠❡s♠❛ ❞✐stâ♥❝✐❛ ❞❡ ❋ ❡ ❞❡ ❞✧✭■❊❩❩■ ❡t ❛❧✱ ✷✵✶✺✱ ♣✳ ✼✷✹✮✳ ◆❛ ✜❣✉r❛ ✼ t❡♠✲s❡

❛ r❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞❛ ♣❛rá❜♦❧❛ ❝♦♠ s❡✉s ❡❧❡♠❡♥t♦s✳

❋✐❣✉r❛ ✼✿ ❊❧❡♠❡♥t♦s ❞❛ P❛rá❜♦❧❛ ■✳

❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r
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P❛rá❜♦❧❛ ❂ {P ∈ α|PF = PP ′}

❊▲❊▼❊◆❚❖❙✿

• F ✿ ❋♦❝♦✳

• p ✿ é ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦ ❢♦❝♦ ❡ ❛ r❡t❛ ❞✐r❡tr✐③

• V ✿ ✈ért✐❝❡ ❞❛ ♣❛rá❜♦❧❛ ✭♣♦♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞❛ r❡t❛ ❞✐r❡tr✐③✮✳

• P ✿ P♦♥t♦ q✉❛❧q✉❡r ❞❛ ♣❛rá❜♦❧❛✳

• P ′ ✿ Pr♦❥❡çã♦ ❞❡ P s♦❜r❡ ❛ ❞✐r❡tr✐③✳

• d✿ ❘❡t❛ ❞✐r❡tr✐③

❆❣♦r❛✱ s❡♠ ♣❡r❝❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ❝♦♥s✐❞❡r❡ ✉♠❛ ♣❛rá❜♦❧❛ ♥♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦

❝♦♠ r❡t❛ ❞✐r❡tr✐③ ♣❛r❛❧❡❧❛ ❛♦ ❡✐①♦ ❞❛s ❛❜❝✐ss❛s✱ ✈ért✐❝❡ ❛❝✐♠❛ ❞❛ r❡t❛ ❞✐r❡tr✐③ ❡ ✉♠ ♣♦♥t♦

q✉❛❧q✉❡r P (x, y) ♣❡rt❡♥❝❡♥t❡ ❛ ♣❛rá❜♦❧❛ ❝♦♠♦ ♠♦str❛ ❛ ✜❣✉r❛ ✽✳

❋✐❣✉r❛ ✽✿ ❊❧❡♠❡♥t♦s ❞❛ P❛rá❜♦❧❛ ■■✳

❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r

P♦r ❞❡✜♥✐çã♦ PF = PP ′✱ ❞❡s❡♥✈♦❧✈❡♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡✱ ♦❜t❡♠✲s❡

(x− x0)
2 = 2p(y − y0) ✭✻✮

❝❤❛♠❛❞❛ ❡q✉❛çã♦ r❡❞✉③✐❞❛ ❞❛ ♣❛rá❜♦❧❛ ❝♦♠ V (x0, y0) ❛❝✐♠❛ ❞❛ ❞✐r❡tr✐③✱ ❢♦❝♦
(

x0, y0 +
p

2

)

❡ r❡t❛ ❞✐r❡tr✐③ y = y0 −
p

2
✳ ❘❡❡s❝r❡✈❡♥❞♦ ❛ ❡q✉❛çã♦ ✭✻✮ ❝♦♠♦ y = ax2 + bx+ c✱ ♦❜t❡♠✲s❡

✸✷



(x− x0)
2 = 2p(y − y0)

x2 − 2 · x0 · x+ x2

0
= 2py − 2y0

2py = x2 − 2 · x0 · x+ x2

0
+ 2y0

y =
1

2p
x2 − x0

p
x+

x2

0
+ 2y0
2p

.

✧❙❡♥❞♦ a =
1

2p
✱ b = −x0

p
❡ c =

x2

0
+ 2y0
2p

✳ ❆ss✐♠✱ ❝♦♥❝❧✉í✲s❡ q✉❡ ♦ ❣rá✜❝♦ ❞❡ ✉♠❛

❢✉♥çã♦ q✉❛❞rát✐❝❛ é✱ ❞❡ ❢❛t♦ ✉♠❛ ♣❛rá❜♦❧❛ ✭❈❍❆❱❆◆❚❊❀ P❘❊❙❚❊❙✱ ✷✵✶✻✱ ♣✳ ✶✺✽✮✧✳

✶✳✸✳✺ ❈♦♥❝❛✈✐❞❛❞❡ ❞❛ P❛rá❜♦❧❛

❚♦♠❛♥❞♦ ❝♦♠♦ ❜❛s❡ ♦ ❡①❡♠♣❧♦ ❞❛ ♣❛rá❜♦❧❛ ❛♥t❡r✐♦r ♦♥❞❡ ♦ ❢♦❝♦ é F
(

x0, y0 +
p

2

)

✱

❛ r❡t❛ ❞✐r❡tr✐③ é y = y0 −
p

2
✱ ❡ ✈ért✐❝❡ V (x0, y0) ❡ a =

1

2p
✱ ♦ q✉❡ ✐♠♣❧✐❝❛ p =

1

2a
✱ t❡♠♦s

q✉❡ s❡✿

✭i✮ a > 0✱ ❡♥tã♦ ❛ ❝♦♥❝❛✈✐❞❛❞❡ ❞❛ ♣❛rá❜♦❧❛ s❡rá ✈♦❧t❛❞❛ ♣❛r❛ ❝✐♠❛✱ ♣♦✐s ❛ ♦r❞❡♥❛❞❛ ❞♦

✈ért✐❝❡ é ♠❡♥♦r q✉❡ ❛ ❞♦ ❢♦❝♦✱ ♦✉ s❡❥❛✱

y0 < y0 +
1

4a
;

✭ii✮ a < 0✱ ❡♥tã♦ ❛ ❝♦♥❝❛✈✐❞❛❞❡ ❞❛ ♣❛rá❜♦❧❛ s❡rá ✈♦❧t❛❞❛ ♣❛r❛ ❜❛✐①♦✱ ❥á q✉❡ ❛ ♦r❞❡♥❛❞❛

❞♦ ✈ért✐❝❡ é ♠❡♥♦r q✉❡ ❛ ❞♦ ❢♦❝♦✱ ✐st♦ é✱

y0 > y0 −
1

4a
.

✶✳✸✳✻ ❘❡s✉♠♦ ❞♦ ❊st✉❞♦ ❞❛ ❋✉♥çã♦ ◗✉❛❞rát✐❝❛

P❛r❛ ✜♥❛❧✐③❛r ♦ ❡st✉❞♦ ❞❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛✱ ♥❡st❛ ♣❛rt❡ s❡rá ❢❡✐t♦ ✉♠❛ ❛ss♦❝✐❛çã♦

❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❛ s✉❛ ✐♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛✳

• ❙❡ a > 0✱ ❡♥tã♦ ❛ ❝♦♥❝❛✈✐❞❛❞❡ ❞❛ ♣❛rá❜♦❧❛ é ✈♦❧t❛❞❛ ♣❛r❛ ❝✐♠❛ ✭✜❣✉r❛ ✾✮✱ ❝❛s♦

❝♦♥trár✐♦✱ ✐st♦ é✱ a < 0✱ ❛ ❝♦♥❝❛✈✐❞❛❞❡ s❡rá ✈♦❧t❛❞❛ ♣❛r❛ ❜❛✐①♦ ✭✜❣✉r❛ ✶✵✮✳ ◗✉❛♥❞♦

✸✸



△ < 0 ♦ ❣rá✜❝♦ ♥ã♦ t♦❝❛ ♦ ❡✐①♦ ❤♦r✐③♦♥t❛❧ ❝♦♠♦ ♠♦str❛ ❛ s✐t✉❛çã♦ ✶ ❡ ✹ ❞❛s ✜❣✉r❛s

✾ ❡ ✶✵ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s❡ △ > 0✱ ♦ ❣rá✜❝♦ t♦❝❛ ♦ ❡✐①♦ ❞❛ ❛❜s❝✐ss❛s ❡♠ ❞♦✐s ♣♦♥t♦s

❞✐st✐♥t♦s✱ r❡♣r❡s❡♥t❛❞♦s ♥❛s s✐t✉❛çõ❡s ✷ ❡ ✺ ❞❛s ❋✐❣✉r❛s ✾ ❡ ✶✵✱ ❡ s❡ △ = 0✱ t♦❝❛

❛♣❡♥❛s ✉♠❛ ✈❡③ ❞♦ ❡✐①♦ ❤♦r✐③♦♥t❛❧ ❝♦♥❢♦r♠❡ ❛s s✐t✉❛çõ❡s ✸ ❡ ✻✳

❋✐❣✉r❛ ✾✿ ❈♦♥❝❛✈✐❞❛❞❡ ❱♦❧t❛❞❛ ♣❛r❛ ❈✐♠❛✳

❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r

❋✐❣✉r❛ ✶✵✿ ❈♦♥❝❛✈✐❞❛❞❡ ❱♦❧t❛❞❛ ♣❛r❛ ❇❛✐①♦✳

❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r

• ❖ ✈ért✐❝❡ r❡♣r❡s❡♥t❛ ♦ ♣♦♥t♦ ❞♦ ❣rá✜❝♦ ❡♠ q✉❡ ❛ ♣❛rá❜♦❧❛ ♠✉❞❛ ❞❡ s❡♥t✐❞♦✱ ♦✉

s❡❥❛✱ ♦ ♣♦♥t♦ ♦♥❞❡ ❛ ♣❛rá❜♦❧❛ ❞❡✐①❛ ❞❡ ❝r❡s❝❡r ❛❧❝❛♥ç❛❞♦ ♦ ✈❛❧♦r ♠á①✐♠♦ ❡ ♣❛ss❛ ❛

❞❡❝r❡s❝❡r✱ q✉❛♥❞♦ ❛ ❁ ✵✱ ❡ q✉❛♥❞♦ a > 0✱ r❡♣r❡s❡♥t❛ ♦ ❧♦❝❛❧ ♦♥❞❡ ❛ ❢✉♥çã♦ ♣❛r❛ ❞❡

❞✐♠✐♥✉✐r ❛❧❝❛♥ç❛♥❞♦ ✈❛❧♦r ♠í♥✐♠♦ ❡ ❝♦♠❡ç❛ ❛ ❝r❡s❝❡r✳ ❖ ✈ért✐❝❡ é ❞❛❞♦ ♣♦r

V

(

− b

2a
,−△

4a

)

✭✼✮
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❡ ❛s s✐t✉❛çõ❡s ❞❡s❝r✐t❛s ❡stã♦ r❡♣r❡s❡♥t❛❞❛s ♥❛ ❋✐❣✉r❛ ✶✶ ♥❛s s✐t✉❛çõ❡s ✼ ❡ ✽✳

❋✐❣✉r❛ ✶✶✿ ▼á①✐♠♦ ❡ ▼í♥✐♠♦ ❞❛ ❋✉♥çã♦ ◗✉❛❞rát✐❝❛✳

❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r

✶✳✹ ❘❡s♦❧✉çã♦ ❞❡ Pr♦❜❧❡♠❛s ▼♦❞❡❧❛❞♦s ❞❡ ❋✉♥çã♦ ❆✜♠ ❡ ◗✉❛✲

❞rát✐❝❛

❆ s✉❜s❡çã♦ ❛ s❡❣✉✐r t❡♠ ♣♦r ♦❜❥❡t✐✈♦ ❡①♣♦r ❛ s♦❧✉çã♦ ❞♦s ♣r♦❜❧❡♠❛s ❞❡ ✉♠❛ ♠❛✲

♥❡✐r❛ q✉❡ ♦ ❛❧✉♥♦ ♣♦ss❛ ❝♦♠♣r❡❡♥❞❡r ♠❡❧❤♦r ♦ ❝♦♥t❡ú❞♦ ❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✭❝❛r❛❝t❡ríst✐❝❛s✮✳

❖s ♣r♦❜❧❡♠❛s ❛❜♦r❞❛❞♦s ♣♦r t❡r❡♠ ✉♠❛ ❝♦♥❡①ã♦ ❝♦♠ ❛ r❡❛❧✐❞❛❞❡ ❞♦ ❡❞✉❝❛♥❞♦ ♠♦str❛ ❛

✐♠♣♦rtâ♥❝✐❛ ❞♦s ❝♦♥t❡ú❞♦s ♥❛ ❣r❛❞❡ ❝✉rr✐❝✉❧❛r ❡ t❛♠❜é♠ ❢✉♥❝✐♦♥❛rá ❝♦♠♦ ✉♠ ❡st✐♠✉❧♦

❛♦ ❛❧✉♥♦✳

◆❖❚❆✿ ❖s ♣r♦❜❧❡♠❛s ✷ ❡ ✹ ❞❡st❛ s❡çã♦✱ ❝♦rr❡s♣♦♥❞❡ ❛♦s ❡①❡♠♣❧♦s ✶ ❡ ✸ r❡s♣❡❝t✐✈❛♠❡♥t❡

❝✐t❛❞♦s ♥❛ ♣á❣✐♥❛ ✶✼✳

P❘❖❇▲❊▼❆ ✶✿ ❯♠ ô♥✐❜✉s ❞❡ ✺✵ ❧✉❣❛r❡s ❢♦✐ ❢r❡t❛❞♦ ♣❛r❛ ✉♠❛ ✈✐❛❣❡♠ ❞❡ ❢ér✐❛s✳ ❆

❡♠♣r❡s❛ ❝♦❜r♦✉ ✉♠❛ q✉❛♥t✐❛ R$ 400 ❞❡ ❝❛❞❛ ♣❛ss❛❣❡✐r♦ ❡ ❡①✐❣✐✉ q✉❡ ❝❛❞❛ ❧✉❣❛r ✈❛❣♦

❝✉st❛r✐❛ R$ 10, 00 ❛ ❝❛❞❛ ♣❛ss❛❣❡✐r♦✳ ◗✉❛❧ ♦ ♥ú♠❡r♦ ❞❡ ♣❛ss❛❣❡✐r♦s q✉❡ t♦r♥❛ ♠á①✐♠❛ ❛

r❡❝❡✐t❛ ❞❛ ❡♠♣r❡s❛ ❄

❘❊❙❖▲❯➬➹❖✿ ❈❤❛♠❛r❡♠♦s ❛ r❡❝❡✐t❛ ❞❡ R ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❛ss❛❣❡✐r♦s ❞❡ x✳ ❆

r❡❝❡✐t❛ é ❞❛❞❛ ♣❡❧♦ ♣r♦❞✉t♦ ❡♥tr❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❛ss❛❣❡✐r♦s x ❡ ❛ q✉❛♥t✐❛ q✉❡ ❝❛❞❛

✉♠ ✐rá ♣❛❣❛r✳ ❆ q✉❛♥t✐❛ q✉❡ ❝❛❞❛ ✉♠ ✐rá ♣❛❣❛r é ❢♦r♠❛❞♦ ♣♦r ❞✉❛s ♣❛r❝❡❧❛s✱ ✉♠❛ ✜①❛

q✉❡ é ♦ ✈❛❧♦r ❞❡ ❘✩ ✹✵✵ ❡ ❛ ♦✉tr❛ q✉❡ ❞❡♣❡♥❞❡ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❧✉❣❛r❡s ✈❛③✐♦s✱ ♦✉ s❡❥❛✱

10 · (50− x)✳ ❆ss✐♠✱ ❛ ❡①♣r❡ssã♦ q✉❡ ❞❡✜♥❡ ❛ r❡❝❡✐t❛ é

✸✺



R(x) = x · [400 + 10 · (50− x)]

R(x) = −10x2 + 900x.

❈♦♠♦ ❛ r❡❝❡✐t❛ é ❞❛❞❛ ♣♦r ✉♠❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ ❡ s❡ ♣❡❞❡ ♦ ♥ú♠❡r♦ ❞❡ ♣❛ss❛❣❡✐r♦s q✉❡

t♦r♥❛ ♠á①✐♠❛ ❛ r❡❝❡✐t❛✱ ❛ss✐♠ ❛ r❡s♣♦st❛ s❡rá ❞❛❞❛ ♣♦r

xv = − b

2a
= − 900

−2 · 10 = 45.

P♦rt❛♥t♦✱ ♣❛r❛ s❡ ❛❧❝❛♥ç❛r ❛ r❡❝❡✐t❛ ♠á①✐♠❛ ❞❡✈❡✲s❡ ✈❡♥❞❡r ✹✺ ♣❛ss❛❣❡♥s✱ ❛❧❝❛♥ç❛♥❞♦

r❡❝❡✐t❛ ❞❡ ❘✩ ✷✵✷✺✵✳ ❖❜s❡r✈❡ ♦ ❣rá✜❝♦ r❡♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✶✷ ♣❛r❛ ✉♠❛ ♠❛✐♦r ❝♦♠✲

♣r❡❡♥sã♦ ❞❛ r❡s♣♦st❛ ♦❜t✐❞❛✳

❋✐❣✉r❛ ✶✷✿ ❘❡❝❡✐t❛ ❡♠ ❋✉♥çã♦ ❞♦ ◆ú♠❡r♦ ❞❡ P❛ss❛❣❡♥s✳

❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r

❖ ♣r♦❜❧❡♠❛ ♣r♦♣♦r❝✐♦♥❛ ✉♠❛ ✈✐sã♦ ♠❛✐s ❛♠♣❧❛ ❞♦ ❝♦♥t❡ú❞♦ ❛♦ ♦❢❡r❡❝❡r q✉❡ ♦ ❛❧✉♥♦

✈✐s✉❛❧✐③❡ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ✐♠♣♦rt❛♥t❡ ❞❛ ♣❛rá❜♦❧❛✳ ❖ ❢❛t♦ ❞❡ ✹✷ ❡ ✹✽ s❡r❡♠ ❡q✉✐❞✐st❛♥t❡s

❞❡ ✹✺✱ ❢❛③ ❝♦♠ q✉❡ f(42) = f(48) = 20160✳

◆❖❚❆✿ ◗✉❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❢♦✐ ♣r♦♣♦st♦ ♥♦ ❝✉rs♦ ♥❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s✱ ✉♠ ❞❡t❡r✲

♠✐♥❛❞♦ ❛❧✉♥♦ r❡s♣♦♥❞❡✉ ❞❡ ✐♠❡❞✐❛t♦ q✉❡ ❛ r❡s♣♦st❛ s❡r✐❛ ✺✵✱ ♦✉ s❡❥❛✱ q✉❛♥❞♦ ✈❡♥❞❡ss❡

t♦❞❛s ❛s ♣❛ss❛❣❡♥s✳ ❯♠❛ ♠á ❛♥á❧✐s❡ ❞❛ q✉❡stã♦ ♣♦❞❡ ❝♦♥❞✉③✐r ❛♦ ❡rr♦✱ ♣♦ré♠ ♦ ❛❧✉♥♦ s❡
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r❡tr❛t♦✉ ❡ ❞✐ss❡ q✉❡ ♦ ♣r♦❜❧❡♠❛ s❡r✈✐✉ ♣❛r❛ q✉❡ ♦ ♠❡s♠♦ t✐✈❡ss❡ ✉♠ s❡♥s♦ ❝rít✐❝♦ ♠❛✐♦r

♥❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s✳

P❘❖❇▲❊▼❆ ✷✿ ✭❯❋●❖✮ P❛r❛ ❢❛③❡r tr❛❞✉çõ❡s ❞❡ t❡①t♦s ♣❛r❛ ♦ ✐♥❣❧ês✱ ✉♠ tr❛❞✉t♦r ❆

❝♦❜r❛ ✉♠ ✈❛❧♦r ✐♥✐❝✐❛❧ ❞❡ ❘✩ ✶✻✱✵✵ ♠❛✐s ❘✩ ✵✱✼✽ ♣♦r ❧✐♥❤❛ tr❛❞✉③✐❞❛ ❡ ✉♠ ♦✉tr♦ tr❛❞✉t♦r✱

❇✱ ❝♦❜r❛ ✉♠ ✈❛❧♦r ❞❡ ✐♥✐❝✐❛❧ ❞❡ ❘✩ ✷✽✱✵✵ ♠❛✐s ❘✩ ✵✱✹✽ ♣♦r ❧✐♥❤❛ tr❛❞✉③✐❞❛✳ ❆ q✉❛♥t✐❞❛❞❡

♠í♥✐♠❛ ❞❡ ❧✐♥❤❛s ❞❡ ✉♠ t❡①t♦ ❛ s❡r tr❛❞✉③✐❞♦ ♣❛r❛ ♦ ✐♥❣❧ês✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ❝✉st♦ s❡❥❛

♠❡♥♦r s❡ ❢♦r r❡❛❧✐③❛❞♦ ♣❡❧♦ tr❛❞✉t♦r ❇✱ é❄

❘❊❙❖▲❯➬➹❖✿ ❈❤❛♠❛♥❞♦ ❞❡ V ♦ ✈❛❧♦r ❝♦❜r❛❞♦ ♣❡❧♦s tr❛❞✉t♦r❡s q✉❡ ❞❡♣❡♥❞❡ ❞❛ q✉❛♥✲

t✐❞❛❞❡ x ❧✐♥❤❛s tr❛❞✉③✐❞❛s✱ t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ ❛✉♠❡♥t♦ ❞❡ h r❡❛✐s V (x+ h)−V (x) ♥ã♦

❞❡♣❡♥❞❡ ❞❡ x✱ ❛ss✐♠ ♣❡❧❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ❢✉♥çã♦ ❛✜♠ ❛ ❧❡✐ q✉❡ ❞❡✜♥❡ ❛ r❡❧❛çã♦ ❡♥tr❡ V

❡ x é ✉♠❛ ❢✉♥çã♦ ❛✜♠✳ ❉❡ss❛ ❢♦r♠❛✱

VA(x) = a · x+ b ❡ VB(x) = a · x+ b,

❈♦♠ a = 0, 78 ❡ b = 16 ♣❛r❛ ♦ tr❛❞✉t♦r A ❡ ♣❛r❛ ♦ B✱ t❡♠✲s❡ a = 0, 48 ❡ b = 28✱ ❧♦❣♦

VA(x) = 0, 78 · x+ 16 ❡ VB(x) = 0, 48 · x+ 28.

❆ss✐♠✱ ❜❛st❛ ❢❛③❡r VB < VA✱ ♦✉ s❡❥❛✱

0, 48 · x+ 28 < 0, 78 · x+ 16 ⇒ 0, 30 · x > 12 ⇒ x > 40.

❖ r❡s✉❧t❛❞♦ ❞❛ ✐♥❡q✉❛çã♦ ❛♥t❡r✐♦r ❞✐③ q✉❡ ♣❛r❛ q✉❛❧q✉❡r t❡①t♦ ❛❝✐♠❛ ❞❡ ✹✵ ❧✐♥❤❛s✱ ♦ ❝✉st♦

❞♦ tr❛❞✉t♦r ❇ é ♠❡♥♦r ❞♦ q✉❡ ♦ ❆✳ P♦rt❛♥t♦✱ t❡♠✲s❡ ❝♦♠♦ r❡s♣♦st❛ ✹✶ ❧✐♥❤❛s✳ P❛r❛ ✉♠❛

♠❡❧❤♦r ❛♥á❧✐s❡ ❞♦s ✈❛❧♦r❡s ❝♦❜r❛❞♦s ♣❡❧♦s tr❛❞✉t♦r❡s ❡♠ ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❧✐♥❤❛s✱

♦❜s❡r✈❡♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ❣rá✜❝♦s ❞❡ ❛♠❜❛s ❛s ❢✉♥çõ❡s ♥❛ ❋✐❣✉r❛ ✶✸✳

❖ ♣♦♥t♦ ❞❡ ❡♥❝♦♥tr♦ ❡♥tr❡ ♦s ❣rá✜❝♦s r❡♣r❡s❡♥t❛ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❧✐♥❤❛s ♦♥❞❡ t❛♥t♦ ❢❛③

❡s❝♦❧❤❡r ♦ tr❛❞✉t♦r A ♦✉ ♦ B✱ ♣❛r❛ ✉♠❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❧✐♥❤❛s ♠❡♥♦r ❞♦ q✉❡ ✹✵ ♦ tr❛❞✉t♦r

A é ♠❛✐s ❜❛r❛t♦ ❝♦♠♦ ♠♦str❛ ♦ ❣rá✜❝♦ ❥á q✉❡ B ❡stá s♦❜r❡ A✱ ❡ ❝❛s♦ ❝♦♥trár✐♦ B é ♠❛✐s

❜❛r❛t♦✱ ✐st♦ é✱ ♣❛r❛ q✉❛❧q✉❡r q✉❛♥t✐❞❛❞❡ ❛❝✐♠❛ ❞❡ ✹✵ ❧✐♥❤❛s✱ ❧♦❣♦ ♦ t❡①t♦ ♣r❡❝✐s❛ t❡r ♥♦

♠í♥✐♠♦ ✹✶ ❧✐♥❤❛s✳
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❋✐❣✉r❛ ✶✸✿ ❘❡❧❛çã♦ ❊♥tr❡ ♦s ❚r❛❞✉t♦r❡s✳

❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r

P❘❖❇▲❊▼❆ ✸✿ ❯♠❛ ❝❛✐①❛ ❞✬á❣✉❛ ❞❡ ✶✵✵✵ ❧✐tr♦s t❡♠ ✉♠ ❢✉r♦ ♥♦ ❢✉♥❞♦ ♣♦r ♦♥❞❡ ❡s❝♦❛

á❣✉❛ ❛ ✉♠❛ ✈❛③ã♦ ❝♦♥st❛♥t❡✳ ❆♦ ♠❡✐♦ ❞✐❛ ❞❡ ❝❡rt♦ ❞✐❛ ❡❧❛ ❢♦✐ ❝❤❡✐❛ ❡✱ ás ✻ ❞❛ t❛r❞❡ ❞❡ss❡

❞✐❛✱ só t✐♥❤❛ ✽✺✵ ❧✐tr♦s✳ ◗✉❛♥❞♦ ❛ ❝❛✐①❛ ✜❝❛rá ♣❡❧❛ ♠❡t❛❞❡❄

❘❊❙❖▲❯➬➹❖✿ ❙❡ é ✉♠❛ ✈❛③ã♦ ❝♦♥st❛♥t❡✱ ❧♦❣♦ ❛ r❡❧❛çã♦ ❡♥tr❡ ♦ ✈♦❧✉♠❡ ❡①✐st❡♥t❡ ♥❛

❝❛✐①❛ ❡ ♦ ♥ú♠❡r♦ ❞❡ ❤♦r❛s q✉❡ s❡ ♣❛ss❛r❛♠ ❞♦ ✐♥í❝✐♦ é ✉♠❛ ❢✉♥çã♦ ❛✜♠✱ ♦✉ s❡❥❛✱ ❝❤❛♠❛♥❞♦

❞❡ V ♦ ✈♦❧✉♠❡ r❡st❛♥t❡ ❛♣ós t ❤♦r❛s ❞♦ ✐♥í❝✐♦✱ ♦❜t❡♠✲s❡

v(t) = a · t+ b ✭✽✮

❈♦♠♦ ❛ é ❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❡ ❜ ♦ ✈❛❧♦r ✐♥✐❝✐❛❧✱ t❡♠♦s q✉❡

a =
850− 1000

18− 12
=

−150

6
= −25 l/h ❡ b = 1000 l. ✭✾✮

❙✉❜st✐t✉✐♥❞♦ ♦s r❡s✉❧t❛❞♦s ❞❛ ❡q✉❛çã♦ ✭✾✮ ♥❛ ✭✽✮✱ t❡♠✲s❡ v(t) = −25 · t + 1000✱ ❛ss✐♠

❢❛③❡♥❞♦ v(t) = 500✱ s❡❣✉❡✲s❡ q✉❡

500 = −25 · t+ 1000 ⇒ t = 20 horas.
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❊♥tã♦✱ ❞❡♣♦✐s ❞❡ ✷✵ ❤♦r❛s ❛ ❝❛✐①❛ ❞✬á❣✉❛ t❡rá ✈♦❧✉♠❡ ❞❡ ✺✵✵ ❧✐tr♦s✱ ✐st♦ é✱ ás ✽ ❤♦r❛s ❞♦

❞✐❛ s❡❣✉✐♥t❡✳

❖❯❚❘❖ ▼❖❉❖✿ ❙♦❧✉çã♦ ❛❧t❡r♥❛t✐✈❛✳

♦ ♣r♦❜❧❡♠❛ ♣♦❞❡r✐❛ t❡r s✐❞♦ r❡s♦❧✈✐❞♦ t❛♠❜é♠ ✉s❛♥❞♦ ❛♣❡♥❛s ❛ ✐❞❡✐❛ ❞❛ ✈❛③ã♦

❝♦♥st❛♥t❡✱ ♦✉ s❡❥❛✱ ❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦✳ ❙❡ ❛♦ ♠❡✐♦ ❞✐❛ t✐♥❤❛ ✶✵✵✵ ❧ ❡ ás ✶✽ ❤ ✽✺✵ ❧✐tr♦s✱

❧♦❣♦ ❛ ❝❛❞❛ ✻ ❤♦r❛s ❛ ❝❛✐①❛ ❡stá ❞❡rr❛♠❛♥❞♦ ✶✺✵ ❧✐tr♦s✳ ❆ss✐♠✱ ♣♦❞❡rí❛♠♦s ❛♥❛❧✐s❛r ❛

r❡s♣♦st❛ ❝♦♠♦ ♥❛ ❚❛❜❡❧❛ ✶

❚❛❜❡❧❛ ✶✿ ❚❛❜❡❧❛ P❛r❛ ❆♥á❧✐s❡ ❞❛ ◗✉❛♥t✐❞❛❞❡ ❞❡ ➪❣✉❛✳

❱♦❧✉♠❡✭❧✐tr♦s✮ ✶✵✵✵ ✽✺✵ ✼✵✵ ✺✺✵ ✺✵✵
❤♦rár✐♦✭❤♦r❛s✮ ✶✷ ✶✽ ✵✵ ✻ ✽

❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r

P❘❖❇▲❊▼❆ ✹✿ ❈❛✈❛r ✉♠ ❜✉r❛❝♦ r❡t❛♥❣✉❧❛r ❞❡ ✶♠ ❞❡ ❧❛r❣✉r❛ ❞❡ ♠♦❞♦ q✉❡ ♦ ✈♦❧✉♠❡

❝❛✈❛❞♦ s❡❥❛ ❞❡ ✸✵✵ m3✳ ❙❛❜❡♥❞♦ q✉❡ ❝❛❞❛ ♠❡tr♦ q✉❛❞r❛❞♦ ❞❡ ár❡❛ ❝❛✈❛❞❛ ❝✉st❛ ✶✵ r❡❛✐s ❡

❝❛❞❛ ♠❡tr♦ ❞❡ ♣r♦❢✉♥❞✐❞❛❞❡ ❝✉st❛ ✸✵ r❡❛✐s✱ ❞❡t❡r♠✐♥❛r ❛s ❞✐♠❡♥sõ❡s ❞♦ ❜✉r❛❝♦ ❞❡ ♠♦❞♦

q✉❡ s❡✉ ❝✉st♦ s❡❥❛ ♠í♥✐♠♦✳

❘❊❙❖▲❯➬➹❖✿ ❚♦♠❡♠♦s ✶✱ x ❡ y s❡♥❞♦ ❛s ❞✐♠❡♥sõ❡s✱ ❡♠ ♠❡tr♦s✱ ❞♦ ❜✉r❛❝♦✳ ❈♦♠♦ ♦

✈♦❧✉♠❡ é ❞❛❞♦ ♥❡ss❡ ❝❛s♦ ♣❡❧♦ ♣r♦❞✉t♦ ❞❛s ❞✐♠❡♥sõ❡s✱ t❡♠♦s q✉❡ 1·x·y = 300✳ ❈❤❛♠❛♥❞♦

♦ ❝✉st♦ ❞❡ ❝✱ t❡♠✲s❡ q✉❡ c = 10x+ 30y✱ ❞♦ ✈♦❧✉♠❡ ♦❜t❡♠♦s

y =
300

x
. ✭✶✵✮

❆ss✐♠✱ s✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✶✵✮ ♥♦ ❝✉st♦✱ ♦❜té♠✲s❡

c = 10x+ 30 · 300
x

c =
10x2 + 9000

x

10x2 − cx+ 9000 = 0. ✭✶✶✮

❈♦♠♦ ♦ ♣r♦❜❧❡♠❛ ♣♦ss✉✐ s♦❧✉çã♦ ❡ ❡❧❛ s❡ ❞á q✉❛♥❞♦ ♦ ❞✐s❝r✐♠✐♥❛♥t❡ ❞❛ ❡q✉❛çã♦ ✭✶✶✮ é

♠❛✐♦r ❞♦ q✉❡ ♦✉ ✐❣✉❛❧ ❛ ③❡r♦✱ ♦✉ s❡❥❛✱ ∆ > 0✳ ▲♦❣♦ c2 − 4 · 10 · 9000 > 0✱ ✐st♦ é✱

✸✾



c > 600.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦ ✈❛❧♦r ♠í♥✐♠♦ ♣❛r❛ ♦ ❝✉st♦ é ❞❡ ❘✩ ✻✵✵✳ ❏á q✉❡ ❝ ❂ ✻✵✵✱ t❡♠♦s

10x2 − 600x + 9000 = 0✱ r❡s♦❧✈❡♥❞♦ ❛ ❡①♣r❡ssã♦✱ ♦❜t❡♠♦s x = 30 m ❡ ♣♦r ❝♦♥s❡q✉ê♥❝✐❛

y = 10 m✳ P♦rt❛♥t♦✱ ♦ ❜✉r❛❝♦ r❡t❛♥❣✉❧❛r ❞❡✈❡ t❡r ❞✐♠❡♥sõ❡s ✶✱ ✶✵ ❡ ✸✵ ♣❛r❛ q✉❡ ♦ ❝✉st♦

s❡❥❛ ♠í♥✐♠♦✳

✶✳✺ ❋✉♥çã♦ ❆✜♠ ❡ ◗✉❛❞rát✐❝❛ ♥♦ ❊♥❡♠

❖ ♦❜❥❡t✐✈♦ ♥❡st❛ s❡çã♦ é ❛♣❧✐❝❛r ♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❛❞q✉✐r✐❞♦s ♥♦s ❡st✉❞♦s ❞❡ ❢✉♥çõ❡s

❛✜♥s ❡ q✉❛❞rát✐❝❛s ❛tr❛✈és ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛ ❡♠ ♣r♦❜❧❡♠❛s ❞♦

❡①❛♠❡ ♥❛❝✐♦♥❛❧ ❞♦ ❡♥s✐♥♦ ♠é❞✐♦ ✭❊◆❊▼✮ ❡ ✈❡r✐✜❝❛r ❞❡ q✉❡ ♠♦❞♦ ❡ss❡s ❝♦♥❤❡❝✐♠❡♥t♦s

sã♦ ❝♦❜r❛❞♦s✳

✭◗❯❊❙❚➹❖ ✶✻✵✱ ❊◆❊▼ ✷✵✶✻ ✸❛ ❆P▲■❈❆➬➹❖✮ ❖ ♣❡r❝❡♥t✉❛❧ ❞❛ ♣♦♣✉❧❛çã♦ ❜r❛s✐✲

❧❡✐r❛ ❝♦♥❡❝t❛❞❛ à ✐♥t❡r♥❡t ❛✉♠❡♥t♦✉ ♥♦s ❛♥♦s ❞❡ ✷✵✵✼ ❛ ✷✵✶✶✳ ❈♦♥❢♦r♠❡ ❞❛❞♦s ❞♦ ●r✉♣♦

■♣s♦s✱ ❡ss❛ t❡♥❞ê♥❝✐❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ é ♠♦str❛❞❛ ♥♦ ❣rá✜❝♦✳

❋✐❣✉r❛ ✶✹✿ ❇r❛s✐❧❡✐r♦s ❈♦♥❡❝t❛❞♦s á ■♥t❡r♥❡t✳

❙✉♣♦♥❤❛ q✉❡ ❢♦✐ ♠❛♥t✐❞❛✱ ♣❛r❛ ♦s ❛♥♦s s❡❣✉✐♥t❡s✱ ❛ ♠❡s♠❛ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ r❡❣✐str❛❞❛

♥♦ ♣❡rí♦❞♦ ✷✵✵✼✲✷✵✶✶✳ ❆ ❡st✐♠❛t✐✈❛ ♣❛r❛ ♦ ♣❡r❝❡♥t✉❛❧ ❞❡ ❜r❛s✐❧❡✐r♦s ❝♦♥❡❝t❛❞♦s à ✐♥t❡r♥❡t

❡♠ ✷✵✶✸ ❡r❛ ✐❣✉❛❧ ❛✿

❛✮ ✺✻✱✹✵✪✳ ❜✮ ✺✽✱✺✵✪✳ ❝✮ ✻✵✱✻✵✪✳ ❞✮ ✻✸✱✼✺✪✳ ❡✮ ✼✷✱✵✵✪✳

✹✵



❘❊❙❖▲❯➬➹❖✿ ❖ ❣rá✜❝♦ q✉❡ r❡❧❛❝✐♦♥❛ ❛s ❞✉❛s ❣r❛♥❞❡③❛s ♠♦str❛❞❛s ♥♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦

é ♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❛✜♠✱ ♦✉ s❡❥❛✱ f(x) = ax+b✱ ♦♥❞❡ f(x) é ❛ ♣♦♣✉❧❛çã♦ ✭❡♠ ♣♦r❝❡♥t❛❣❡♠✮

♣❛r❛ ✉♠ ❞❛❞♦ ❛♥♦ x✳ P❛r❛ r❡s♦❧✈❡r t❛❧ q✉❡stã♦ ❜❛st❛ s❛❜❡r ❛ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❛

❢✉♥çã♦✱ ✐st♦ é✱ ♦ ✈❛❧♦r ❞♦ ❝♦❡✜❝✐❡♥t❡ ❛✱ ❛ss✐♠ t♦♠❛♥❞♦ ♦s ♣♦♥t♦s (2011, 48) e (2007, 27)✱

♦❜t❡♠♦s

a =
48− 27

2011− 2007
= 5, 25.

■ss♦ ♠♦str❛ q✉❡ ❛ ❝❛❞❛ ❛♥♦ ❛ ✉♠ ❝r❡s❝✐♠❡♥t♦ ❞❡ ✺✱✷✺✪ ❞❛ ♣♦♣✉❧❛çã♦ q✉❡ s❡ ❝♦♥❡❝t❛ ❛

✐♥t❡r♥❡t✳ ❉❡ss❡ ♠♦❞♦✱ s❡ ❡♠ ✷✵✶✶ ♦ ♣❡r❝❡♥t✉❛❧ ❞❡ ❜r❛s✐❧❡✐r♦s ❝♦♥❡❝t❛❞♦s ❡r❛ ✹✽✪✱ ❡♥tã♦

❡♠ ✷✵✶✸ t❡♠♦s q✉❡ ❡ss❡ ♣❡r❝❡♥t✉❛❧ é ❞❡ ✺✽✱✺✵✪✳

✭❊◆❊▼ ✷✵✶✵ ◗❯❊❙❚➹❖ ✶✻✻✮ ❖ ❣rá✜❝♦ ♠♦str❛ ♦ ♥ú♠❡r♦ ❞❡ ❢❛✈❡❧❛s ♥♦ ♠✉♥✐❝í♣✐♦ ❞♦

❘✐♦ ❞❡ ❏❛♥❡✐r♦ ❡♥tr❡ ✶✾✽✵ ❡ ✷✵✵✹✱ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ❛ ✈❛r✐❛çã♦ ♥❡ss❡ ♥ú♠❡r♦ ❡♥tr❡ ♦s ❛♥♦s

❝♦♥s✐❞❡r❛❞♦s é ❧✐♥❡❛r✳

❋✐❣✉r❛ ✶✺✿ ◆ú♠❡r♦ ❞❡ ❋❛✈❡❧❛s ♥♦ ❘❏ ❊♥tr❡ ✶✾✽✵ ❡ ✷✵✵✹✳

❙❡ ♦ ♣❛❞rã♦ ♥❛ ✈❛r✐❛çã♦ ❞♦ ♣❡rí♦❞♦ ✷✵✵✹✴✷✵✶✵ s❡ ♠❛♥t✐✈❡r ♥♦s ♣ró①✐♠♦s ✻ ❛♥♦s✱ ❡

s❛❜❡♥❞♦ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❢❛✈❡❧❛s ❡♠ ✷✵✶✵ é ✾✻✽✱ ❡♥tã♦ ♦ ♥ú♠❡r♦ ❞❡ ❢❛✈❡❧❛s ❡♠ ✷✵✶✻ s❡rá

❛✮ ▼❡♥♦r q✉❡ ✶✶✺✵✳

❜✮ ✷✶✽ ✉♥✐❞❛❞❡s ♠❛✐♦r q✉❡ ❡♠ ✷✵✵✹✳

❝✮ ▼❛✐♦r q✉❡ ✶✶✺✵ ❡ ♠❡♥♦r q✉❡ ✶✷✵✵✳

✹✶



❞✮ ✶✼✼ ✉♥✐❞❛❞❡s ♠❛✐♦r q✉❡ ❡♠ ✷✵✶✵✳

❡✮ ▼❛✐♦r q✉❡ ✶✷✵✵✳

❘❊❙❖▲❯➬➹❖✿ ❖ ♣r♦❜❧❡♠❛ ❛❜♦r❞❛ ❛ ✐❞❡✐❛ ❞♦ ❝♦❡✜❝✐❡♥t❡ ❛ ❞❛ ❢✉♥çã♦ ❛✜♠✱ ♦✉ s❡❥❛✱ ❛

t❛①❛ ❞❡ ✈❛r✐❛çã♦✳ ▲♦❣♦ s❡ ❞❡ ✷✵✵✹ ❛ ✷✵✶✵ ❝r❡s❝❡ 968 − 750 = 218✱ ❡♥tã♦ ❞❡ ✷✵✶✵ ❛ ✷✵✶✻

t❛♠❜é♠ ❝r❡s❝❡rá ✷✶✽ ❢❛✈❡❧❛s✳ P♦rt❛♥t♦✱ ❝♦♠♦ ❡♠ ✷✵✶✵ t✐♥❤❛ ✾✻✽ ❢❛✈❡❧❛s✱ ❡♠ ✷✵✶✻ t❡rá

968 + 218 = 1186 ❢❛✈❡❧❛s✳ ❘❡s♣♦st❛ ❧❡tr❛ ❈✳

✭❊◆❊▼ ✷✵✶✸ ◗❯❊❙❚➹❖ ✶✺✾✮ ❆ ♣❛rt❡ ✐♥t❡r✐♦r ❞❡ ✉♠❛ t❛ç❛ ❢♦✐ ❣❡r❛❞❛ ♣❡❧❛ r♦t❛çã♦

❞❡ ✉♠❛ ♣❛rá❜♦❧❛ ❡♠ t♦r♥♦ ❞❡ ✉♠ ❡✐①♦ ③✱ ❝♦♥❢♦r♠❡ ♠♦str❛ ❛ ✜❣✉r❛✳

❋✐❣✉r❛ ✶✻✿ ❚❛ç❛ ●❡r❛❞❛ P❡❧❛ P❛rá❜♦❧❛✳

❆ ❢✉♥çã♦ r❡❛❧ q✉❡ ❡①♣r❡ss❛ ❛ ♣❛rá❜♦❧❛✱ ♥♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦ ❞❛ ✜❣✉r❛✱ é ❞❛❞❛ ♣❡❧❛ ❧❡✐

f(x) =
3

2
x2 − 6x + C ♦♥❞❡ ❈ é ❛ ♠❡❞✐❞❛ ❞❛ ❛❧t✉r❛ ❞♦ ❧íq✉✐❞♦ ❝♦♥t✐❞♦ ♥❛ t❛ç❛✱ ❡♠

❝❡♥tí♠❡tr♦s✳ ❙❛❜❡✲s❡ q✉❡ ♦ ♣♦♥t♦ ❱✱ ♥❛ ✜❣✉r❛✱ r❡♣r❡s❡♥t❛ ♦ ✈ért✐❝❡ ❞❛ ♣❛rá❜♦❧❛✱ ❧♦❝❛❧✐③❛❞♦

s♦❜r❡ ♦ ❡✐①♦ ①✳ ◆❡ss❛s ❝♦♥❞✐çõ❡s✱ ❛ ❛❧t✉r❛ ❞♦ ❧íq✉✐❞♦ ❝♦♥t✐❞♦ ♥❛ t❛ç❛✱ ❡♠ ❝❡♥tí♠❡tr♦s✱ é✿

❛✮ ✶ ❜✮ ✷ ❝✮ ✹ ❞✮ ✺ ❡✮ ✻

❘❊❙❖▲❯➬➹❖✿ ❖ ♣r♦❜❧❡♠❛ é ✉♠❛ ♠♦❞❡❧❛❣❡♠ ❞❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ ❡ ❛♣❡♥❛s r❡q✉❡r

q✉❡ s❡ s❛✐❜❛ ❛♣❧✐❝❛r ✉♠❛ ❞❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s ♣❛r❛ s❡ ♦❜t❡r ❛ r❡s♣♦st❛ ❝♦rr❡t❛✳ ❖ ✈❛❧♦r

❞❡ ❈ é ♦ q✉❡ ♣r♦❝✉r❛♠♦s✱ ❛❣♦r❛ ❝❛❜❡ ❛s s❡❣✉✐♥t❡s ♣❡r❣✉♥t❛s✿

• ❈♦♠♦ ❡♥❝♦♥trá✲❧♦❄

✹✷



• ❖ q✉❡ ❢♦✐ ♥♦s ❞❛❞♦ ♣❛r❛ ❡♥❝♦♥tr❛✲❧♦❄

❆ r❡s♣♦st❛ é s✐♠♣❧❡s✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡ ❛ ♣❛rá❜♦❧❛ t♦❝❛ ♦ ❡✐①♦ ❞❛s ❛❜s❝✐ss❛s ❡♠ ❛♣❡♥❛s

✉♠ ♣♦♥t♦✱ ❧♦❣♦ △ = 0✱ ❛ss✐♠

b2 − 4ac = 0, onde a =
3

2
, b = −6 e c = C

(−6)2 − 4 · 3
2
· c = 0 ⇔ c = 6.

❈♦♠♦ c = C, s❡❣✉❡✲s❡ q✉❡ C = 6.

✭❊◆❊▼ ✷✵✶✹ ◗❯❊❙❚➹❖ ✶✹✾✮ ❯♠ ♣r♦❢❡ss♦r✱ ❞❡♣♦✐s ❞❡ ❝♦rr✐❣✐r ❛s ♣r♦✈❛s ❞❡ s✉❛

t✉r♠❛✱ ♣❡r❝❡❜❡✉ q✉❡ ✈ár✐❛s q✉❡stõ❡s ❡st❛✈❛♠ ♠✉✐t♦ ❞✐❢í❝❡✐s✳ P❛r❛ ❝♦♠♣❡♥s❛r✱ ❞❡❝✐❞✐✉

✉t✐❧✐③❛r ✉♠❛ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ f ✱ ❞❡ ❣r❛✉ ♠❡♥♦r q✉❡ ✸✱ ♣❛r❛ ❛❧t❡r❛r ❛s ♥♦t❛s x ❞❛ ♣r♦✈❛

♣❛r❛ ♥♦t❛s y = f(x)✱ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

• ❛ ♥♦t❛ ③❡r♦ ♣❡r♠❛♥❡❝❡ ③❡r♦✳

• ❛ ♥♦t❛ ✶✵ ♣❡r♠❛♥❡❝❡ ✶✵✳

• ❛ ♥♦t❛ ✺ ♣❛ss❛ ❛ s❡r ✻✳

❆ ❡①♣r❡ssã♦ ❞❛ ❢✉♥çã♦ y = f(x) ❛ s❡r ✉t✐❧✐③❛❞❛ ♣❡❧♦ ♣r♦❢❡ss♦r é✿

❛✮ y = − 1

25
x2 +

7

5
x

❜✮ y = − 1

10
x2 + 2x

❝✮ y =
1

24
x2 +

7

12
x

❞✮ y =
4

5
x+ 2

❡✮ y = x

❘❊❙❖▲❯➬➹❖✿ ❈♦♠♦ ♦ ❣r❛✉ ❞♦ ♣♦❧✐♥ô♠✐♦ q✉❡ r❡♣r❡s❡♥t❛ ❛ ❢✉♥çã♦ é ♠❡♥♦r q✉❡ ✸✱ ❧♦❣♦

é ❞♦ t✐♣♦ y = a · x2 + b · x + c ✱ ❝♦♠ a, b e c ∈ R✱ ♣❡❧❛ ❞❡s❝r✐çã♦ ❞♦s ❞❛❞♦s t❡♠♦s q✉❡ ♦s

♣♦♥t♦s (0, 0), (10, 10) e (5, 6) ♣❡rt❡♥❝❡♠ ❛ ❢✉♥çã♦✳ ❉❡ ✐♠❡❞✐❛t♦ c = 0✱ ♣♦✐s ♣❛r❛ x = 0

❝♦rr❡s♣♦♥❞❡ ❛ y = 0✱ ❛ss✐♠ s✉❜st✐t✉✐♥❞♦ ♦s ❞❡♠❛✐s ♣♦♥t♦s ♥❛ ❢✉♥çã♦ ♦❜t❡♠♦s✿

✹✸













100a+ 10b = 10

25a+ 5b = 6

❘❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛ ♦❜t❡♠♦s a = − 1

25
❡ b =

7

5
✳ P♦rt❛♥t♦✱ ❛ ❡①♣r❡ssã♦ ♣r♦❝✉r❛❞❛ é

y = − 1

25
x2 +

7

5
x✳

✷ ❋❯◆➬Õ❊❙ ❊ ❆ ❋❮❙■❈❆

▼✉✐t♦s ❞♦s ❢❡♥ô♠❡♥♦s ❡♥❝♦♥tr❛❞♦s ♥❛ ❢ís✐❝❛ sã♦ ❞❡s❝r✐t♦s ♣❡❧❛s ❢✉♥çõ❡s ❛✜♥s ❡ q✉❛✲

❞rát✐❝❛s✱ ❛ss✐♠ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦ ❡st✉❞♦ ❞❛s ❢✉♥çõ❡s s❡ ❢❛③ ♥❡❝❡ssár✐♦ ♣❛r❛ ❝♦♠♣r❡❡♥sã♦

❞♦s ✈❛r✐❛❞♦s ♦❜❥❡t♦s ❞❡ ❡st✉❞♦s ❞❛ ❢ís✐❝❛✳

P♦r ✐ss♦✱ ❛ s❡çã♦ ❢❛③ ✉♠❛ ♣♦♥t❡ ❡♥tr❡ ❛s ❞✐s❝✐♣❧✐♥❛s ❞❡ ♠❛t❡♠át✐❝❛ ❡ ❢ís✐❝❛ ❛tr❛✈és

❞♦s ❡st✉❞♦s ❞❛s ❢✉♥çõ❡s ❛✜♠ ❡ q✉❛❞rát✐❝❛✳ ■♥✐❝✐❛❧♠❡♥t❡ ❛ r❡❧❛çã♦ ❡♥tr❡ t❛✐s ❝✉rrí❝✉❧♦s é

❢❡✐t❛ t❡♦r✐❝❛♠❡♥t❡ ❡ ❧♦❣♦ ❛♣ós ❡ss❡ ❡st✉❞♦✱ ❛s ❝❛r❛❝t❡ríst✐❝❛s ❡ ♣r♦♣r✐❡❞❛❞❡s ❞♦s ♠❡s♠♦s

❣❛♥❤❛rã♦ ✈✐❞❛ ♥❛s ❛♣❧✐❝❛çõ❡s ❞♦s ♣r♦❜❧❡♠❛s✳

✷✳✶ ❋✉♥çã♦ ❆✜♠ ❡ ▼♦✈✐♠❡♥t♦ ❯♥✐❢♦r♠❡

❆ ❝♦♥❡①ã♦ ❡♥tr❡ ❢✉♥çã♦ ❛✜♠ ❡ ♦ ♠♦✈✐♠❡♥t♦ ✉♥✐❢♦r♠❡ ❝♦♠❡ç❛ ♣❡❧❛ ❞❡✜♥✐çã♦✱ ♦❜✲

s❡r✈❡♠♦s ❛ ❞❡✜♥✐çã♦ ❛ s❡❣✉✐r✿

❯♠ ❞❡t❡r♠✐♥❛❞♦ ♦❜❥❡t♦ ❡stá ❡♠ ♠♦✈✐♠❡♥t♦ ✉♥✐❢♦r♠❡ ✭▼❯✮ ❡♠ ✉♠ ❞❛❞♦ ✐♥t❡r✈❛❧♦

❞❡ t❡♠♣♦ q✉❛♥❞♦ s✉❛ ✈❡❧♦❝✐❞❛❞❡ ❡s❝❛❧❛r ✐♥st❛♥tâ♥❡❛ ❢♦r ♠❛♥t✐❞❛ ❝♦♥st❛♥t❡ ❡ ❞✐❢❡r❡♥t❡

❞❡ ③❡r♦ ❡♠ t♦❞♦ ✐♥t❡r✈❛❧♦ ❝♦♥s✐❞❡r❛❞♦✱ ♦✉ s❡❥❛✱ ♣❡r❝♦rr❡ s❡♠♣r❡ ❛ ♠❡s♠❛ ❞✐stâ♥❝✐❛ ❡♠

✐♥t❡r✈❛❧♦s ❞❡ t❡♠♣♦s ✐❣✉❛✐s ✭▼❆❘❚■◆■✱ ✷✵✶✻✮✳

■st♦ s✐❣♥✐✜❝❛ q✉❡ ❛ ❞✐stâ♥❝✐❛ s(t+h)− s(t) ♣❡r❝♦rr✐❞❛ ♥♦ t❡♠♣♦ h ❞❡s❞❡ ❛ ♣♦s✐çã♦

s(t)✱ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ h✱ ♠❛s ♥ã♦ ❞❡ t✱ ❝♦♠♦ ✈✐♠♦s ♥❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ❢✉♥çã♦ ❛✜♠✳

❊♥tã♦ s é ✉♠❛ ❢✉♥çã♦ ❛✜♠✱ ❛ss✐♠ s(t) = a · t + b ✱ s❡♥❞♦ a = s(t + 1) − s(t) ♦ ❡s♣❛ç♦

♣❡r❝♦rr✐❞♦ ♥❛ ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦✱ ❝❤❛♠❛✲s❡ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛ ❞♦ ♠♦✈✐♠❡♥t♦ r❡❛❧✐③❛❞♦ ♣❡❧♦

♦❜❥❡t♦✱ ❜ ❂ s✭✵✮ é ❛ ♣♦s✐çã♦ ✐♥✐❝✐❛❧ ❡ s✭t✮ é ❛ ♣♦s✐çã♦ ♥♦ ✐♥st❛♥t❡ t ✭▲■▼❆✱ ✷✵✶✸✮✳

❈♦♠♦ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛ r❡♣r❡s❡♥t❛❞❛ ♣❡❧♦ ❝♦❡✜❝✐❡♥t❡ ❛ ♥❛ ❢✉♥çã♦ é ♦ ❡s♣❛ç♦ ♣❡r✲

❝♦rr✐❞♦ ♥❛ ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦✱ ❞❛❞♦s ❞♦✐s ♣♦♥t♦s ❞♦ ♠ó✈❡❧ ✭♦❜❥❡t♦✮ ♥❛ tr❛❥❡tór✐❛ (t1, s(t1))

❡ (t2, s(t2))✱ ♦♥❞❡ t1 6= t2 ♣♦❞❡✲s❡ ♦❜tê✲❧❛ ♣❡❧❛ r❡❧❛çã♦

✹✹



a =
s(t2)− s(t1)

t2 − t1
.

❆ss✐♠✱ s❡ a = v ❂ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛ ❡ b = s0 ❂ ♣♦s✐çã♦ ✐♥✐❝✐❛❧✱ ❧♦❣♦ ❛ ❢✉♥çã♦

❤♦rár✐❛ ❞❛ ♣♦s✐çã♦ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ♥♦ ▼❯ é ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦

s(t) = v · t+ s0.

❆P▲■❈❆➬➹❖✿ ❉♦✐s ❛✉t♦♠ó✈❡✐s✱ ❆ ❡ ❇✱ ❞❡s❡♥✈♦❧✈❡♠ ♠♦✈✐♠❡♥t♦ ✉♥✐❢♦r♠❡ s♦❜r❡ ❛

♠❡s♠❛ ❡str❛❞❛ r❡t✐❧í♥❡❛✱ ♥♦ s❡♥t✐❞♦ ❞❛ tr❛❥❡tór✐❛✱ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡s ❡s❝❛❧❛r❡s ✐❣✉❛✐s ❛✱

r❡s♣❡❝t✐✈❛♠❡♥t❡ ✼✷ ❦♠✴❤ ❡ ✾✵ ❦♠✴❤✳ ◆♦ ♠♦♠❡♥t♦ ❡♠ q✉❡ ❆ ♣❛ss❛ ♣❡❧♦ q✉✐❧ô♠❡tr♦ ✶✵✵✱

❇ ♣❛ss❛ ♣❡❧♦ q✉✐❧ô♠❡tr♦ ✶✹✵✳

❛✮ ◗✉❛♥❞♦ ❆ ♣❛ss❛ ♣❡❧♦ q✉✐❧ô♠❡tr♦ ✶✹✵✱ q✉❛❧ s❡rá ❛ ♣♦s✐çã♦ ❞❡ ❇❄

❜✮ ❉❡♣♦✐s ❞❡ q✉❛♥t♦ t❡♠♣♦✱ ❛ ♣❛rt✐r ❞♦ ♠♦♠❡♥t♦ ❡♠ q✉❡ ♦ ❛✉t♦♠ó✈❡❧ ❆ ♣❛ss❛r

♣❡❧♦ q✉✐❧ô♠❡tr♦ ✶✵✵✱ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ❞♦✐s s❡rá ✐❣✉❛❧ ❛ ✻✼ ❦♠❄ ◗✉❛❧ s❡rá✱ ❡♥tã♦✱ ❛

♣♦s✐çã♦ ❞❡ ❝❛❞❛ ❛✉t♦♠ó✈❡❧❄

❘❊❙❖▲❯➬➹❖✿

❛✮ Pr✐♠❡✐r♦ ❡♥❝♦♥tr❡♠♦s ❛ ❢✉♥çã♦ ❤♦rár✐❛ ❞❡ ❝❛❞❛ ♠ó✈❡❧✳ ❈♦♠♦ ♦ ♠♦✈✐♠❡♥t♦ é ✉♥✐❢♦r♠❡✱

❧♦❣♦ ♣❛r❛ ♦ ♠ó✈❡❧ ❆ ❡ ❇✱ t❡♠♦s q✉❡

SA = v · t+ b ❡ SB = v · t+ b.

❈♦♠♦ ❛ ❛♥á❧✐s❡ ❞♦ ♠♦✈✐♠❡♥t♦ s❡ ❞á q✉❛♥❞♦ ❆ s❡ ❡♥❝♦♥tr❛ ♥♦ q✉✐❧ô♠❡tr♦ ✶✵✵ ❡ ❇ ♥♦ ✶✹✵✱

❧♦❣♦ ♦ ✈❛❧♦r ❞❡ b = 100 ♣❛r❛ ♦ ♠ó✈❡❧ ❆ ❡ b = 140 ♣❛r❛ ❇✱ ❧♦❣♦

SA = 72 · t+ 100 ❡ SB = 90 · t+ 140.

P❛r❛ s❛❜❡r ❛ ♣♦s✐çã♦ ❞♦ ♠ó✈❡❧ ❇✱ é ♣r❡❝✐s♦ s❛❜❡r ♦ t❡♠♣♦ q✉❡ ❆ ❣❛st♦✉ ❛té ❛t✐♥❣✐r ❛

♣♦s✐çã♦ ✶✹✵ ❦♠✱ ❛ss✐♠✱ t❡♠♦s q✉❡

72t · t+ 100 = 140 ⇒ 72t · t = 40 ⇒ t =
5

9
h.

❉❡ss❡ ♠♦❞♦✱ ❛ ♣♦s✐çã♦ q✉❡ ❇ ♦❝✉♣❛ q✉❛♥❞♦ ❆ ❡stá ♥♦ q✉✐❧ô♠❡tr♦ ✶✹✵ é q✉❛♥t♦ t =
5

9
✱

✹✺



♣♦rt❛♥t♦

SB = 90 · 5
9
+ 140 ⇒ SB = 190 km.

❜✮ ❆ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ❛✉t♦♠ó✈❡✐s ❆ ❡ ❇✱ é ❞❛❞❛ ♣♦r SB −SA✱ ❛ss✐♠ q✉❡r❡♠♦s ❡♥❝♦♥tr❛r

♦ ✈❛❧♦r ❞❡ t ♣❛r❛ q✉❛♥❞♦

SB − SA = 67

90 · t+ 140− (72 · t+ 100) = 67

18 · t = 27

t =
27

18
= 1, 5h.

◆❡ss❡ ✐♥st❛♥t❡ ♣❛r❛ s❛❜❡r ❛ ♣♦s✐çã♦ ❞❡ ❆ ❡ ❇✱ ❜❛st❛ s✉❜st✐t✉✐r t = 1, 5h ❡♠ ❝❛❞❛ ✉♠❛ ❞❛s

❢✉♥çõ❡s ❤♦rár✐❛s✳ ❆ss✐♠✱ ♦❜t❡♠♦s

SA = 72 · 1, 5 + 100 = 208

SB = 90 · 1, 5 + 140 = 275.

❖❯❚❘❖ ▼❖❉❖✿ ❙♦❧✉çã♦ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ❧❡tr❛ ❇✳

◆♦ ♠♦♠❡♥t♦ ✐♥✐❝✐❛❧ ❞❛ ❛♥á❧✐s❡ ❞♦ ♠♦✈✐♠❡♥t♦ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❡❧❡s é ❞❡ ✹✵ ❦♠✱ ♣♦✐s ✉♠

s❡ ❡♥❝♦♥tr❛ ♥❛ ♣♦s✐çã♦ ✶✵✵ ❡ ♦ ♦✉tr♦ ♥❛ ♣♦s✐çã♦ ✶✹✵✳ ❖ ♠ó✈❡❧ ❆ ♣❡r❝♦rr❡ ✼✷ ❦♠ ❛ ❝❛❞❛ ✶

❤ ❡ ❇ ✾✵✱ ❛ss✐♠ ❛ ❝❛❞❛ ❤♦r❛ q✉❡ ♣❛ss❛ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❛✉♠❡♥t❛ 90− 72 = 18 km✱ ❝♦♠♦

❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❥á ❞❡ ✹✵ ❦♠✱ só ♣r❡❝✐s♦ ❞❡ ♠❛✐s ✷✼ ❦♠ ♣❛r❛ ❛t✐♥❣✐r ✻✼ ❦♠✱ ❡♥tã♦ é ❞❡

❢á❝✐❧ ♣❡r❝❡♣çã♦ q✉❡ ♦ t❡♠♣♦ ♥❡❝❡ssár✐♦ é ❞❡ ✶✱✺ ❤✳

✷✳✷ ❋✉♥çã♦ ◗✉❛❞rát✐❝❛ ❡ ▼♦✈✐♠❡♥t♦ ❯♥✐❢♦r♠❡♠❡♥t❡ ❱❛r✐❛❞♦

❆ ❢✉♥çã♦ q✉❛❞rát✐❝❛ ♣♦ss✉✐ r❡❧❛çã♦ ❝♦♠ ✈ár✐♦s t✐♣♦s ❞❡ ♠♦✈✐♠❡♥t♦ ❞❡♥tr♦ ❞❛ ❢ís✐❝❛

❡ ❢♦r❛ ❞❡❧❛✱ ♣♦ré♠ ✉♠ ❞♦s ❡①❡♠♣❧♦s ♠❛✐s r❡❧❡✈❛♥t❡s ❡♠ q✉❡ ❡❧❛ s❡ ❛♣❧✐❝❛ é ♦ ♠♦✈✐♠❡♥t♦

✉♥✐❢♦r♠❡♠❡♥t❡ ✈❛r✐❛❞♦✳ ❆q✉✐ s❡ t❡♠ ✉♠ ♣♦♥t♦ ♠ó✈❡❧✱ q✉❡ s❡ ❞❡s❧♦❝❛ ❛♦ ❧♦♥❣♦ ❞❡ ✉♠ ❡✐①♦✳

❙✉❛ ♣♦s✐çã♦ ♥♦ ✐♥st❛♥t❡ t é ❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛ ❢✉♥çã♦ s(t)✳ ❖ q✉❡ ❝❛r❛❝t❡r✐③❛ ♦ ♠♦✈✐♠❡♥t♦

✹✻



✉♥✐❢♦r♠❡♠❡♥t❡ ✈❛r✐❛❞♦ é ♦ ❢❛t♦ ❞❡ s s❡r ✉♠❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛✱ q✉❡ s❡ ❡s❝r❡✈❡ ✉s✉❛❧♠❡♥t❡

s♦❜ ❛ ❢♦r♠❛

s(t) =
1

2
at2 + bt+ c. ✭✶✷✮

◆❛ ❡q✉❛çã♦ ✭✶✷✮ ✱ ❛ ❝♦♥st❛♥t❡ ❛ ❝❤❛♠❛✲s❡ ❛❝❡❧❡r❛çã♦✱ b é ❝❤❛♠❛❞♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡

✐♥✐❝✐❛❧ ✭q✉❛♥❞♦ t = 0✮ ❡ ❝ ❛ ♣♦s✐çã♦ ✐♥✐❝✐❛❧ ❞♦ ♦❜❥❡t♦✳ ●❡r❛❧♠❡♥t❡ ♥♦s ❧✐✈r♦s ❞❡ ❢ís✐❝❛ ❞♦

❡♥s✐♥♦ ♠é❞✐♦ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ é ❡s❝r✐t❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

s(t) = s0 + v0t+
1

2
at2. ✭✶✸✮

❉❡ss❛ ❢♦r♠❛✱ ❝♦♠♣❛r❛♥❞♦ ✭✶✸✮ ❡ ✭✶✷✮✱ t❡♠♦s b = v0✱ c = s0✳ ❊♠ q✉❛❧q✉❡r ♠♦✈✐♠❡♥t♦

r❡t✐❧í♥❡♦✱ ❞❛❞♦ ♣♦r ✉♠❛ ❢✉♥çã♦ ❛r❜✐trár✐❛ s✭t✮✱ ❛ r❛③ã♦ ❞❛❞❛ ♣♦r

s(t+ h)− s(t)

h
=

distância percorrida

tempo de percurso

é ❝❤❛♠❛❞❛ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛ ❞♦ ♣♦♥t♦ ♥♦ ✐♥t❡r✈❛❧♦ ❝✉❥♦s ❡①tr❡♠♦s sã♦ t e t + h✳ ◆♦

❝❛s♦ ❡♠ q✉❡ s é ❞❛❞❛ ♣❡❧❛ ❡①♣r❡ssã♦ ✭✶✷✮✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛ ♥❡ss❡ ✐♥t❡r✈❛❧♦ é

1

2
a(t+ h)2 + b(t+ h) + c−

(

1

2
at2 + bt+ c

)

h

tah+ bh+
1

2
ah2

h

at+ b+
ah

2
. ✭✶✹✮

❙❡ t♦♠❛r♠♦s ♥❛ ❡①♣r❡ssã♦ ✭✶✹✮✱ h ❝❛❞❛ ✈❡③ ♠❡♥♦r✱ ❡❧❛ s❡ ❛♣r♦①✐♠❛ ❞❡ at+ b✳ P♦r

✐ss♦ q✉❡ s❡ ❞✐③ q✉❡

v(t) = at+ b ✭✶✺✮

é ❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ♣♦♥t♦ ✭♥♦ ▼❯❱✮ ♥♦ ✐♥st❛♥t❡ t✱ ❡ ❛ ❡①♣r❡ssã♦ ✭✶✺✮ é ❝❤❛♠❛❞❛ ❞❡ ❡q✉❛çã♦

❤♦rár✐❛ ❞❛ ✈❡❧♦❝✐❞❛❞❡✳

✹✼



✧◗✉❛♥❞♦ t = 0 ♣♦r ❝♦♥s❡q✉ê♥❝✐❛ v(0) = b✱ ♣♦r ✐ss♦ b s❡ ❝❤❛♠❛ ✈❡❧♦❝✐❞❛❞❡ ✐♥✐❝✐❛❧✳

❆❧é♠ ❞✐ss♦✱ ✈ê✲s❡ q✉❡ a = [v(t + h) − v(t)]/h ♣❛r❛ q✉❛✐sq✉❡r t ❡ h✱ ❧♦❣♦ ❛ ❛❝❡❧❡r❛çã♦

❝♦♥st❛♥t❡ ❛ é ❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✧✭▲■▼❆✱ ✷✵✶✸✱ ♣✳✶✷✼✮✳

▲✐♠❛ ✭✷✵✶✸✱ ♣✳✶✷✼✮✱ ❛✜r♠❛✿ ✧◆♦ss♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ ♣❡r♠✐t❡

♦❜t❡r ✉♠❛ ❞❡s❝r✐çã♦ ❝♦♠♣❧❡t❛ ❞♦ ♠♦✈✐♠❡♥t♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ✈❛r✐❛❞♦✳✧

✷✳✸ ❆ ❝♦♥❡①ã♦ ❊♥tr❡ ▼❛t❡♠át✐❝❛ ❡ ❋ís✐❝❛ ♣♦r ▼❡✐♦ ❞❛ ❘❡s♦❧✉çã♦

❞❡ Pr♦❜❧❡♠❛s

❖ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ♠♦str❛r ❛ r❡❧❛çã♦ ❡①✐st❡♥t❡ ❡♥tr❡ ♠❛t❡♠á✲

t✐❝❛ ❡ ❢ís✐❝❛✱ ❛tr❛✈és ❞❛ r❡s♦❧✉çã♦ ❞❡ q✉❡stõ❡s ❞❛ ❢ís✐❝❛ ✉s❛♥❞♦ ❛♣❡♥❛s ♦s ❝♦♥❤❡❝✐♠❡♥t♦s

❛❞q✉✐r✐❞♦s ♥♦s ❡st✉❞♦s ❞❡ ❢✉♥çã♦ ❛✜♠ ❡ q✉❛❞rát✐❝❛✱ ❡ ❞❛ s✐❣♥✐✜❝❛❞♦ ❛ ❛❧❣✉♥s ❡❧❡♠❡♥t♦s

❞❛ ❢ís✐❝❛✳

P❘❖❇▲❊▼❆ ✶✿ ❖ ❣r❛✉ ❋❛❤r❡♥❤❡✐t ✭sí♠❜♦❧♦✿ ♦F ✮ é ✉♠❛ ❡s❝❛❧❛ ❞❡ t❡♠♣❡r❛t✉r❛ ♣r♦✲

♣♦st❛ ♣♦r ❉❛♥✐❡❧ ●❛❜r✐❡❧ ❋❛❤r❡♥❤❡✐t ❡♠ ✶✼✷✹✳ ◆❡st❛ ❡s❝❛❧❛✱ ♦ ♣♦♥t♦ ❞❡ ❢✉sã♦ ❞❛ á❣✉❛

✭0 ♦C✮ é ❞❡ 32 ♦F ❡ ♦ ♣♦♥t♦ ❞❡ ❡❜✉❧✐çã♦ ❞❛ á❣✉❛ ✭100 ♦C✮ é ❞❡ 212 ♦F ✳ ❊♠ q✉❡ t❡♠♣❡r❛t✉r❛

❛s ❡s❝❛❧❛s ❈❡❧s✐✉s ❡ ❋❛❤r❡♥❤❡✐t ❛ss✐♥❛❧❛♠ ♦ ♠❡s♠♦ ✈❛❧♦r❄

❘❊❙❖▲❯➬➹❖✿ ➱ ❢❛t♦ q✉❡ ❡①✐st❡ ✉♠❛ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡ ❡♥tr❡ ❛s ❡s❝❛❧❛s ❡ q✉❡ ♣❛r❛

❝❛❞❛ ✈❛r✐❛çã♦ h ❞❡ t❡♠♣❡r❛t✉r❛ ♥❛ ❡s❝❛❧❛ ❈❡❧s✐✉s ❢❛③ ❝♦rr❡s♣♦♥❞❡r ✉♠❛ ✈❛r✐❛çã♦ k ♥❛

❡s❝❛❧❛ ❢❛❤r❡♥❤❡✐t✱ ❛ss✐♠✱ t❡♠♦s q✉❡

100

h
=

180

k
.

❉❛í s❡ ♦❜té♠ h = 1, 8k✱ ♦✉ s❡❥❛✱ ❝❛❞❛ ✉♥✐❞❛❞❡ ❡♠ ❣r❛✉s ❈❡❧s✐✉s ❝♦rr❡s♣♦♥❞❡ ❛ ✶✱✽ ♥❛

❡s❝❛❧❛ ❋❛❤r❡♥❤❡✐t✳

P❡❧♦ t❡♦r❡♠❛ ❞❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ❢✉♥çã♦ ❛✜♠✱ r❡s✉❧t❛ q✉❡ ❛ ❢✉♥çã♦ q✉❡ r❡❧❛❝✐♦♥❛ ❛s ❞✉❛s

❡s❝❛❧❛s t❡r♠♦♠étr✐❝❛s é ❛ ❛✜♠✱ ♣♦✐s ♦ ❛❝rés❝✐♠♦ f(x+ h)− f(x) ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ h ❡

♥ã♦ ❞❡ x✱ ❝♦♠♦ s❡ ♦❜s❡r✈❛ ♥❛ ✜❣✉r❛ ✶✼✳ ❈♦♠♦ ♣❛r❛ ❝❛❞❛ x ❡♠ ❈❡❧s✐✉s ❢❛③ ❝♦rr❡s♣♦♥❞❡r

✉♠ ú♥✐❝♦ f(x) ❡♠ ❋❛❤r❡♥❤❡✐t✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠ ❢✉♥çã♦ q✉❡ r❡❧❛❝✐♦♥❛❞❛ ❡ss❛s ❞✉❛s

❣r❛♥❞❡③❛s✳

✹✽



❋✐❣✉r❛ ✶✼✿ ❈❛r❛❝t❡r✐③❛çã♦ ❞❛ ❋✉♥çã♦ ❆✜♠✳

❙❡❥❛ f(c) = a · c+ b✱ s❡♥❞♦ f(c) ❛ t❡♠♣❡r❛t✉r❛ ❡♠ ❢❛❤r❡♥❤❡✐t ♣❛r❛ ✉♠ ❝❡rt❛ t❡♠♣❡r❛t✉r❛

c ❡♠ ❣r❛✉s ❈❡❧s✐✉s✳ P❡❧♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❛❞q✉✐r✐❞♦s t❡♠♦s q✉❡

f(0) = 32 ⇒ b = 32 ❡ a =
212− 32

100− 0
= 1, 8.

❆ss✐♠✱ ❢✉♥çã♦ é ❞❛❞❛ ♣♦r f(c) = 1, 8 · c + 32✳ ❈♦♠♦ q✉❡r❡♠♦s ❡♥❝♦♥tr❛r ❛ t❡♠♣❡r❛t✉r❛

q✉❡ r❡♣r❡s❡♥t❛ ♦ ♠❡s♠♦ ✈❛❧♦r ❡♠ ❛♠❜❛s ❛s ❡s❝❛❧❛s t❡♠♦s q✉❡ f(c) = n = c✱ ♦✉ s❡❥❛✱

n = 1, 8 · n+ 32 ⇒ n = −40.

P❘❖❇▲❊▼❆ ✷✿ ❉✉❛s ♣❛rtí❝✉❧❛s✱ ❆ ❡ ❇✱ ♠♦✈❡♠✲s❡ ♥✉♠❛ ♠❡s♠❛ tr❛❥❡tór✐❛✳ ❙✉❛s

❢✉♥çõ❡s ❤♦rár✐❛s sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ SA = −30 + 20t e SB = 20+ 5t+ t2✱ s❡♥❞♦ SA e SB

♠❡❞✐❞♦s ❡♠ ♠❡tr♦s ❡ t ❡♠ s❡❣✉♥❞♦s✳ ❊♠ q✉❡ ✐♥st❛♥t❡✭s✮ ❡ ♣♦s✐çã♦✭õ❡s✮ ♦s ❛✉t♦♠ó✈❡✐s ❆

❡ ❇ s❡ ❝r✉③❛♠❄

❘❊❙❖▲❯➬➹❖✿ ❈♦♠♦ ♦ ✐♥t❡r❡ss❡ é ❡♠ s❛❜❡r ❞❛❞♦s r❡❧❛t✐✈♦s ❛♦ ♣♦♥t♦ ❞❡ ❡♥❝♦♥tr♦ ❞❛s

♣❛rtí❝✉❧❛s é r❛③♦á✈❡❧ q✉❡✿

SA = SB

−30 + 20t = 20 + 5t+ t2

t2 − 15t+ 500 = 0

△ = (−15)2 − 4 · 1 · 50 ⇒ △ = 25
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t =
−(−15)±

√
25

2 · 1

t =
15± 5

2
⇒ t = 10 s ❡ t = 5 s.

❉❡ss❛ ❢♦r♠❛✱ ♦s ❞♦✐s ♠♦✈❡✐s s❡ ❡♥❝♦♥tr❛♠ ♥❡ss❡s ❞♦✐s ✐♥st❛♥t❡s✳ ◗✉❛♥t♦ t = 10 s t❡♠✲

s❡ S = 170 m ❡ t = 5 s✱ S = 70 m. ❉❡ ♠♦❞♦ q✉❡✱ ❡❧❡s s❡ ❡♥❝♦♥tr❛♠ ♥❛s ♣♦s✐çõ❡s

70 m e 170 m✱ ❞❡♣♦✐s ❞❡ 5 s e 10 s r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖❜s❡r✈❡ ♦s ❣rá✜❝♦s ♥❛ ❋✐❣✉r❛ ✶✽

♣❛r❛ ✉♠❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦✳

❋✐❣✉r❛ ✶✽✿ ❋✉♥çõ❡s ❍♦rár✐❛s ❞❛s P❛rtí❝✉❧❛s ❆ ❡ ❇✳

❋♦♥t❡✿ Pró♣r✐♦ ❛✉t♦r

P❘❖❇▲❊▼❆ ✸ ❯♠ ♠ó✈❡❧ r❡❛❧✐③❛ ✉♠ ♠♦✈✐♠❡♥t♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ✈❛r✐❛❞♦ s♦❜r❡ ✉♠

tr❛❥❡tór✐❛ r❡t✐❧í♥❡❛ ♦❜❡❞❡❝❡♥❞♦ ❛ ❢✉♥çã♦ ❤♦rár✐❛ s = 5 − 6t + t2 (no SI)✳ ❖ ✐♥st❛♥t❡ ❡ ❛

♣♦s✐çã♦ ❡♠ q✉❡ ♦ ♠ó✈❡❧ ♠✉❞❛ ❞❡ s❡♥t✐❞♦ é❄
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❘❊❙❖▲❯➬➹❖✿ ❆tr❛✈és ❞❛ ❢✉♥çã♦ ❤♦rár✐❛ ❞❛ ♣♦s✐çã♦ é ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ✈❡❧♦❝✐❞❛❞❡

✐♥✐❝✐❛❧ é −6 m/s ❡ s✉❛ ❛❝❡❧❡r❛çã♦ é ❞❡ 2 m/s2✳ ❆ss✐♠✱ ❛ ❢✉♥çã♦ ❤♦rár✐❛ ❞❛ ✈❡❧♦❝✐❞❛❞❡ é

v = 2t− 6. ❆ ♣❛rt✐r ❞❡ss❛s ❞✉❛s ❢✉♥çõ❡s ♦❜s❡r✈❡♠♦s ♦ ♠♦✈✐♠❡♥t♦ ❞♦ ♠ó✈❡❧ ♣♦r ♠❡✐♦ ❞♦s

s❡✉s r❡s♣❡❝t✐✈♦s ❣rá✜❝♦s ♥❛ ✜❣✉r❛ ✶✾ ❡ ❞❛ t❛❜❡❧❛ ❄❄✳

❋✐❣✉r❛ ✶✾✿ ❆♥á❧✐s❡ ❞♦ ▼♦✈✐♠❡♥t♦ ❆tr❛✈és ❞♦s ●rá✜❝♦s✳

◆❛ t❛❜❡❧❛ ✷ ♣♦❞❡✲s❡ ♦❜s❡r✈❛r ❛ ❡✈♦❧✉çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❡ ❞❛ ♣♦s✐çã♦ ❛♦ ❧♦♥❣♦ ❞♦

t❡♠♣♦✱ ❡ é ❞❡ ❢á❝✐❧ ✈❡r✐✜❝❛çã♦ q✉❡ ♦ ♠ó✈❡❧ t❡rá ✈❡❧♦❝✐❞❛❞❡ ♥✉❧❛ ♥♦ ✐♥st❛♥t❡ 3 s ❡ ✐♥✈❡rt❡rá

♦ s❡♥t✐❞♦ ❞♦ ♠♦✈✐♠❡♥t♦ ❝♦♠♦ ♠♦str❛ ♦ ❣rá✜❝♦ ❞❛ ♣♦s✐çã♦ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ♥❛ ❋✐❣✉r❛

✶✾✳ ❖ ❣rá✜❝♦ ❞❛ ♣♦s✐çã♦ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ é ✉♠❛ ♣❛rá❜♦❧❛ ❡ ♦ ✈ért✐❝❡ ❞❛ ♠❡s♠❛ é ♦

♣♦♥t♦ ♦♥❞❡ ♠ó✈❡❧ ♠✉❞❛ ❞❡ s❡♥t✐❞♦ ❝♦♠♦ ♦❜s❡r✈❛❞♦ ♥♦ ❣rá✜❝♦✳ ❆ss✐♠✱ ❛ r❡s♣♦st❛ ♣❛r❛ ♦

♣r♦❜❧❡♠❛ é q✉❡ ♦ ♠ó✈❡❧ ♠✉❞❛ ❞❡ s❡♥t✐❞♦ ♥♦s ✐♥st❛♥t❡ 3 s ❡ ❛ s✉❛ ♣♦s✐çã♦ é −4 m✳

P❘❖❇▲❊▼❆ ✹✿ ❖ ❣rá✜❝♦ ✷✵ r❡♣r❡s❡♥t❛ ♦ ♠♦✈✐♠❡♥t♦ ❞❡ ❞♦✐s ❛✉t♦♠ó✈❡✐s✱ ▼ ❡ P✱ ♣❡❧❛

♠❡s♠❛ ❡str❛❞❛ r❡t✐❧í♥❡❛✳ ❘❡s♣♦♥❞❛✿

✺✶



❋✐❣✉r❛ ✷✵✿ ●rá✜❝♦s ❞♦s ❆✉t♦♠ó✈❡✐s P ❡ M ✳

❛✮ ◗✉❛✐s ❛s ❢✉♥çõ❡s ❤♦rár✐❛s ❞❛ ♣♦s✐çã♦ ❞❡ss❡s ❛✉t♦♠ó✈❡✐s❄

❜✮ ◗✉❛❧ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❡❧❡s ❛♦s ✷ s❄

❝✮ ◗✉❛♥t♦ t❡♠♣♦ ❛ ❝♦♥t❛r ❞♦ ✐♥st❛♥t❡ ✐♥✐❝✐❛❧✱ ❞❡♠♦r❛rá ♣❛r❛ q✉❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ▼

❡ P s❡❥❛ ✐❣✉❛❧ ❛ ✻✵ m❄

❘❊❙❖▲❯➬➹❖✿

❛✮ ➱ ❢á❝✐❧ ♥♦t❛r q✉❡ ♦ ♠♦✈✐♠❡♥t♦ ❞❡s❝r✐t♦ ♣❡❧♦s ❛✉t♦♠ó✈❡✐s é ❞❛❞♦ ♣♦r ✉♠❛ ❢✉♥çã♦

❛✜♠ t❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ ♦ ❣rá✜❝♦ ❞♦ ♠❡s♠♦ é ✉♠❛ r❡t❛ ♥ã♦✲✈❡rt✐❝❛❧ ❝♦♠♦ ✈✐st♦ ♥♦

tó♣✐❝♦ ❞❡ ❡st✉❞♦ s♦❜r❡ ❢✉♥çã♦ ❛✜♠✱ ♣♦r ❝♦♥s❡q✉ê♥❝✐❛ s❡❣✉❡✲s❡ q✉❡ ❛ ❢✉♥çã♦ ❤♦rár✐❛

❞♦s ♠ó✈❡✐s ▼ ❡ P sã♦ ❞♦ t✐♣♦

SP = at+ b ❡ SM = at+ b

P❛r❛ P ✱ t❡♠♦s b = 20✱ ❡ b = 15 ♣❛r❛ M ✱ ♣♦✐s b = s(0)✳ ❏á ♦ ✈❛❧♦r ❞❡ a ♣❛r❛ ♦ ♠ó✈❡❧

▼ ❡ P ❞✐❢❡r❡♠ ❥á q✉❡ ❛♠❜♦s ❝r❡s❝❡♠ ♦✉ ❞❡❝r❡s❝❡♠ ❞❡ ♠❛♥❡✐r❛ ❞✐❢❡r❡♥t❡✳ ❈♦♠♦

✺✷



✈✐st♦✱ ❜❛st❛ t❡r♠♦s ❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s s♦❜r❡ ❝❛❞❛ ❣rá✜❝♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ✈❛❧♦r

❞❡ ❛✱ ❛ss✐♠ ♣❛r❛ ♦ ♠ó✈❡❧ ▼ ♣❡❣❛r❡♠♦s ♦s ♣♦♥t♦ ✭✵✱ ✶✺✮ ❡ ✭✹ ❡ ✼✮ ❡ ♣❛r❛ P ♦s ♣♦♥t♦s

✭✵✱ ✷✵✮ ❡ ✭✹✱ ✸✷✮✳ ❉❡ss❡ ♠♦❞♦✱ t❡♠♦s q✉❡

♣❛r❛ ♦ ♠ó✈❡❧ P✱ a =
32− 20

4− 0
= 3 ❡ ♣❛r❛ ▼ a =

7− 15

4− 0
= −2✳ P♦rt❛♥t♦✱

SP = 3t+ 24 ❡ SM = −2t+ 24

❜✮ ❈♦♠♦ ❛ ♣♦s✐çã♦ s❡ ❡♥❝♦♥tr❛ ❡♠ ♠❡tr♦s ❡ ♦ t❡♠♣♦ ❡♠ s❡❣✉♥❞♦s ❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❞♦

♠ó✈❡❧ P é 3 m/s ❡ ♣❛r❛ ▼ é ❞❡ −2 m/s✱ ♦✉ s❡❥❛✱ ❛ ❝❛❞❛ s❡❣✉♥❞♦ q✉❡ ♣❛ss❛ ♦ ♠ó✈❡❧

P ❝r❡s❝❡ 3 m ❡ ♦ ♠ó✈❡❧ ▼ ❞❡❝r❡s❝❡ 2 m✱ ❞❡ss❛ ❢♦r♠❛ ❢❛③❡♥❞♦ ❛♣❡♥❛s ❛ ❛♥á❧✐s❡ ❞❛

t❛①❛ ❞❡ ✈❛r✐❛çã♦ ✭✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛✮ é ❢á❝✐❧ ♣❡r❝❡❜❡r q✉❡ ♦ ♠ó✈❡❧ P s❡ ❡♥❝♦♥tr❛ ♥❛

♣♦s✐çã♦ ❞❡ ♥ú♠❡r♦ ✷✻ ♠ ❡ ▼ ♥❛ ♣♦s✐çã♦ 11 m ❞❡♣♦✐s ❞❡ ✷ s❡❣✉♥❞♦s ❞❡ ♠♦✈✐♠❡♥t♦✱

❛ss✐♠ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ♠ó✈❡✐s é 26− 11 = 15 m.

❝✮ P❡❧♦ ✐t❡♠ ❛♥t❡r✐♦r t❡♠♦s q✉❡ ♦s ♠ó✈❡✐s ❡stã♦ ❛♥❞❛♥❞♦ ❡♠ s❡♥t✐❞♦s ♦♣♦st♦s ♥❛ tr❛✲

❥❡tór✐❛✱ ✉♠ ❛♥❞❛♥❞♦ 3 m ❛ ❝❛❞❛ s❡❣✉♥❞♦ ❡ ♦ ♦✉tr♦ 2 m✱ ❛ss✐♠ ❛ ❝❛❞❛ s❡❣✉♥❞♦ ❡❧❡s

s❡ ❞✐st❛♥❝✐❛♠ 5m✱ ❝♦♠♦ ✐♥✐❝✐❛❧♠❡♥t❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡s ❡❧❡s é ❞❡ 5 m ❡♥tã♦ ♣r❡❝✐s❛♠

s❡ ❞❡s❧♦❝❛r ♠❛✐s 55 m ❞❡ss❡ ♠♦❞♦ ♦ t❡♠♣♦ ❣❛st♦ ♣❛r❛ q✉❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❡❧❡s s❡❥❛

❞❡ ✻✵ ♠ é ❞❡ 55/5 = 11 s.

✺✸



✸ ▼❊❚❖❉❖▲❖●■❆

❖ ❝❛♣ít✉❧♦ ❡♠ q✉❡stã♦✱ s❡rá ❞✐✈✐❞✐❞♦ ❡♠ ❞✉❛s s❡çõ❡s✳ ❆ ♣r✐♠❡✐r❛ r❡✈❡❧❛ ♦ ❝❛♠✐♥❤♦

tr❛ç❛❞♦ ♣❛r❛ ❝♦❧❤❡r ♦s r❡s✉❧t❛❞♦s ❡ ❛ s❡❣✉♥❞❛ ❡①♣õ❡ ❛ ✈✐sã♦ ❞❡ ❛❧❣✉♥s ❛✉t♦r❡s s♦❜r❡ ❛

✐♠♣♦rtâ♥❝✐❛ ❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s✳

✸✳✶ ❈❛♠✐♥❤♦ ❞❛ P❡sq✉✐s❛

P❛r❛ ❛❧❝❛♥ç❛r ♦s r❡s✉❧t❛❞♦s ❞❡s❡❥❛❞♦s✱ ❢♦✐ r❡❛❧✐③❛❞♦ ✉♠ ❝✉rs♦ ❛tr❛✈és ❞❛ ♠❡t♦❧♦❣✐❛

❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❝♦♠ ❛❧✉♥♦s ❞♦ ♣r✐♠❡✐r♦ ❡ t❡r❝❡✐r♦ ❛♥♦ ❞♦ ❡♥s✐♥♦ ♠é❞✐♦ ❞❛ ❡s❝♦❧❛

❡st❛❞✉❛❧ ❈✳❊✳◆■◆❆ ❘❖❉❘■●❯❊❙ ♥❛ ❝✐❞❛❞❡ ❞❡ ❆♥❛❥❛t✉❜❛✲▼❆ ❞✉r❛♥t❡ ✉♠ ❜✐♠❡str❡✳

❖ ❝✉rs♦ t❡♠ ♣♦r ✜♥❛❧✐❞❛❞❡ q✉❡ ♦s ❛❧✉♥♦s r❡s♣♦♥❞❛♠ ❛ q✉❛tr♦ q✉❡st✐♦♥❛♠❡♥t♦s

✭❆P✃◆❉■❈❊✮✱ ♣♦✐s ❛ ❛♥❛❧✐s❡ ❡ ❞✐s❝✉ssã♦ ❞♦s r❡s✉❧t❛❞♦s ❞❛ ♣❡sq✉✐s❛ s❡rá ❞❛❞❛ ♠❡❞✐❛♥t❡

❛s r❡s♣♦st❛s ❞♦s ❛❧✉♥♦s✳

❖ ❝✉rs♦ ❞❡✉ ê♥❢❛s❡ ♥❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s✱ ♣♦ré♠ ✐♥✐❝✐❛❧♠❡♥t❡ ❢♦✐ ♠✐♥✐str❛❞♦

❞✉r❛♥t❡ ✶✵ ❛✉❧❛s ✭❝❡r❝❛ ❞❡ ❞✉❛s s❡♠❛♥❛s✮ ♦s ❝♦♥t❡ú❞♦s ❞❡ ❢✉♥çã♦ ❛✜♠✱ ❢✉♥çã♦ q✉❛❞rát✐❝❛✱

♠♦✈✐♠❡♥t♦ ✉♥✐❢♦r♠❡ ✭▼❯✮ ❡ ♠♦✈✐♠❡♥t♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ✈❛r✐❛❞♦ ✭▼❯❱✮✱ ❧♦❣♦ ❛♣ós ❛

❡①♣♦s✐çã♦ ❞♦s ❝♦♥t❡ú❞♦s✱ ♦ ❝✉rs♦ ❢♦✐ ❞✐✈✐❞✐❞♦ ❡♠ três ♠♦♠❡♥t♦s✳ ❖ ♣r✐♠❡✐r♦ ❝♦♠ ✉♠❛

✈❛r✐❡❞❛❞❡ ❞❡ ♣r♦❜❧❡♠❛s ❝♦♥t❡♠♣❧❛♥❞♦ ♦s ❝♦♥t❡ú❞♦s ❛❜♦r❞❛❞♦s✳ ❖ s❡❣✉♥❞♦ ♠♦♠❡♥t♦ ❢♦✐

✈♦❧t❛❞♦ ❛ ❛♥á❧✐s❡ ❞❡ q✉❡stõ❡s ❞♦ ❊◆❊▼ q✉❡ ❝♦♥t❡♠♣❧❡ ❛s ❢✉♥çõ❡s ❛✜♠ ❡ q✉❛❞rát✐❝❛✳ ❖

t❡r❝❡✐r♦ ♠♦♠❡♥t♦ ❢♦✐ ❞❡❞✐❝❛❞♦ ❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❛ ❋ís✐❝❛✳

❖ ♣r✐♠❡✐r♦ ♠♦♠❡♥t♦ ❞♦ ❝✉rs♦ ❞❡ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ✈✐s❛ ❞❛r s✐❣♥✐✜❝❛❞♦s

❛s ❝❛r❛❝t❡ríst✐❝❛s ❡ ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❝♦♥t❡ú❞♦s✱ ❡ ✈❛❧♦r✐③❛r ❛s ❛♣❧✐❝❛çõ❡s✳ ❖ s❡❣✉♥❞♦

♠♦♠❡♥t♦ ♦❜❥❡t✐✈♦✉ ♠♦str❛r ❝♦♠♦ ❛ ♣r✐♥❝✐♣❛❧ ♣♦rt❛ ❞❡ ❡♥tr❛❞❛ ❛♦ ❡♥s✐♥♦ s✉♣❡r✐♦r t❡♠

❛❜♦r❞❛❞♦ ♦s ❝♦♥t❡ú❞♦s ❞❡ ❢✉♥çã♦ ❛✜♠ ❡ q✉❛❞rát✐❝❛✳ ◆❛ t❡r❝❡✐r❛ ♣❛rt❡✱ ♦ ♦❜❥❡t✐✈♦ ❡r❛

♠♦str❛r ❛ ❝♦♥❡①ã♦ ❡♥tr❡ ▼❛t❡♠át✐❝❛ ❡ ❋ís✐❝❛✱ ❡ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ ▼❛t❡♠át✐❝❛ ♥❛ ❞❡s❝r✐çã♦

❞❡ ❛❧❣✉♥s ♠♦✈✐♠❡♥t♦s ❞❛ ❢ís✐❝❛✳

P♦r ✜♠✱ ❛♦ ✜♥❛❧ ❞♦ ❜✐♠❡str❡ ❢♦✐ ❛♣❧✐❝❛❞♦ ♦ q✉❡st✐♦♥ár✐♦ ✭❆P✃◆❉■❈❊✮ ❝♦♠ ♦s

q✉❡st✐♦♥❛♠❡♥t♦s ❛ s❡r❡♠ r❡s♣♦♥❞✐❞♦s ❡ ♣♦st❡r✐♦r♠❡♥t❡ ❛♥❛❧✐s❛❞♦s ❛tr❛✈és ❞♦s ❝♦♠❡♥tár✐♦s

❞♦s ❛❧✉♥♦s✳ P❛rt✐❝✐♣❛r❛♠ ❞♦ ❝✉rs♦ ❝❡r❝❛ ❞❡ ✻✵ ❛❧✉♥♦s ✭✶♦ ❡ ✸♦ ❛♥♦ ❞♦ ❡♥s✐♥♦ ♠é❞✐♦✮✳

✺✹



✸✳✷ ❆ ■♠♣♦rtâ♥❝✐❛ ❞❛ ❘❡s♦❧✉çã♦ ❞❡ Pr♦❜❧❡♠❛s ❝♦♠♦ ▼❡t♦❞♦❧♦❣✐❛

❞❡ ❊♥s✐♥♦

❯♠ ❞♦s ♣✐❧❛r❡s ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s é q✉❛♥t♦ ❛♦ t✐♣♦ ❞❡

❡①❡r❝í❝✐♦ ♣r♦♣♦st♦ ❛♦ ❛❧✉♥♦✱ ✈✐s❛♥❞♦ ♠✐♥✐♠✐③❛r ❛ ê♥❢❛s❡ ❞♦s ❡①❡r❝í❝✐♦s ♣❛❞r♦♥✐③❛❞♦s ♦♥❞❡

❣❡r❛❧♠❡♥t❡ ♦ ♦❜❥❡t✐✈♦ ♠❛✐♦r é ❛♣❧✐❝❛r ❢ór♠✉❧❛s ❡ r❡❣r❛s✱ s❡ ✈♦❧t❛♥❞♦ ♠❛✐s ♣❛r❛ ❛s s✐t✉❛çõ❡s

♣r♦❜❧❡♠❛s q✉❡ ❝♦♥❡❝t❡ ♦ ❝♦♥t❡ú❞♦ ❝♦♠ ❛ r❡❛❧✐❞❛❞❡✱ tr❛❣❛ s✐❣♥✐✜❝❛❞♦s ❛s ❝❛r❛❝t❡ríst✐❝❛s

❞♦ ❝♦♥t❡ú❞♦ ❡ ♠♦t✐✈❡ ♦ ❛❧✉♥♦ ❛ ♣r♦ss❡❣✉✐r ♦s ❡st✉❞♦s✳

❖s ♣r♦❜❧❡♠❛s ♣r♦♣♦st♦s ♣♦r t❛❧ ♠❡t♦❞♦❧♦❣✐❛ ❜✉s❝❛ ❞❡s❡♥✈♦❧✈❡r ♥♦ ❛❧✉♥♦ ❛ ❝❛♣❛❝✐✲

❞❛❞❡ ❞❡ ❡st❛❜❡❧❡❝❡r ❡str❛té❣✐❛s✱ r❛♣✐❞❡③ ♥❛ ❝♦♠♣r❡❡♥sã♦ ❞♦s ❞❛❞♦s ❡ t❛♠❜é♠ ✉♠ s❡♥s♦

❝rít✐❝♦ ❛♣✉r❛❞♦✳ ❆ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❝♦♠♦ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ❡♥s✐♥♦ ♥ã♦ t❡♠ ❛♣❡♥❛s

♦ ♦❜❥❡t✐✈♦ ❞❡ ❡♥❝♦♥tr❛r ❛ s♦❧✉çã♦ ❝♦rr❡t❛ ❞♦ ♣r♦❜❧❡♠❛s✱ ♠❛s ✈ê ❡♠ ❝❛❞❛ ♣r♦❜❧❡♠❛ ✉♠❛

♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ✐r ❛❧é♠✱ ❞❡ q✉❡st✐♦♥❛r ♦ ♣ró♣r✐♦✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❡ ❛ss✐♠ ❝♦♥str✉✐r

✉♠ ❝♦♥❤❡❝✐♠❡♥t♦ ♠❛✐s só❧✐❞♦ ❡ s✐❣♥✐✜❝❛t✐✈♦✳

❆♥❞r❛❞❡ ❡ ❖❧✐✈❡✐r❛ ✭✷✵✶✹✱ ♣✳ ✶✺✮ ❛✜r♠❛♠✿

❉❡♥tr❡ ❛s t❡♥❞ê♥❝✐❛s ♠❛✐s r❡❧❡✈❛♥t❡ ❡stá ❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s
❡ ♦ ✉s♦ ❞❡ t❡❝♥♦❧♦❣✐❛s ❡❞✉❝❛❝✐♦♥❛✐s✱ ❝♦♠♦ ♣r♦♣♦st❛ ❞❡ ♠✉❞❛♥ç❛
♥♦ ♠♦❞♦ ❞❡ ❝♦♥❝❡❜❡r ❛ ♠❛t❡♠át✐❝❛✳❬✳✳✳❪ ❙ã♦ s✐t✉❛çõ❡s ❞✐✈❡rs✐✜❝❛✲
❞❛s q✉❡ ✈✐s❛♠ ❞❡s❛✜❛r ❡ ❡st✐♠✉❧❛r ♦s ❛❧✉♥♦s ❛ ♣❡♥s❛r✱ ❡①♣❧♦r❛♥❞♦
t❛♥t♦ q✉❛♥t♦ ♣♦ssí✈❡❧ ♦s ♣r♦❜❧❡♠❛s ❞❛ ✈✐❞❛ r❡❛❧✳✭❆◆❉❘❆❉❊❀ ❖▲■✲
❱❊■❘❆✱✷✵✶✹✱ ♣✳ ✶✺✮

❆ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❛❧é♠ ❞❡ ♦♣♦rt✉♥✐③❛r ♦ ♣r♦❢❡ss♦r ♣❛r❛ q✉❡ ♣♦ss❛ r❡s♦❧✈❡r

♦s ❞✐❢❡r❡♥t❡s t✐♣♦s ❞❡ ♣r♦❜❧❡♠❛s ♣♦r ❞✐✈❡rs♦s â♥❣✉❧♦s✱ t❛♠❜é♠ ♣❡r♠✐t❡ q✉❡ ♦s ❛❧✉♥♦s

✉t✐❧✐③❡ ❡str❛té❣✐❛s ♣❡ss♦❛✐s✱ ♣♦❞❡♥❞♦ s♦❝✐❛❧✐③❛r ❡ ❛ss✐♠ ✈❛❧♦r✐③❛r ♦ r❛❝✐♦❝í♥✐♦ ✉t✐❧✐③❛❞♦ ♣♦r

❝❛❞❛ ✉♠✳ ❱❡r✐✜❝❛r ❛s s❡♠❡❧❤❛♥ç❛s ❡ ❞✐❢❡r❡♥ç❛s ♥❛s ❡str❛té❣✐❛s sã♦ ❛çõ❡s ✐♠♣r❡s❝✐♥❞í✈❡✐s

❞♦ ♣r♦❢❡ss♦r ♥♦ tr❛❜❛❧❤♦ ❝♦♠ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ✭❘❡❛♠❡❀ ▼♦♥t❡♥❡❣r♦✱ ✷✵✶✹✮✳

❊ss❛s ❛çõ❡s ❝♦♥tr✐❜✉❡♠ ❞❡ ♠❛♥❡✐r❛ ❞❡t❡r♠✐♥❛♥t❡ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✲
✈✐♠❡♥t♦ ❞❛ ❛✉t♦♥♦♠✐❛ ❞♦ ❛❧✉♥♦ ♥♦ ❡♥❢r❡♥t❛♠❡♥t♦ ❞❡ ✉♠❛ s✐t✉❛çã♦
♥♦✈❛❀ ♣❛r❛ ♦ ❞♦♠í♥✐♦ ❞❡ ✉♠❛ ❛t✐t✉❞❡ ♣♦s✐t✐✈❛ ❡ ❝rít✐❝❛ ❡♠ r❡❧❛çã♦
❛♦s ♣r♦❜❧❡♠❛s❀ ♣❛r❛ ♦ ❡①❡❝í❝✐♦ ❞❡ ❛çõ❡s ❝♦♠♣❡t❡♥t❡s ♣❡❧♦ ❛❧✉♥♦
❞✐❛♥t❡ ❞❡ s✐t✉❛çõ❡s ❝♦♠♣❡t❡♥t❡s ♣❡❧♦ ❛❧✉♥♦ ❞✐❛♥t❡ ❞❡ s✐t✉❛çõ❡s
✐♠♣r❡✈✐st❛s✱ ❞❡s❝♦♥❤❡❝✐❞❛s✱ ❞✐❢❡r❡♥t❡s ❞❛q✉❡❧❛s q✉❡ ❡❧❡ ❥á ❞♦♠✐♥❛❀
♣❛r❛ ❛♠♣❧✐❛çã♦ ❞♦ r❡♣❡rtór✐♦ ❞❡ ❝á❧❝✉❧♦ ❡ ❡str❛té❣✐❛s ♣❛r❛ ❛ r❡s♦✲
❧✉çã♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛✳✭❘❡❛♠❡❀ ▼♦♥t❡♥❡❣r♦✱ ✷✵✶✹✱ ♣✳ ✷✾✹✮

❉✐♥✐③ ✭✶✾✾✶✱ ♣✳ ✶✷ ✮ ❢❛③ ✉♠❛ ♦❜s❡r✈❛çã♦ tã♦ ❛t✉❛❧ q✉❛♥t♦ ♥❛ é♣♦❝❛ ❡♠ q✉❡ ❡s❝r❡✈❡✉

♣❛r❛ ❛ ❘P▼✭ ❘❡✈✐st❛ ❞♦ ♣r♦❢❡ss♦r ❞❡ ♠❛t❡♠át✐❝❛✮✱ ❡❧❡ ❞✐③✿

✺✺



♦ ❡♥s✐♥♦ ❞❛ ♠❛t❡♠át✐❝❛ t❡♠ s❡ ❝♦♥st✐t✉í❞♦ ❞❡ ❞✉❛s ❛çõ❡s✱ sã♦ ❡❧❛s
♣r♦♣♦r q✉❡stõ❡s ❡ r❡s♦❧✈❡r ❛s q✉❡stõ❡s ♣r♦♣♦st❛s✳ P♦ré♠✱ ❞❡♥tr♦
❞❛ ♣❡rs♣❡❝t✐✈❛ ❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s s❡ ❡①✐❣❡ q✉❡ ❛❧é♠ ❞❡ss❛s
❞✉❛s ❛çõ❡s ❝✐t❛❞❛s✱ s❡ ❝♦❧♦q✉❡♠ ♠❛✐s ❞✉❛s✱ ✐st♦ é✱ q✉❡st✐♦♥❛r ❛s
r❡s♣♦st❛s ♦❜t✐❞❛s ❡ q✉❡st✐♦♥❛r ❛ ♣ró♣r✐❛ q✉❡stã♦ ♦r✐❣✐♥❛❧✳✭❉■◆■❩✱
✶✾✾✶✱ ♣✳ ✶✷✮

❆✐♥❞❛ s♦❜r❡ ❡ss❛ ♣❡rs♣❡❝t✐✈❛ ❡❧❡ ❛✜r♠❛ q✉❡ r❡s♦❧✈❡r ✉♠ ❞❡t❡r♠✐♥❛❞♦ ✈❛✐ ♠✉✐t♦

❛❧é♠ ❞♦ q✉❡ ❛♣❧✐❝❛r r❡❣r❛s✱ té❝♥✐❝❛s ♦✉ ❢ór♠✉❧❛s ❛❞❡q✉❛❞❛s ♣❛r❛ s❡ ❝❤❡❣❛r ❛♦ r❡s✉❧t❛❞♦

❝♦rr❡t♦✱ ♣♦ré♠ ✈❛✐ ❛❧é♠ ❞✐ss♦✱ s❡ ❝♦♥st✐t✉✐ ✉♠❛ ❛t✐t✉❞❡ ❞❡ ✧✐♥✈❡st✐❣❛çã♦ ❝✐❡♥tí✜❝❛✧❞❛q✉✐❧♦

q✉❡ ❡stá ♣r♦♥t♦ ❉✐♥✐③ ✭✶✾✾✶✱ ♣✳ ✶✷ ✮✳ ❆ss✐♠✱ ❛ ê♥❢❛s❡ s❡rá ❞❛❞❛ ❛♦ ♣r♦❝❡ss♦ q✉❡ ♣❡r♠✐t❡

❝❤❡❣❛r ❛♦ r❡s✉❧t❛❞♦ ❡ q✉❡ s✐❣♥✐✜❝❛❞♦ ❡ss❡ r❡s✉❧t❛❞♦ tr❛③ ❡♠ r❡❧❛çã♦ ❛♦ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧

♣r♦♣♦st♦✳

❯♠❛ ❞❛s ❡t❛♣❛s ✐♠♣♦rt❛♥t❡s ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s é ❛ ✈❛❧♦✲

r✐③❛çã♦ ❞♦ ❡rr♦✱ ♦♥❞❡ ❜✉s❝❛ ❡①tr❛✐r ♦ ♠♦t✐✈♦ q✉❡ ♦ ❝❛✉s♦✉ ❡ q✉❛❧ ♦ s✐❣♥✐✜❝❛❞♦ t❡♠ ♣❛r❛

♦ ♣r♦❜❧❡♠❛ ❛❜♦r❞❛❞♦✳

◆❛ ♥♦✈❛ ❝♦♥❝❡♣çã♦ ❞❡ ❡rr♦✱ ❡st❡ é ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ♣❛rt❡ ♥❛t✉r❛❧✱
✐♥❡✈✐tá✈❡❧ ❡ ✐♥❞✐s♣❡♥sá✈❡❧ ❛♦ ♣r♦❝❡ss♦ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠✱ ♦ ❡rr♦ é
✉♠ ✐♥❞✐❝❛❞♦r ❞❡ ✭r❡✮❞✐r❡❝✐♦♥❛♠❡♥t♦ ♣❡❞❛❣ó❣✐❝♦ ♣♦rq✉❡ ❡❧❡ ♦❢❡r❡❝❡
❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ❝r❡s❝✐♠❡♥t♦✱ ❛♦ ❛❧✉♥♦✱ ❜❡♠ ❝♦♠♦ ❞❡ ❡✈♦❧✉çã♦✱
❛♦ ♣r♦❢❡ss♦r✳ ✭▲❖❘❊◆❩❆❚❖✱ ✷✵✶✵✱ ♣✳ ✹✾✲✺✵✮

❆ ♠❛✐♦r✐❛ s❡ ♥ã♦ ✶✵✵✪ ❞♦s ❡❞✉❝❛❞♦r❡s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♦s ❞❛s ❞✐s❝✐♣❧✐♥❛s ❞❡ ❝á❧✲

❝✉❧♦ ❡♠ ❡s♣❡❝✐❛❧ ♦s ❞❡ ♠❛t❡♠át✐❝❛ ❥á ♦✉✈✐r❛♠ ♣❡r❣✉♥t❛s ❞♦ t✐♣♦✿ ✧♣❛r❛ q✉❡ ❡ss❡ ❝♦♥t❡ú❞♦

s❡r✈❡❄✧✱ ✧✈♦✉ ✉s❛r ✐ss♦ ♦♥❞❡ ❡ q✉❛♥❞♦❄✧✳ ❯♠❛ ❞❛s ✈❡rt❡♥t❡s ♠❛✐s ✐♥t❡r❡ss❛♥t❡s ❡ q✉❡ ♣♦s✲

s✐❜✐❧✐t❛ r❡s♣♦♥❞❡r ❛ t❛✐s ♣❡r❣✉♥t❛s ♥❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s é ❛s ❛♣❧✐❝❛çõ❡s ♠❛t❡♠át✐❝❛s✳

❊♥s✐♥❛r ♠❛t❡♠át✐❝❛ ✉t✐❧✐③❛♥❞♦✲s❡ ❞❡ s✉❛s ❛♣❧✐❝❛çõ❡s t♦r♥❛ ❛ ❛♣r❡♥✲
❞✐③❛❣❡♠ ♠❛✐s ✐♥t❡r❡ss❛♥t❡ ❡ r❡❛❧✐st❛ ❡✱ ♣♦r ✐ss♦ ♠❡s♠♦✱ ♠❛✐s s✐❣✲
♥✐✜❝❛t✐✈❛✳ ❆ ♣r❡s❡♥ç❛ ❞❡ ❛♣❧✐❝❛çõ❡s ❞❛ ♠❛t❡♠át✐❝❛ ♥❛s ❛✉❧❛s é
✉♠ ❞♦s ❢❛t♦r❡s q✉❡ ♠❛✐s ♣♦❞❡♠ ❛✉①✐❧✐❛r ♥♦ss♦s ❛❧✉♥♦s ❛ s❡ ♣r❡♣❛✲
r❛r❡♠ ♣❛r❛ ✈✐✈❡r ♠❡❧❤♦r s✉❛ ❝✐❞❛❞❛♥✐❛❀ ❛✐♥❞❛ ♠❛✐s✱❛s ❛♣❧✐❝❛çõ❡s
❡①♣❧✐❝❛♠ ♠✉✐t♦s ♣♦rq✉ês ♠❛t❡♠át✐❝♦s ❡ sã♦ ót✐♠❛s ❛✉①✐❧✐❛r❡s ♥❛
r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s✳✭▲❖❘❊◆❩❆❚❖✱ ✷✵✶✵✱ ♣✳ ✺✸✮

❙❡❣✉♥❞♦ ♦s P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s ✭❇❘❆❙■▲✱ ✷✵✵✵✱ ♣✳ ✾✻✮ ❞♦ ❡♥s✐♥♦

♠é❞✐♦✱ ✉♠❛ ❞❛s ❝♦♠♣❡tê♥❝✐❛s ❡ ❤❛❜✐❧✐❞❛❞❡s q✉❡ ❛❧✉♥♦ ❞❡✈❡ ♣♦ss✉✐r é ✧❝♦♠♣r❡❡♥❞❡r ❝♦♥❝❡✐✲

t♦s✱ ♣r♦❝❡❞✐♠❡♥t♦s ❡ ❡str❛té❣✐❛s ♠❛t❡♠át✐❝❛s✱ ❡ ❛♣❧✐❝á✲❧❛s ❛ s✐t✉❛çõ❡s ❞✐✈❡rs❛s ♥♦ ❝♦♥t❡①t♦

❞❛s ❝✐ê♥❝✐❛s✱ ❞❛ t❡❝♥♦❧♦❣✐❛ ❡ ❞❛s ❛t✐✈✐❞❛❞❡s ❝♦t✐❞✐❛♥❛s✳✧

❆ ♣r✐♥❝✐♣❛❧ ♣♦rt❛ ❞❡ ❡♥tr❛❞❛ ❛ ✉♥✐✈❡rs✐❞❛❞❡✱ ♦ ❡①❛♠❡ ♥❛❝✐♦♥❛❧ ❞♦ ❡♥s✐♥♦ ♠é✲

❞✐♦ ✭❙▼✱ ✷✵✶✹✱ ♣✳ ✶✷✮ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ♥❛ s✉❛ q✉✐♥t❛ ❝♦♠♣❡tê♥❝✐❛ q✉❡ ❛❧✉♥♦ ✧❡st❡❥❛

✺✻



♣r♦♥t♦ ❛ ♠♦❞❡❧❛r ❡ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❡♠ ✈❛r✐á✈❡✐s s♦❝✐♦❡❝♦♥ô♠✐❝❛s ♦✉ té❝♥✐❝♦✲

❝✐❡♥tí✜❝❛s✱ ✉s❛♥❞♦ r❡♣r❡s❡♥t❛çõ❡s ❛❧❣é❜r✐❝❛s✳✧

❖ ❊◆❊▼ ✭❙▼✱ ✷✵✶✹✱ ♣✳ ✾✮ ❡stá ❡♠❜❛s❛❞♦ ❡♠ t♦r♥♦ ❞❡ ❝✐♥❝♦ ❡✐①♦✱ ♥❡❧❡s ♦ ❛❧✉♥♦

❡♥❝♦♥trá ♦ ♥♦rt❡ ♣❛r❛ ❡♥❢r❡♥t❛r ❛s ✶✽✵ q✉❡stõ❡s q✉❡ ❝♦♠♣õ❡ ❛ ♣r♦✈❛ ❡ ❞❡♥tr❡ ❡❧❡s ♦ t❡r❝❡✐r♦

❡①✐❣❡ q✉❡ ♦ ❡❞✉❝❛♥❞♦ s❛✐❜❛ ✧❡♥❢r❡♥t❛r s✐t✉❛çõ❡s✲♣r♦❜❧❡♠❛ ✭❙P✮✿ s❡❧❡❝✐♦♥❛r✱ ♦r❣❛♥✐③❛r✱

r❡❧❛❝✐♦♥❛r✱ ✐♥t❡r♣r❡t❛r ❞❛❞♦s ❡ ✐♥❢♦r♠❛çõ❡s r❡♣r❡s❡♥t❛❞♦s ❞❡ ❞✐❢❡r❡♥t❡s ❢♦r♠❛s✱ ♣❛r❛ t♦♠❛r

❞❡❝✐sõ❡s ❡ ❡♥❢r❡♥t❛r s✐t✉❛çõ❡s✲♣r♦❜❧❡♠❛✳✧

❙♦❛r❡s ❡ P✐♥t♦ ✭✷✵✶✹✱ ♣✳✶✮ ❞✐③ ❡♠ s❡✉ ❛rt✐❣♦ s♦❜r❡ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ r❡s♦❧✉çã♦ ❞❡

♣r♦❜❧❡♠❛s q✉❡✿

❱✐s❛♥❞♦✲s❡ ✉♠❛ s♦❝✐❡❞❛❞❡ ♠❛✐s ❥✉st❛✱ ❝❛♣❛③ ❞❡ ✐♥t❡r✈✐r ♥♦ ❞❡s❡♥✲
✈♦❧✈✐♠❡♥t♦ ❞❛ ❤✉♠❛♥✐❞❛❞❡ ❝rít✐❝❛ ❡ ❝r✐❛t✐✈❛♠❡♥t❡✱ ❜✉s❝❛♥❞♦ ✉♠❛
♠❡❧❤♦r✐❛ ♥❛ q✉❛❧✐❞❛❞❡ ❞❡ ✈✐❞❛ ❞♦ ❝✐❞❛❞ã♦✱ ♥ã♦ é s✉✜❝✐❡♥t❡ ❛♣r❡✲
s❡♥t❛r ❝♦♥❤❡❝✐♠❡♥t♦s ❝r✐st❛❧✐③❛❞♦s ❡ ❢♦r❛ ❞♦ ❝♦♥t❡①t♦ ♠♦❞❡r♥♦✳ ➱
♣r❡❝✐s♦ ❢❛③❡r ❝♦♠ q✉❡ ♦s ❛❧✉♥♦s t♦r♥❡♠✲s❡ ♣❡ss♦❛s ❝❛♣❛③❡s ❞❡ ❡♥✲
❢r❡♥t❛r s✐t✉❛çõ❡s ❞✐❢❡r❡♥t❡s ❞❡♥tr♦ ❞❡ ❝♦♥t❡①t♦s ❞✐✈❡rs✐✜❝❛❞♦s✱ q✉❡
❢❛ç❛♠ ❝♦♠ q✉❡ ❡❧❡s ❜✉sq✉❡♠ ❛♣r❡♥❞❡r ♥♦✈♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❡ ❤❛✲
❜✐❧✐❞❛❞❡s✳ ❙ó ❛ss✐♠ ❡st❛rã♦ ♠❡❧❤♦r ♣r❡♣❛r❛❞♦s ♣❛r❛ ❛❞❛♣t❛r✲s❡ às
♠✉❞❛♥ç❛s ❝✉❧t✉r❛✐s✱ t❡❝♥♦❧ó❣✐❝❛s ❡ ♣r♦✜ss✐♦♥❛✐s ❞♦ ♥♦✈♦ ♠✐❧ê♥✐♦
✭❙❖❆❘❊❙❀ P■◆❚❖✱ ✷✵✶✹✱ ♣✳ ✶✮✳

❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ ♦s ❛✈❛♥ç♦s ❞❛ s♦❝✐❡❞❛❞❡s sã♦ ❝♦♥st❛♥t❡s ❡①✐❣✐♥❞♦ q✉❡ ❝❛❞❛

♣r♦✜ss✐♦♥❛❧ ❡st❡❥❛ s❡♠♣r❡ ❡♠ ❢♦r♠❛çã♦ ❡ s❡ ❛❞❛♣t❛♥❞♦ ❛ ♥♦✈❛s s✐t✉❛çõ❡s é ♥❡❝❡ssár✐♦ q✉❡

♦ ❛❧✉♥♦ ❞❡s❡♥✈♦❧✈❛ ❛ ❤❛❜✐❧✐❞❛❞❡ ❞❡ ❛♣r❡♥❞❡r ❛ ❛♣r❡♥❞❡r✳ ❙❡❣✉♥❞♦ ❙♦❛r❡s ❡ P✐♥t♦ ✏❯♠❛ ❞❛s

❢♦r♠❛s ♠❛✐s ❛❝❡ssí✈❡✐s ❞❡ ♣r♦♣♦r❝✐♦♥❛r ❛♦s ❛❧✉♥♦s q✉❡ ❛♣r❡♥❞❛♠ ❛ ❛♣r❡♥❞❡r é ❛ ✉t✐❧✐③❛çã♦

❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❝♦♠♦ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ❡♥s✐♥♦✑✳

❯♠❛ ❞❛s ✜♥❛❧✐❞❛❞❡s ❞♦ ❡♥s✐♥♦ ♠é❞✐♦ ❡♥❝♦♥tr❛❞❛ ♥♦ ✐♥❝✐s♦ ■■ ❞♦ ❛rt✐❣♦ ✸✺ ❞❛ ▲❡✐ ❞❡

❉✐r❡tr✐③❡s ❡ ❇❛s❡s ✭❇❘❆❙■▲✱ ✶✾✾✻✮ é ❛ ✧♣r❡♣❛r❛çã♦ ❜ás✐❝❛ ♣❛r❛ ♦ tr❛❜❛❧❤♦ ❡ ❛ ❝✐❞❛❞❛♥✐❛ ❞♦

❡❞✉❝❛♥❞♦✱ ♣❛r❛ ❝♦♥t✐♥✉❛r ❛♣r❡♥❞❡♥❞♦✱ ❞❡ ♠♦❞♦ ❛ s❡r ❝❛♣❛③ ❞❡ s❡ ❛❞❛♣t❛r ❝♦♠ ✢❡①✐❜✐❧✐❞❛❞❡

❛ ♥♦✈❛s ❝♦♥❞✐çõ❡s ❞❡ ♦❝✉♣❛çã♦ ♦✉ ❛♣❡r❢❡✐ç♦❛♠❡♥t♦ ♣♦st❡r✐♦r❡s✳✧

❆ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s é ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ✐♠♣♦rt❛♥t❡ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❡♥s✐♥♦

❛♣r❡♥❞✐③❛❣❡♠✱ ❛❧é♠ ❞❡ ❞❡s♣❡rt❛r ❛ ❝✉r✐♦s✐❞❛❞❡ ❡ ♠♦t✐✈❛çã♦ ❛ q✉❡♠ ❡stá ✐♥s❡r✐❞♦ ♥❡ss❡

â♠❜✐t♦✳ ◆❡ss❛ ♣❡rs♣❡❝t✐✈❛ ❝❛❜❡ ❛ s❡❣✉✐♥t❡ ♣❡r❣✉♥t❛✿ ◗✉❛♥❞♦ s❡ ❞❡✈❡ ❡①♣❧♦r❛r t❛❧ ♠❡t♦❞♦✲

❧♦❣✐❛ ❡ ❡st✐♠✉❧❛r ❛ r❡s♦❧✉çã♦ ❞❡ s✐t✉❛çõ❡s ♣r♦❜❧❡♠❛s❄ ❉❡s❞❡ ❞❡ ♦ ✐♥í❝✐♦ ❞❛ s✉❛ ✈✐❞❛ ❡s❝♦❧❛r✱

♣♦✐s é ♥❡ss❛ ❢❛s❡ ♦♥❞❡ ♦ s❡r ❤✉♠❛♥♦ ♣♦ss✉✐ ✉♠ ♠❛✐♦r s❡♥s♦ ✐♥✈❡st✐❣❛t✐✈♦✱ ❛ ❝✉r✐♦s✐❞❛❞❡ é

❛♠♣❧❛ ❡ ❛ ✈♦♥t❛❞❡ ❞❡ ❞❡s❝♦❜r✐r ❝♦✐s❛s ♥♦✈❛s é ✐♥❝❛♥sá✈❡❧✳

✺✼



◗✉❛♥❞♦ ♥ã♦ s❡ ❞❡s❡♥✈♦❧✈❡ ❛s ❤❛❜✐❧✐❞❛❞❡s ♥❡❝❡ssár✐❛s ♣❛r❛ ❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡✲

♠❛s ❞❡s❞❡ ❛ ❡❞✉❝❛çã♦ ✐♥❢❛♥t✐❧ ♣❛ss❛♥❞♦ ♣❡❧♦ ❢✉♥❞❛♠❡♥t❛❧ ❡ ❝❤❡❣❛♥❞♦ ❛♦ ❡♥s✐♥♦ ♠é❞✐♦

♦ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❞❡s❛str♦s♦ ❥á q✉❡ ❡ss❡ ♣❡rí♦❞♦ ❞❛ ❡❞✉❝❛çã♦ ❜ás✐❝❛ é ❛ ❡t❛♣❛ ♦♥❞❡

♦ ❡❞✉❝❛♥❞♦ ❡stá ♠❛✐s ❛❜❡rt♦s ❛ ♥♦✈❛s ❡①♣❡r✐ê♥❝✐❛s✱ ❞❡s❝♦❜❡rt❛s q✉❡ ♦ ✐♠♣✉❧s✐♦♥❛r❛♠ ❛

❝♦♥t✐♥✉❛r ❞❡s❝♦❜r✐♥❞♦✳

▲♦♣❡s ❡ ●r❛♥❞♦ ❛✜r♠❛♠✿

❆s ❝r✐❛♥ç❛s ❡stã♦ ✐♠❡rs❛s ❡♠ ✉♠ ♠✉♥❞♦ só❝✐♦✲❝✉❧t✉r❛❧ ❡♠ q✉❡
❛s ♣❡ss♦❛s ❢❛③❡♠ ♠❛t❡♠át✐❝❛ ❛ t♦❞♦ ♦ ♠♦♠❡♥t♦✳ ❊❧❛s ♦❜s❡r✈❛♠
♦s ❛❞✉❧t♦s ♥♦s ♣r♦❝❡ss♦s ❞❡ ❝♦♠♣r❛r✱ ✈❡♥❞❡r✱ tr♦❝❛r✱ ❝♦♥tr♦❧❛♠
q✉❛♥t✐❞❛❞❡s ❛✈❛❧✐❛♥❞♦ ♦ q✉❡ ❛✉♠❡♥t❛✱ ♦ q✉❡ ❞✐♠✐♥✉✐✱ ♦ q✉❡ ♥ã♦
s❡ ❛❧t❡r❛✱ ♣❧❛♥❡❥❛♠ ❝❛s❛s ❡ ❢❛③❡♠ ♦s ❝á❧❝✉❧♦s ❞♦s ♠❛t❡r✐❛✐s ♥❡❝❡s✲
sár✐♦s✱ ❡st✐♠❛♠ ❞✐stâ♥❝✐❛s✱ t❛♠❛♥❤♦✱ ❝❛♣❛❝✐❞❛❞❡✱ ❡t❝✳ ❬✳✳✳❪ ❚❛✐s
❝♦♥❤❡❝✐♠❡♥t♦s ♠❛t❡♠át✐❝♦s q✉❡ ❢♦r❛♠ ♣r♦❞✉③✐❞♦s ♣❡❧♦ ❤♦♠❡♠ ❡
q✉❡ ♦ ❛❥✉❞❛♠ ❛ ❢❛③❡r ✉♠❛ ✏❧❡✐t✉r❛ ♠❛t❡♠át✐❝❛ ❞❡ ♠✉♥❞♦✑ ❡①❡r✲
❝❡♠ ❝❡rt♦ ❢❛s❝í♥✐♦ ♥❛s ❝r✐❛♥ç❛s ❡ ❡st✐♠✉❧❛♠ ❛ ❝✉r✐♦s✐❞❛❞❡ ❡♣✐s✲
t❡♠♦❧ó❣✐❝❛ ❞❡❧❛s✱ ❛✉♠❡♥t❛♥❞♦ ♦ ❞❡s❡❥♦ ♣♦r ❝♦♥❤❡❝ê✲❧♦s ✭▲❖P❊❙❀
●❘❆◆❉❖✱ ✷✵✶✷✱ ♣✳ ✸✮✳

❆✐♥❞❛ s♦❜r❡ ❡ss❛ ♣❡rs♣❡❝t✐✈❛ ❛✜r♠❛♠

❞❡❢❡♥❞❡♠♦s ❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ♥❛ ✐♥❢â♥❝✐❛✱ ❝♦♥s✐❞❡r❛♥❞♦✲❛
❝♦♠♦ ❜❛s❡ ❞❛ ❛♣r❡♥❞✐③❛❣❡♠ ❞❛ ❝r✐❛♥ç❛✱ ♣♦✐s ❛ ❝r✐❛♥ç❛ ✈❛✐ ❛❞q✉✐✲
r✐♥❞♦ ✐♥t❡❧✐❣ê♥❝✐❛ ❛ ♣❛rt✐r ❞❡ s✉❛s ❛çõ❡s ✐♥t❡♥❝✐♦♥❛✐s✳❬✳✳✳❪ ◆❛ ✐♥✲
❢â♥❝✐❛ ❛ ✐♠❛❣✐♥❛çã♦ ❛❣✉ç❛ ❛ ❝✉r✐♦s✐❞❛❞❡✱ ❣❡r❛ ♣r♦❜❧❡♠❛t✐③❛çõ❡s ❡
♣r♦✈♦❝❛ ❛ ❜✉s❝❛ ♣♦r ❞❡s❝♦❜❡rt❛✱ ❡ss❡ ❢❛t♦ t♦r♥❛ ❡ss❡♥❝✐❛❧ ❛ r❡s♦✲
❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ♥❡ss❡ ♠♦♠❡♥t♦ ❞♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❤✉♠❛♥♦
✭▲❖P❊❙❀ ●❘❆◆❉❖✱ ✷✵✶✷✱ ♣✳ ✸✮

❆ ❇❛s❡ ◆❛❝✐♦♥❛❧ ❈♦♠✉♠ ❈✉rr✐❝✉❧❛r ✭❇❘❆❙■▲✱ ✷✵✶✼✮ ❤♦♠♦❧♦❣❛❞❛ ❡♠ ❞❡③❡♠❜r♦

r❛t✐✜❝❛ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ❡✜❝✐❡♥t❡ q✉❡ ❞ê s✉♣♦rt❡ ❡ ❜✉sq✉❡ ❞❡s❡♥✈♦❧✈❡r

❛ ♠❛t❡♠át✐❝❛ ♥♦ ❛❧✉♥♦ ❞❡s❞❡ ❛s sér✐❡s ✐♥✐❝✐❛✐s✱ q✉❛♥❞♦ ❡st❛❜❡❧❡❝❡ ❝♦♠♦ ✉♠❛ ❞❛s ♦✐t♦

❝♦♠♣❡tê♥❝✐❛s ♣❛r❛ ♦ ❡st✉❞❛♥t❡ ❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧ ❛ s❡❣✉✐♥t❡ ❝♦♠♣❡tê♥❝✐❛✳

r❡❝♦♥❤❡❝❡r q✉❡ ❛ ♠❛t❡♠át✐❝❛ é ✉♠❛ ❝✐ê♥❝✐❛ ❤✉♠❛♥❛✱ ❢r✉t♦ ❞❛s
♥❡❝❡ss✐❞❛❞❡s ❡ ♣r❡♦❝✉♣❛çõ❡s ❞❡ ❞✐❢❡r❡♥t❡s ❝✉❧t✉r❛s✱ ❡♠ ❞✐❢❡r❡♥t❡s
♠♦♠❡♥t♦s ❤✐stór✐❝♦s✱ ❡ é ✉♠❛ ❝✐ê♥❝✐❛ ✈✐✈❛✱ q✉❡ ❝♦♥tr✐❜✉✐ ♣❛r❛ s♦✲
❧✉❝✐♦♥❛r ♣r♦❜❧❡♠❛s ❝✐❡♥tí✜❝♦s ❡ t❡❝♥♦❧ó❣✐❝♦s ❡ ♣❛r❛ ❛❧✐❝❡rç❛r ❞❡s✲
❝♦❜❡rt❛s ❡ ❝♦♥str✉çõ❡s✱ ✐♥❝❧✉s✐✈❡ ❝♦♠ ✐♠♣❛❝t♦s ♥♦ ♠✉♥❞♦ ❞♦ tr❛✲
❜❛❧❤♦✳ ✭❇❘❆❙■▲✱ ✷✵✶✼✱ ♣✳✷✻✺✮✳

✺✽



✹ ❆◆➪▲■❙❊ ❊ ❉■❙❈❯❙❙➹❖ ❉❖❙ ❘❊❙❯▲❚❆❉❖❙

❖ tr❛❜❛❧❤♦ ❡♥❢❛t✐③❛ ❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❝♦♠♦ ✉♠❛ ❢❡rr❛♠❡♥t❛ ❝❛♣❛③ ❞❡ ❞❡✲

s❡♥✈♦❧✈❡r ✉♠❛ ❛♣r❡♥❞✐③❛❣❡♠ s✐❣♥✐✜❝❛t✐✈❛ ❡ ❢❛③❡r ❛ r❡❧❛çã♦ ❞❛ ♠❛t❡♠át✐❝❛ ❝♦♠ ♦✉tr❛s

❞✐s❝✐♣❧✐♥❛s ❡♠ ❡s♣❡❝✐❛❧ ❛ ❢ís✐❝❛ ♣♦r ♠❡✐♦ ❞❛ ❢✉♥çã♦ ❛✜♠ ❡ q✉❛❞rát✐❝❛✳

❖s r❡s✉❧t❛❞♦s ❞❛ ♣❡sq✉✐s❛ ❡stã♦ ❡①♣♦st♦s ❞✉r❛♥t❡ ❡ss❡ ❝❛♣ít✉❧♦✳ ❆ ❛♥á❧✐s❡ s❡rá ❢❡✐t❛

❛tr❛✈és ❞❛s r❡s♣♦st❛s ❞♦s ❛❧✉♥♦s ♥♦ t❡st❡ ❛✈❛❧✐❛t✐✈♦ ❝♦♠ ♦s ❞❡✈✐❞♦s ❝♦♠❡♥tár✐♦s ❛❝❡r❝❛

❞♦s ♠❡s♠♦s✳ ❖s r❡s✉❧t❛❞♦s ❢♦r❛♠ s❛t✐s❢❛tór✐♦s✱ ♣♦❞❡✲s❡ ❛✜r♠❛r q✉❡ ❛❧❣✉♥s ❝♦♠❡♥tár✐♦s

s✉♣❡r❛r❛♠ ❛s ❡①♣❡❝t❛t✐✈❛s✳

❖ ♣r✐♠❡✐r♦ q✉❡st✐♦♥❛♠❡♥t♦ ❢❡✐t♦ ♥❛ ♣❡sq✉✐s❛ ❢♦✐ s❡ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡✲

♠❛s ♣❡r♠✐t❡ q✉❡ s❡ ♦❜s❡r✈❡ ❞❡ ✉♠❛ ♠❛♥❡✐r❛ ♠❛✐s ❡❢❡t✐✈❛ ❛s ❝❛r❛❝t❡ríst✐❝❛s ❡ ♣r♦♣r✐❡❞❛❞❡s

❞♦s ❝♦♥t❡ú❞♦s tr❛❜❛❧❤❛❞♦s❄ ❚♦❞♦s r❡s♣♦♥❞❡r❛♠ q✉❡ s✐♠✳

❖s ❝♦♠❡♥tár✐♦s ❞♦s ❛❧✉♥♦s r❡✈❡❧❛♠ ❛ ❡✜❝á❝✐❛ ❞❛ ♠❡t♦❞♦❧♦❣✐❛✱ ♦ ❛❧✉♥♦ ✷ ❞✐③ ✧❆

♠❡t♦❞♦❧♦❣✐❛ ❢❛③ ❝♦♠ q✉❡ ❛ ❣❡♥t❡ ✈❡❥❛ ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦s ❝♦♥t❡ú❞♦s ♥♦s ♣r♦❜❧❡♠❛s ❝♦♥✲

t❡①t✉❛❧✐③❛❞♦s ❡ t❛♠❜é♠ ♦s s✐❣♥✐✜❝❛❞♦s ❞❡ss❛s ❝❛r❛❝t❡ríst✐❝❛s✧✱ ♦✉ s❡❥❛✱ ❛ r❡s♦❧✉çã♦ ❞❡

♣r♦❜❧❡♠❛s ❞❛ ✈✐❞❛ ❛♦ ❝♦♥t❡ú❞♦ q✉❛♥❞♦ ♠♦str❛ ♦ s❡✉ s✐❣♥✐✜❝❛❞♦✳

❖ ❛❧✉♥♦ ✶ ❛❝r❡s❝❡♥t❛ ✧❙❡♠ ❞ú✈✐❞❛s ❛ ♠❡t♦❞♦❧♦❣✐❛ ♥♦s ❞á ♦ ♥í✈❡❧ ♥❡❝❡ssár✐♦ ❞❡

♦❜s❡r✈❛çã♦ ❡ ❝♦♠♣r❡❡♥sã♦✱ ♥♦ q✉❛❧ s❡ ♦❜té♠ ❞❡ ♠❛♥❡✐r❛ ❣❡r❛❧ ✉♠❛ ❢♦r♠❛ ✉t✐❧✐③á✈❡❧ ❞♦s

♣r♦❜❧❡♠❛s✱ ❛♠♣❧✐❛♥❞♦ ❛ ✈✐sã♦ ❞♦ ❛❧✉♥♦ ❝♦♠ r❡❧❛çã♦ ❛♦s ❝♦♥t❡ú❞♦s✳✧❖ ❢❛t♦ ❞♦ ❝♦♥t❡ú❞♦

❡stá ✐♥❝❧✉s♦ ❡♠ s✐t✉❛çõ❡s ♣r♦❜❧❡♠❛s ❝♦♥t❡①t✉❛❧✐③❛❞❛s ♣❡r♠✐t❡ q✉❡ ♦ ❡❞✉❝❛♥❞♦ ❛♠♣❧✐❡ s✉❛

✈✐sã♦ ❡♠ r❡❧❛çã♦ ❛♦ ❛ss✉♥t♦ ❡st✉❞❛❞♦✳

❆ ♠❡t♦❞♦❧♦❣✐❛ ❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛ ♠♦str❛ s✉❛ ✐♠♣♦rtâ♥❝✐❛ q✉❛♥❞♦ ♣♦ss✉✐

❛❧t❡r♥❛t✐✈❛s ♣❛r❛ q✉❡ ♦ ❡❞✉❝❛♥❞♦ ❝♦♠♣r❡❡♥❞❛ ❛ s♦❧✉çã♦ ❡ ❞❡s❡♥✈♦❧✈❛ ♦ ❛♣r❡♥❞✐③❛❞♦✱ ♦

❝♦♠❡♥tár✐♦ ❞♦ ❛❧✉♥♦ ✸ ❝♦♥✜r♠❛ ❡ss❛ ❛✜r♠❛çã♦ ❞✐③❡♥❞♦ ✧❬✳✳❪✉s❛♠♦s ♦ ❣rá✜❝♦ ♣❛r❛ ❡♥t❡♥❞❡r

♦s ❝á❧❝✉❧♦s q✉❡ ✜③❡♠♦s✱ ❡ ✉s❛♠♦s ❞✐❢❡r❡♥t❡s ♣r♦❜❧❡♠❛s ♣❛r❛ ❝♦♠♣r❡❡♥❞❡r ❛s ♣r♦♣r✐❡❞❛❞❡s✳✧

❊♠ ❣r❛♥❞❡ ♣❛rt❡ ♦ ❛❧✉♥♦ ♥ã♦ ❝♦♥s❡❣✉❡ ❝♦♠♣r❡❡♥❞❡r ♦ r❡s✉❧t❛❞♦ ❛❧❣é❜r✐❝♦✱ ❛ss✐♠

♦ ❛s♣❡❝t♦ ❣❡♦♠étr✐❝♦ ♦ ❛❥✉❞❛rá ❛ ✈✐s✉❛❧✐③❛r ♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡✳ ❆ ❞✐✈❡rs✐❞❛❞❡

❞❡ s✐t✉❛çõ❡s ♣r♦❜❧❡♠❛s t❛♠❜é♠ é ✉♠ ❢❛t♦r ✐♠♣♦rt❛♥t❡ ♣❛r❛ q✉❡ ♦ ❛❧✉♥♦ ♣♦ss❛ ❝♦♠♣❛r❛r

❡ ❡♥t❡♥❞❡r ♣r♦♣r✐❡❞❛❞❡s✳

P♦r ♠❡✐♦ ❞❛ ❡①❡♠♣❧✐✜❝❛çã♦ ♦ ❛❧✉♥♦ ✺ ❝♦♥❝r❡t✐③❛ ❛ ❡✜❝✐ê♥❝✐❛ ❞❛ ♠❡t♦❞♦❧♦❣✐❛✱ ✧❆

♠❡t♦❞♦❧♦❣✐❛ ❛❜♦r❞❛❞❛ ♣❡r♠✐t❡ q✉❡ ✈❡❥❛♠♦s ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦s ❝♦♥t❡ú❞♦s ♥♦s ♣r♦❜❧❡♠❛s

❝♦♥t❡①t✉❛❧✐③❛❞♦s ❡ t❛♠❜é♠ ❡♥t❡♥❞❡♠♦s ♦ s✐❣♥✐✜❝❛❞♦ ❞❡ss❛s ❝❛r❛❝t❡ríst✐❝❛s✱ ♦ q✉❡ s✐❣♥✐✜❝❛

✺✾



♦ ❛ ❡ ♦ ❜ ❞❛ ❢✉♥çã♦ ❛✜♠✳✧

❖s ❝♦♠❡♥tár✐♦s ❞♦s ❛❧✉♥♦s r❡✈❡❧❛♠ ♦ ❛❧❝❛♥❝❡ ❞❡ ✉♠ ❞♦s ♦❜❥❡t✐✈♦s q✉❡ é ❛✉♠❡♥t❛r ❛

❝❛♣❛❝✐❞❛❞❡ ❞❡ ❛ss♦❝✐❛r ♦ ❝♦♥t❡ú❞♦ ❛ s✐t✉❛çõ❡s ♣r♦❜❧❡♠❛s✳ ❖s ❝♦♠❡♥tár✐♦s t❛♠❜é♠ ❢❛③❡♠

✉♠❛ ♣♦♥t❡ ❝♦♠ ♦ ♣❡♥s❛♠❡♥t♦ ❞♦ ❛✉t♦r r❡❣✐str❛❞♦ ♥♦ ♣r✐♠❡✐r♦ ♣❛rá❣r❛❢♦ ❞♦ ❝❛♣ít✉❧♦ ✸ ❡

❝♦♠ ♦s P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s✭❇❘❆❙■▲✱ ✷✵✵✵✮ ❡ ❛ ♠❛tr✐③ ❞❡ ❝♦♠♣❡tê♥❝✐❛s ❡

❤❛❜✐❧✐❞❛❞❡s t❛♠❜é♠ ♥♦ r❡❢❡r✐❞♦ ❝❛♣ít✉❧♦✳

❖ s❡❣✉♥❞♦ q✉❡st✐♦♥❛♠❡♥t♦ é✿ ◗✉❡ ♣♦st✉r❛ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s

❡①✐❣❡ ❡ ❞❡s♣❡rt❛ ♥♦ ❛❧✉♥♦❄ ❉❡ ♠❛♥❡✐r❛ ❣❡r❛❧ ❛ ✈✐sã♦ ❞♦s ❛❧✉♥♦s é ❞❡ q✉❡ ❛ r❡s♦❧✉çã♦ ❞❡

♣r♦❜❧❡♠❛s ❞❡s♣❡rt❛ ❛ ❝✉r✐♦s✐❞❛❞❡ ❡♠ q✉❡r❡r ❞❡s❝♦❜r✐r s❡♠♣r❡ ♠❛✐s ❡ ♠♦t✐✈❛ ❛ ❝♦♥t✐♥✉❛r

♦s ❡st✉❞♦s✳

❆❧❜❡rt ❊✐♥st❡✐♥ s❡ ♣❡r❣✉♥t♦✉ ❝♦♠♦ é ♣♦ssí✈❡❧ q✉❡ ❛ ♠❛t❡♠át✐❝❛ ❢✉♥❝✐♦♥❛ss❡ tã♦

❜❡♠ ♣❛r❛ ❡①♣❧✐❝❛r ♦ ✉♥✐✈❡rs♦ t❛❧ ❝♦♠♦ ♦ ✈❡♠♦s✳ ❊①✐st❡♠ ♠✉✐t♦s ♣❛❞rõ❡s ♥❛ ♥❛t✉r❡③❛ q✉❡

❛ ♠❛t❡♠át✐❝❛ ❞❡s❝r❡✈❡ ❝♦♠♦ ♥❡♥❤✉♠❛ ✉♠❛ ♦✉tr❛ ❝✐ê♥❝✐❛✱ ❡ss❛ ❝✐ê♥❝✐❛ ♥ã♦ é ✉♠❛ ❝r✐❛çã♦

❤✉♠❛♥❛✱ ❡ s✐♠ ✉♠❛ ❞❡s❝♦❜❡rt❛ ♣♦✐s s❡ ❡♥❝♦♥tr❛ ♥❛ ♥❛t✉r❡③❛ ❞❡ ❢♦r♠❛ ❝❧❛r❛✳ ❊♥tã♦✱ ❛

♠❛t❡♠át✐❝❛ ♥ã♦ ♣♦❞❡ s❡r ❡♥s✐♥❛❞❛ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥❛ ❡❞✉❝❛çã♦ ❜ás✐❝❛ ❝♦♠♦ s❡ ❢♦ss❡ ❛❧❣♦

tã♦ ❞✐st❛♥t❡ ❞❛ ✈✐❞❛ ❞✐ár✐❛ q✉❡ s❡ ✈✐✈❡✳

➱ ✐♥❡❣á✈❡❧ q✉❡ s❡ ❢❛③ ♥❡❝❡ssár✐♦ ❞♦ ✉s♦ ❞❡ ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ q✉❡ tr❛❣❛ ✉♠❛ ♠♦t✐✈❛✲

çã♦ ❡♠ ❡st✉❞❛r ❛ ♠❛t❡♠át✐❝❛✱ ♦ ❛❧✉♥♦ ✹ ❞✐③ ✧❖ ❢❛t♦ ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ♣r♦♣♦r❝✐♦♥❛r q✉❡stõ❡s

❞✐❢❡r❡♥❝✐❛❞❛s ❞❡✐①♦✉ ❛ ♠❛t❡♠át✐❝❛ ♠❛✐s ✐♥t❡r❡ss❛♥t❡ ❡ ♠♦t✐✈♦✉ ✉♠ ❞❡s❡❥♦ ♠❛✐♦r✧❡ ♦ ❛❧✉♥♦

✽ ❝♦♠♣❧❡t❛ ❛✜r♠❛♥❞♦ ✧❆ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡s♣❡rt❛ ♥♦ ❛❧✉♥♦ ♦ ❣♦st♦ ♣❡❧❛ ♠❛t❡✲

♠át✐❝❛ ❡ ♠♦t✐✈❛ ❛ q✉❡r❡r ❞❡s❝♦❜r✐r s❡♠♣r❡ ♠❛✐s✳✧

◆❛ ✈✐sã♦ ❞♦s ❛❧✉♥♦s ✻ ❡ ✼ ❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❡①✐❣❡ ❡ ❞❡s❡♥✈♦❧✈❡ ♥♦ ❛❧✉♥♦

✉♠ s❡♥s♦ ❝rít✐❝♦ ❝❛♣❛③ ❞❡ ❛❥✉❞á✲❧♦s ♥♦s ❥✉❧❣❛♠❡♥t♦ ❞❛ r❡s♣♦st❛ ❛❧❝❛♥ç❛❞❛✱ ❝♦♠♦ s❡ ♣♦❞❡

♦❜s❡r✈❛r ♥♦s ❝♦♠❡♥tár✐♦s

❬✳✳✳❪ ❊ss❛ ♣♦st✉r❛ ❞❡s♣❡rt❛ ✐♥t❡r❡ss❡ ❡♠ r❡s♦❧✈❡r ❞✐✈❡rs♦s ♣r♦❜❧❡♠❛s ♥♦ ❡st✉❞♦ ❞❛

♠❛t❡♠át✐❝❛✳ ❉❡s♣❡rt❛ t❛♠❜é♠ ✉♠ s❡♥s♦ ❝rít✐❝♦ q✉❡ ♥♦s ❛❥✉❞❛ ❛ ❡①✐❣✐r ♠❛✐s ❞❛ ♥♦ss❛

❝❛♣❛❝✐❞❛❞❡ ❞❡ r❡s♦❧✉çã♦✳ ❬✳✳✳❪ ❊❧❛ ❡①✐❣❡ ♠✉✐t❛ ❡str❛té❣✐❛ ❡ ♦r❣❛♥✐③❛çã♦✱ ❡❧❛ t❛♠❜é♠ ❡①✐❣❡

✉♠ s❡♥s♦ ❝rít✐❝♦ ♠❛✐s ❛❜❡rt♦ ♣❛r❛ r❡s♦❧✈❡r ♦s ♣r♦❜❧❡♠❛s✳

❯♠ ♦✉tr♦ ♣♦♥t♦ ♣♦s✐t✐✈♦ ❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s é ♦ ❞❡ ❞❡s❡♥✈♦❧✈❡r ♥♦ ❡❞✉❝❛♥❞♦

❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❛♥❛❧✐s❡ ❞♦s ♣r♦❜❧❡♠❛s ❢❛✈♦r❡❝❡♥❞♦ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❡str❛té❣✐❛s✱ ❛s✲

s✐♠ ❛✜r♠❛ ♦ ❛❧✉♥♦ ✾✿ ✧❊①✐❣❡ q✉❡ ❛ ❝❛❞❛ ♣r♦❜❧❡♠❛ ✉♠❛ ❡str❛té❣✐❛ s❡❥❛ tr❛ç❛❞❛ ❡ ✉♠

♣❡♥s❛♠❡♥t♦ s❡❥❛ ❝r✐❛❞♦ ❡ ❞❡s❡♥✈♦❧✈✐❞♦ ❡ ❞❡ss❛ ❢♦r♠❛ ♥♦s ✐♠♣✉❧s✐♦♥❛ ❛ ✈❡♥❝❡r ♦s ♦❜stá❝✉✲

✻✵



❧♦s✧✳

❖ ❝♦♠❡♥tár✐♦ ❞♦ ❛❧✉♥♦ ✹ ❡stá ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♣❡♥s❛♠❡♥t♦ ❞♦ ❛✉t♦r✱ ♣♦✐s ♦ ❛✉t♦r

❛✜r♠❛ ♥♦ ❝❛♣✐t✉❧♦ ✸ q✉❡ ✉♠ ❞♦s ♣✐❧❛r❡s ❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s é ♣r♦♣♦r q✉❡stõ❡s ♥ã♦

♣❛❞r♦♥✐③❛❞❛s ♣❛r❛ ❛ss✐♠ ♠♦t✐✈❛r ❡ ❞❡s❡♥✈♦❧✈❡r ❛s ❝♦♠♣❡tê♥❝✐❛s ❡ ❤❛❜✐❧✐❞❛❞❡s ♥❡❝❡ssár✐❛s✳

❖s ❡❞✉❝❛♥❞♦s ✻ ❡ ✼ ♥♦s s❡✉s ❝♦♠❡♥tár✐♦s ❡①♣õ❡♠ q✉❡ t❛❧ ♠❡t♦❞♦❧♦❣✐❛ ❡①✐❣❡ ❡

❞❡s❡♥✈♦❧✈❡ ✉♠ s❡♥s♦ ❝rít✐❝♦✱ ❡st❡ ♣❡r♠✐t❡ q✉❡ ♦ ❛❧✉♥♦ q✉❡st✐♦♥❡ ❛s r❡s♣♦st❛s ♦❜t✐❞❛s ❡ ♦

♣ró♣r✐♦ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧ ❝♦♥✜r♠❛♥❞♦ ❛q✉✐❧♦ q✉❡ ❉✐♥✐③✭✶✾✾✶✱ ♣✳✶✷✮ r❡✈❡❧❛ s♦❜r❡ ❛s ❛çõ❡s

q✉❡ t❛❧ ♠❡t♦❞♦❧♦❣✐❛ ♣r♦♣õ❡✳

❖ t❡r❝❡✐r♦ q✉❡st✐♦♥❛♠❡♥t♦ ❞✐③ r❡s♣❡✐t♦ ❛ ❝♦♥❡①ã♦ ❡♥tr❡ ♠❛t❡♠át✐❝❛ ❡ ❢ís✐❝❛✳ ❯♠❛ ❞❛s três

ár❡❛s ❞❡ ❡st✉❞♦ ❞❡s❝r✐t❛ ♣❡❧♦s P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s✭❇❘❆❙■▲✱✷✵✵✵✱ ♣✳ ✾✻✮

❝♦♥té♠ ❛ ♠❛t❡♠át✐❝❛ ✐♥t❡r❛❣✐♥❞♦ ❝♦♠ ❛ ❝✐ê♥❝✐❛s ❞❛ ♥❛t✉r❡③❛✭❢ís✐❝❛✱ q✉í♠✐❝❛ ❡ ❜✐♦❧♦❣✐❛✮

t❡♥❞♦ ❡♠ ✈✐st❛ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ r❡❧❛çã♦ ❡♥tr❡ ❛ ♠❛t❡♠át✐❝❛ ❡ t❛✐s ár❡❛s✳

❆ ♣r❡s❡♥ç❛ ❞❛ ♠❛t❡♠át✐❝❛ ♥❡ss❛ ár❡❛ s❡ ❥✉st✐✜❝❛ ♣❡❧♦ q✉❡ ❞❡ ❝✐✲
ê♥❝✐❛ t❡♠ ❛ ♠❛t❡♠át✐❝❛✱ ♣♦r s✉❛ ❛✜♥✐❞❛❞❡ ❝♦♠ ❛s ❝✐ê♥❝✐❛s ❞❛
♥❛t✉r❡③❛✱ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ é ✉♠ ❞♦s ♣r✐♥❝✐♣❛✐s r❡❝✉rs♦s ❞❡ ❝♦♥s✲
t✐t✉✐çã♦ ❡ ❡①♣r❡ssã♦ ❞♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❞❡st❛s ú❧t✐♠❛s✱ ❡ ✜♥❛❧♠❡♥t❡
♣❡❧❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ ✐♥t❡❣r❛r ❛ ▼❛t❡♠át✐❝❛ ❝♦♠ ♦s ❝♦♥❤❡❝✐♠❡♥t♦s
q✉❡ ❧❤❡ sã♦ ♠❛✐s ❛✜♥s✳✭❇❘❆❙■▲✱ ✷✵✵✵✱ ♣✳ ✾✸✮

❖s P❛râ♠❡tr♦s ❝✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s ✭❇❘❆❙■▲✱ ✷✵✵✵✱ ♣✳ ✼✻✮ ❛✜r♠❛♠ ✧❡ss❛ ✬✐♥✲

t❡r❞✐s❝✐♣❧✐♥❛r✐❞❛❞❡ s✐♥❣❡❧❛✬ é ✐♠♣♦rt❛♥t❡ ♣❛r❛ q✉❡ ♦s ❛❧✉♥♦s ❛♣r❡♥❞❛♠ ❛ ♦❧❤❛r ♦ ♠❡s♠♦

♦❜❥❡t♦ s♦❜ ♣❡rs♣❡❝t✐✈❛s ❞✐❢❡r❡♥t❡s✳✧

❙♦❜r❡ ♦ t❡r❝❡✐r♦ q✉❡st✐♦♥❛♠❡♥t♦ t♦❞♦s ❛✜r♠❛r❛♠ ♦❜s❡r✈❛r t❛❧ r❡❧❛çã♦ ♣♦r ♠❡✐♦ ❞❛

r❡s♦❧✉çã♦ ❞♦s ❡①❡r❝í❝✐♦s✳ ❖ ❛❧✉♥♦ ✶ ❞✐③ ✧♣❛r❛ q✉❡ r❡s♦❧✈❛♠♦s ♣r♦❜❧❡♠❛s ♥❡st❛s ❞✐s❝✐♣❧✐♥❛s✱

♥❡❝❡ss✐t❛♠♦s ❞❡ ♣r♦♣r✐❡❞❛❞❡s ❡ ♠ét♦❞♦s ❞❡ ✐♥t❡r♣r❡t❛çã♦ ❡①✐st❡♥t❡s q✉❡ ♥ã♦ ❞✐❢❡r❡♠✧✱ ♦✉

s❡❥❛✱ ❛s ❞✐s❝✐♣❧✐♥❛s ♣♦ss✉❡♠ ✉♠❛ ✐♥t❡r❛çã♦ tã♦ ❣r❛♥❞❡ q✉❡ ♦s ♠ét♦❞♦s ♣❛r❛ r❡s♦❧✉çã♦ ❡♠

t❛✐s ❞✐s❝✐♣❧✐♥❛s ♥ã♦ ❞✐❢❡r❡♠✳

❆ ❝♦♥❡①ã♦ ❡♥tr❡ ♠❛t❡♠át✐❝❛ ❡ ❢ís✐❝❛ ♣♦r ♠❡✐♦ ❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡s❡♥✈♦❧✈❡

✉♠ ❛♣r❡♥❞✐③❛❞♦ s✐❣♥✐✜❝❛t✐✈♦✱ ♣❡r❝❡❜❡✲s❡ t❛❧ ❢❛t♦ q✉❛♥❞♦ ♦s ❛❧✉♥♦s ✹✱ ✺ ❡ ✻ ❝♦♠❡♥t❛♠

❡①❡♠♣❧✐✜❝❛♥❞♦ s✐t✉❛çõ❡s✳

❬✳✳✳❪✧♣♦r ❡①❡♠♣❧♦ ❢❛③❡♥❞♦ ❛ r❡❧❛çã♦ ❡♥tr❡ ❡❧❛s ♣❡r❝❡❜✐ q✉❡ ❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❞❛

r❡t❛ é ❥✉st❛♠❡♥t❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛ ❞♦ ♠ó✈❡❧✳✧❬✳✳✳❪ ✧❊♠ ✉♠❛ ❞❛s q✉❡stõ❡s ♣✉❞❡ ♣❡r❝❡❜❡r

q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❛ q✉❡ é ❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❞❛ ❢✉♥çã♦ ❛✜♠ é ❛ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛ ❡ ❜ ♦

♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ❞♦ ♠♦✈✐♠❡♥t♦ ❞♦ ♠ó✈❡❧✳✧❬✳✳✳❪ ♦❜s❡r✈❡✐ q✉❡ ♦ ✈ért✐❝❡ ❞❛ ❢✉♥çã♦ é ♦ ♣♦♥t♦

❞❛ tr❛❥❡tór✐❛ q✉❡ ♦ ♠ó✈❡❧ ♠✉❞❛ ❞❡ s❡♥t✐❞♦✳✧
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❖ ❝♦♠❡♥tár✐♦ ❞♦ ❛❧✉♥♦ ✶✵ ❝❤❛♠❛ ❛t❡♥çã♦ ♣❡❧♦ ♣❡s♦ ❞❛ ❛✜r♠❛çã♦ ❡①♣♦st❛ ✧♣♦rq✉❡

❛♠❜❛s s❡ r❡❧❛❝✐♦♥❛♠✱ ♣♦✐s ❛ ♠❛t❡♠át✐❝❛ é ✉♠❛ ❢❡rr❛♠❡♥t❛ ❡ss❡♥❝✐❛❧ ♣❛r❛ ❛ ❢ís✐❝❛✳ ❊ ❛

❢ís✐❝❛ é ✉♠❛ r✐❝❛ ❢♦♥t❡ ❞❡ ✐♥s♣✐r❛çã♦ ♣❛r❛ ❛ ♠❛t❡♠át✐❝❛✳ P♦rt❛♥t♦✱ ❛ ❝♦♥✈✐❝çã♦ ❞❡ ♦s

♥ú♠❡r♦s ❣♦✈❡r♥❛♠ ♦ ♠✉♥❞♦✳✧

P♦r ❝♦♥s❡❣✉✐♥t❡✱ ♦s ❝♦♠❡♥tár✐♦s ❞♦s ❡st✉❞❛♥t❡s ♥♦s ♣❡r♠✐t❡ ❛❧❝❛♥ç❛r ♠❛✐s ❞♦✐s

♦❜❥❡t✐✈♦s q✉❡ ❡r❛ ♠♦str❛ ❛ ❝♦♥❡①ã♦ ❡♥tr❡ ♠❛t❡♠át✐❝❛ ❡ ❢ís✐❝❛ ♣♦r ♠❡✐♦ ❞❛ r❡s♦❧✉çã♦ ❞❡

♣r♦❜❧❡♠❛s ❡ ♠♦t✐✈á✲❧♦s ❛tr❛✈és ❞❛ ✐♥t❡r❞✐s❝✐♣❧✐♥❛r✐❞❛❞❡✳

❖ q✉❛rt♦ ❡ ú❧t✐♠♦ q✉❡st✐♦♥❛♠❡♥t♦ ❡r❛ q✉❛♥t♦ ❛♦s ❜❡♥❡❢í❝✐♦s ❞❡ t❛❧ ♠❡t♦❞♦❧♦❣✐❛ ♥❛ ♣r✐♥❝✐✲

♣❛❧ ♣♦rt❛ ❞❡ ❡♥tr❛❞❛ ❞❛ ✉♥✐✈❡rs✐❞❛❞❡ ♦ ❊◆❊▼✳ ◆❛ ✈✐sã♦ ❞♦s ❡❞✉❝❛♥❞♦s ♦ ❡①❛♠❡ ♥❛❝✐♦♥❛❧

❞♦ ❡♥s✐♥♦ ♠é❞✐♦ ❡①✐❣❡ ✉♠ ❜♦♠ ♥í✈❡❧ ❞❡ ✐♥t❡r♣r❡t❛çã♦ ❞❡ t❡①t♦ ✭q✉❡stõ❡s✮ ♣❛r❛ s❡ ❢❛③❡r ✉♠❛

♣♦♥t❡ ❞♦ t❡①t♦ ❝♦♠ ❛ r❡s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛✱ ❡ s❡❣✉♥❞♦ ❡❧❡s ❛ ♠❡t♦❞♦❧♦❣✐❛ ♣r♦♣♦r❝✐♦♥❛

t❛❧ ❝♦♠♣❡tê♥❝✐❛ ❝♦♠♦ s❡ ♦❜s❡r✈❛ ♥♦s ❝♦♠❡♥tár✐♦s ❛ s❡❣✉✐r

❆❧✉♥♦ ✶✿ ✧❆ ♠❡t♦❞♦❧♦❣✐❛ ♥ã♦ só ♥♦s ♣r❡♣❛r❛ ♣❛r❛ ♦ ❡①❛♠❡✱ ❝♦♠♦ t❛♠❜é♠ ♥♦s

✐♥❝✐t❛ ❛ ❡❧❡✈❛r ♦ ♥í✈❡❧ ❞❡ r❡s♦❧✉çã♦ ❛❝✐♠❛ ❞♦ ♣ró♣r✐♦ ✈❡st✐❜✉❧❛r✳✧

❆❧✉♥♦ ✷✿ ✧❊❧❛ ❢❛③ ❝♦♠ q✉❡ ❛ ♣❡ss♦❛ ✜q✉❡ ❜❡♠ ♠❡❧❤♦r ♥❛ ✐♥t❡r♣r❡t❛çã♦ ❞❡ t❡①t♦✱

s❡♥❞♦ ❛ss✐♠ ♦ ❛❧✉♥♦ ✈❛✐ t✐r❛r ✉♠❛ ♥♦t❛ ♠❡❧❤♦r✱ ♣♦rq✉❡ s❡ ❛ ♣❡ss♦❛ t✐✈❡r ♦ ❝♦st✉♠❡ ❞❡

r❡s♦❧✈❡r ❡ss❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛ ✈❛✐ ❢❛❝✐❧✐t❛r ❛ ✈✐s✉❛❧✐③❛çã♦ ❞❛s ❝❛r❛❝t❡ríst✐❝❛s ❡ ♣r♦♣r✐❡❞❛❞❡s

❞♦s ❝♦♥t❡ú❞♦s✳✧

❆❧✉♥♦ ✹✿ ✧❯♠ ❞♦s ❣r❛♥❞❡s ❜❡♥❡❢í❝✐♦s é ♦ ♣♦❞❡r ❞❡ ✐♥t❡r♣r❡t❛çã♦ q✉❡ ❡❧❛ ♥♦s ❞á ♥♦

❊◆❊▼ é ♥❡❝❡ssár✐♦ q✉❡ s❡ t❡♥❤❛ ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ❡ ❛❣✐❧✐❞❛❞❡ ♥❛ r❡s♦❧✉çã♦ ❞❛s q✉❡stõ❡s✳✧

❆❧✉♥♦ ✻✿ ✧❊ss❛ ♠❡t♦❞♦❧♦❣✐❛ ❛❥✉❞❛ ♠✉✐t♦✱ ♣♦✐s ♦❜s❡r✈❛♥❞♦ ❛s q✉❡stõ❡s ❞♦ ❊◆❊▼

sã♦ q✉❡stõ❡s ❝♦♥t❡①t✉❛❧✐③❛❞❛s✱ ❛✐ r❡s♦❧✉çã♦ ♥♦s ❛❥✉❞❛ s❛❜❡r ❛♣❧✐❝❛r ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦s

❝♦♥t❡ú❞♦s ♥❡ss❡ t✐♣♦ ❞❡ s✐t✉❛çã♦✧✳

❆❧✉♥♦ ✶✵✿ ✧tr❛③ ❢❛❝✐❧✐❞❛❞❡✱ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛q✉✐❧♦ q✉❡ ❞❡ ❢❛t♦ é ♦s q✉❡st✐♦♥ár✐♦s ❞♦

❊◆❊▼✱ ♣♦r ✐ss♦✱ s❡ t♦r♥❛ ♠❛✐s ❞❡ ✐♥t❡r♣r❡t❛r ♦ q✉❡ ♦s ♣r♦❜❧❡♠❛s ♣❡❞❡ ♥❛ ❤♦r❛ ❞❡ r❡❛❧✐③❛r

❛s q✉❡stõ❡s✱ q✉❡ ❡①❡r❝❡ ✉♠ ♣♦✉❝♦ ❞❡ r❛❝✐♦❝í♥✐♦ ❡ ❛t❡♥çã♦ ♣❛r❛ q✉❡ ás ✈❡③❡s ♣♦ss❛ r❡s♦❧✈❡r

♠❡♥t❛❧♠❡♥t❡ s❡♠ ♣r❡❝✐s❛r ❞❡ ❢❛③❡r ❝á❧❝✉❧♦s q✉❡ ✐ss♦ ✐rá r❡s✉❧t❛r ❞❡ ✉♠❛ ✈❛♥t❛❣❡♠ ♣❛r❛

s♦❧✉❝✐♦♥❛r ♦ ♣r♦❜❧❡♠❛ ❡♠ ♠❡♥♦r t❡♠♣♦✧✳
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✺ ❈❖◆❙■❉❊❘❆➬Õ❊❙ ❋■◆❆■❙

❖s r❡s✉❧t❛❞♦s ❞♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ tr❛❜❛❧❤♦ ❛♥❛❧✐s❛❞♦s ♠❡❞✐❛♥t❡ ❛ ✈✐sã♦ ❞♦s

❛❧✉♥♦s✱ s✉♣❡r❛r❛♠ ❡♠ ♠✉✐t♦ ❛s ❡①♣❡❝t❛t✐✈❛s ❡ ♥♦s ♠♦str❛♠ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ r❡s♦❧✉çã♦

❞❡ ♣r♦❜❧❡♠❛s ❝♦♠♦ ✉♠❛ ❢❡rr❛♠❡♥t❛ ✐♠♣♦rt❛♥t❡ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❡♥s✐♥♦ ❛♣r❡♥❞✐③❛❣❡♠✱ ♣♦✐s

❛tr❛✈és ❞❛ ♠❡s♠❛ ♠✉✐t♦s ♦❜❥❡t✐✈♦s ♣❛r❛ ❛ ♠❡❧❤♦r✐❛ ❞❛ ❡❞✉❝❛çã♦ ♣♦❞❡♠ s❡r ❛❧❝❛♥ç❛❞♦s✳

❆ r❡❛çã♦ ❞♦s ❛❧✉♥♦s ❢♦✐ s✉r♣r❡❡♥❞❡♥t❡ ♥❛ ❛♣❧✐❝❛çã♦ ❞♦ tr❛❜❛❧❤♦ ♣r♦♣♦st♦✳ ❆ ♠❛✲

t❡♠át✐❝❛ s❡ ❝♦♥❡❝t♦✉ ❝♦♠ ♦ ♠✉♥❞♦ ❞❡❧❡s✱ ♣r♦♣♦r❝✐♦♥❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ❞♦ ❝♦♥t❡ú❞♦ ❞❡

❞✐❢❡r❡♥t❡s ❢♦r♠❛s✱ ❞❡s❞❡ ❛s ❛♣❧✐❝❛çõ❡s ♠❛✐s s✐♠♣❧❡s ❛té ❛s ♠❛✐s ❝♦♠♣❧❡①❛s✳

❖ ❞❡♣♦✐♠❡♥t♦ ❞❡ ✉♠ ❞♦s ❛❧✉♥♦s ❛♣ós à ❛♣❧✐❝❛çã♦ ❞♦ ♣r♦❥❡t♦ ♠♦str❛ ❛ s✉❛ r❡❧❡✈â♥✲

❝✐❛✱ ❡❧❡ ❞✐ss❡ ✧❬✳✳✳❪ ❛ ♠❛t❡♠át✐❝❛ é ✉♠❛ ❢❡rr❛♠❡♥t❛ ❡ss❡♥❝✐❛❧ ♣❛r❛ ❛ ❢ís✐❝❛✳ ❊ ❛ ❢ís✐❝❛ é

✉♠❛ r✐❝❛ ❢♦♥t❡ ❞❡ ✐♥s♣✐r❛çã♦ ♣❛r❛ ❛ ♠❛t❡♠át✐❝❛✳ P♦rt❛♥t♦ ❛ ❝♦♥✈✐❝çã♦ ❞❡ q✉❡ ♦s ♥ú♠❡r♦s

❣♦✈❡r♥❛♠ ♦ ♠✉♥❞♦✳✧❖ ❢❛t♦ ❞❡ ✉♠ ❛❧✉♥♦ ❡①♣♦r t❛❧ ❝♦♠❡♥tár✐♦ ❞❡♣♦✐s ❞❡ ♣❡r❝❡❜❡r ❛ ❝♦✲

♥❡①ã♦ ❡①✐st❡♥t❡ ❡♥tr❡ ❛s ❞✉❛s ❞✐s❝✐♣❧✐♥❛s ❝♦r♦❛ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s

❝♦♠♦ ✉♠❛ ❢❡rr❛♠❡♥t❛ ❞❡ ❡①tr❡♠❛ ✐♠♣♦rtâ♥❝✐❛✳

P♦r ✜♠✱ ❛ ♣❡sq✉✐s❛ ❞❡♠♦♥str❛ ♦s ❣r❛♥❞❡s ❜❡♥❡❢í❝✐♦s ❞❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s

❝♦♠♦ ❡str❛té❣✐❛ ❞❡ ❡♥s✐♥♦✳ ❇❛st❛♥❞♦ ♣❛r❛ ✐ss♦ q✉❡ ♦ ♣r♦❢❡ss♦r ✉t✐❧✐③❡ t❛❧ ❢❡rr❛♠❡♥t❛ ❝♦♠

♣r♦❜❧❡♠❛s q✉❡ ❜✉sq✉❡ ♠♦t✐✈❛r✱ ❛❝r❡s❝❡♥t❛r ❛❧❣♦ ❛♦ ♥♦ s❡✉ ❝✉rrí❝✉❧♦ ❡ s✉r♣r❡❡♥❞❡r ♦ ❛❧✉♥♦✳

❚♦❞❛✈✐❛✱ ❞✐❛♥t❡ ❞♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r s♦❜r❡ ♦ t❡♠❛ ♣r♦♣♦st♦✱

♥♦✈❛s ♣❡sq✉✐s❛s sã♦ ❞❡ s✉♠❛ ✐♠♣♦rtâ♥❝✐❛✱ ❛ss✐♠ ✐♥❞✐❝♦ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛♦s ❡❞✉❝❛❞♦r❡s

❞❛s ❞✐s❝✐♣❧✐♥❛s ❞❡ ♠❛t❡♠át✐❝❛ ❡ ❢ís✐❝❛✱ ❝♦♠♦ t❛♠❜é♠ ♣❛r❛ ♣r♦❢❡ss♦r❡s ❡ ❛❝❛❞ê♠✐❝♦s ❞❡

ár❡❛s ❝♦♠♦ q✉í♠✐❝❛✱ ❛s ❡♥❣❡♥❤❛r✐❛s ❡ t❛♥t❛s ♦✉tr❛s q✉❡ s❡ r❡❧❛❝✐♦♥❛♠✳ ❈♦♠♦ s✉❣❡stã♦
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