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❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ Pr♦❣r❛♠❛ ❞❡ Pós✲
●r❛❞✉❛çã♦ ▼❡str❛❞♦ Pr♦✜ss✐♦♥❛❧ ❡♠ ▼❛t❡♠át✐❝❛
❡♠ ❘❡❞❡ ◆❛❝✐♦♥❛❧ ✭P❘❖❋▼❆❚✮✱ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡
❊st❛❞✉❛❧ ❞♦ ▼❛r❛♥❤ã♦✱ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ ❣r❛✉ ❞❡
♠❡str❡✳
❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ❋❡❧✐① ❙✐❧✈❛ ❈♦st❛✳

❙ã♦ ▲✉ís ✲ ▼❆
✷✵✶✾
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▲✐♠❛✱ ■③❛♥✐❧s♦♥ ❙✐❧✈❛✳

❆♣❧✐❝❛çã♦ ❞❛ ❣❡♦♠❡tr✐❛ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞♦ ♠♦♠❡♥t♦ ❞❡ ✐♥ér❝✐❛ ✴

■③❛♥✐❧s♦♥ ❙✐❧✈❛ ▲✐♠❛✳✕ ❙ã♦ ▲✉ís✱ ✷✵✶✾✳

①①①✐✐✱ ✺✹ ❢♦❧❤❛s ✿ ✐❧✳✱ ❢✐❣✳✱ t❛❜✳

❉✐ss❡rt❛çã♦ ✭▼❡str❛❞♦✮ ✕ ❈✉rs♦ ❞❡ ▼❛t❡♠át✐❝❛✱

❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞♦ ▼❛r❛♥❤ã♦✱ ✷✵✶✾✳

❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ❋❡❧✐① ❙✐❧✈❛ ❈♦st❛✳
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❆●❘❆❉❊❈■▼❊◆❚❖❙

❆❣r❛❞❡ç♦✱ ❡♠ ♣r✐♠❡✐r♦ ❧✉❣❛r✱ ❛ ❉❡✉s✱ ♣♦r ♠❡ ❝♦♥❝❡❞❡r ❛ ✈✐❞❛✱ ❡ ❞❛r ❢♦rç❛ ❡ ✐♥s♣✐r❛çã♦
♣❛r❛ ✈❡♥❝❡r t♦❞❛s ❛s ❡t❛♣❛s ❞♦ ♠❡str❛❞♦ ❡ ❝♦♥s❡❣✉✐r ❝❤❡❣❛r ❛té ❛q✉✐✳

❆♦ ♠❡✉ q✉❡r✐❞♦ ♣❛✐✱ ❋r❛♥❝✐s❝♦ ❋✐❧✐♥t♦ ▲✐♠❛✱ ♠❡✉ ❡①❡♠♣❧♦ ❞❡ ❤♦♥❡st✐❞❛❞❡ ❡ ♣❡rs❡✈❡✲
r❛♥ç❛✳

➚ ♠✐♥❤❛ ♠ã❡✱ ❋r❛♥❝✐s❝❛ ❙✐❧✈❛ ▲✐♠❛✱ q✉❡✱ ❛❧é♠ ❞❡ ♠❡ ❞❛r ❛ ✈✐❞❛✱ é ♠❡✉ ❡①❡♠♣❧♦ ❞❡
♣❡ss♦❛ ❡ ❞❡ ♣r♦❢❡ss♦r❛✱ q✉❡ s❡♠♣r❡ ♠❡ ♠♦t✐✈♦✉ ❡ ♠❡ ❛♣♦✐♦✉ ❡♠ t♦❞❛s ❛s ♠✐♥❤❛s ❞❡❝✐sõ❡s✳

➚ ♠✐♥❤❛ ❡s♣♦s❛ ❆♥❛ ❈❤❛✈❡s✱ ♣❡❧♦ s❡✉ ❛♣♦✐♦ ❡ ❝♦♠♣r❡❡♥sã♦✱ ❡ ♣♦r s❡r ❛ ♠✐♥❤❛ ❞♦s❡
❞✐ár✐❛ ❞❡ ❛❧❡❣r✐❛ ❡ ♠♦t✐✈❛çã♦ ♥❛ ❜✉s❝❛ ❞❡ ✉♠ ❢✉t✉r♦ ♠❡❧❤♦r✳

❆♦s ❞❡♠❛✐s ❢❛♠✐❧✐❛r❡s✱ ✐r♠ãs✱ ♣r✐♠♦s ❡ t✐❛✱ q✉❡ ❛❝r❡❞✐t❛r❛♠ ❡♠ ♠✐♠ ❡ ♥❛ ♠✐♥❤❛
❝❛♣❛❝✐❞❛❞❡✳

➚ ❯❊▼❆ ❡ à ❙♦❝✐❡❞❛❞❡ ❇r❛s✐❧❡✐r❛ ❞❡ ▼❛t❡♠át✐❝❛ ✭❙❇▼✮✱ ♣❡❧❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ q✉❛✲
❧✐✜❝❛çã♦ ❞♦ ❞♦❝❡♥t❡ ❞❡ ♠❛t❡♠át✐❝❛ ♥♦ ❊st❛❞♦ ❞♦ ▼❛r❛♥❤ã♦✳

➚ ❋✉♥❞❛çã♦ ❞❡ ❆♠♣❛r♦ à P❡sq✉✐s❛ ❡ ❛♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❈✐❡♥t✐✜❝♦ ❡ ❚❡❝♥♦❧ó❣✐❝♦ ❞♦
▼❛r❛♥❤ã♦ ✭❋❛♣❡♠❛✮✱ ♣❡❧❛ ❜♦❧s❛ ❝♦♥❝❡❞✐❞❛✱ ♣♦✐s s❡♠ ❡❧❛ ♥ã♦ s❡r✐❛ ♣♦ssí✈❡❧ ❝❤❡❣❛r ❛té ❛q✉✐✳
❆♦ ❝♦♦r❞❡♥❛❞♦r ❞♦ Pr♦❢♠❛t ✲ ❯❊▼❆✱ ♦ ♣r♦❢✳ ❉r✳ ❏♦ã♦ ❈♦❡❧❤♦ ❙✐❧✈❛ ❋✐❧❤♦✱ q✉❡ t❛♥t♦ s❡
❡♠♣❡♥❤❛ ♣❡❧♦ ❝✉rs♦✱ ❡st❛♥❞♦ s❡♠♣r❡ ♣r❡s❡♥t❡ ❡ ❜✉s❝❛♥❞♦ ♠❡❧❤♦r✐❛s ♣❛r❛ ♦ ♣r♦❣r❛♠❛✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ♦ ♣r♦❢✳ ❉r✳ ❋❡❧✐① ❙✐❧✈❛ ❈♦st❛✱ ♣❡❧❛ ❝♦❧❛❜♦r❛çã♦ ♥❛ r❡❛❧✐③❛çã♦ ❞❡st❡
tr❛❜❛❧❤♦✳

❆♦ ♣r♦❢❡ss♦r ❉r✳ ❙❡r❣✐♦ ◆♦❧❡t♦ ❚✉r✐❜✉s✱ q✉❡ ❞✉r❛♥t❡ t♦❞♦ ♦ ❝✉rs♦ s❡ ♠♦str♦✉ ♠❛✐s
q✉❡ ✉♠ ♣r♦❢❡ss♦r ❝♦♠♣❡t❡♥t❡ ❡ r❡s♣♦♥sá✈❡❧✱ ♥ã♦ ♠❡❞✐♥❞♦ ❡s❢♦rç♦s ♣❛r❛ ❛❥✉❞❛r ❛ t♦❞♦s✱
♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥❛ ♣r❡♣❛r❛çã♦ ♣❛r❛ ♦ ❊①❛♠❡ ◆❛❝✐♦♥❛❧ ❞❡ ◗✉❛❧✐✜❝❛çã♦ ✭❊◆◗✮✳

➚ s❡❝r❡tár✐❛ ❆♥♥❛♥❞❛ ❈r②st✐♥❛✱ ♣❡❧❛ ❡✜❝✐ê♥❝✐❛ ❡ ❛♣♦✐♦ ❞✐s♣❡♥s❛❞♦s ❛ t♦❞♦s ♦s ❞✐s❝❡♥t❡s✳

✈



❘❊❙❯▼❖

❆♣❡s❛r ❞❛ ♠❛t❡♠át✐❝❛ t❡r ✉♠ ✐♠♣♦rt❛♥t❡ ♣❛♣❡❧ ♥❛ ❢♦r♠❛çã♦ ❞♦s ✐♥❞✐✈í❞✉♦s✱ ❛s ❛✈❛✲
❧✐❛çõ❡s ❞♦ ▼✐♥✐stér✐♦ ❞❛ ❊❞✉❝❛çã♦ ✭▼❊❈✮ t❡♠ ♠♦str❛❞♦ ✉♠ ❡♥s✐♥♦ ❜r❛s✐❧❡✐r♦ ❜❛st❛♥t❡
❞❡❢❡✐t✉♦s♦✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♠ ♠❛t❡♠át✐❝❛✳ ❆ ●❡♦♠❡tr✐❛ é ✉♠ ❞♦s ❛ss✉♥t♦s ❞♦s q✉❛✐s
♦s ❛❧✉♥♦s tê♠ ♠❛✐s ❞✐✜❝✉❧❞❛❞❡s✳ ❆♣❡s❛r ❞✐ss♦✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❡st✉❞♦ s✐st❡♠át✐❝♦ ❡♥✲
✈♦❧✈❡♥❞♦ ❣❡♦♠❡tr✐❛ ♣❧❛♥❛ ❛♣❧✐❝❛❞❛ ♥♦ ❝á❧❝✉❧♦ ❞❡ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❡ ♠♦♠❡♥t♦ ❞❡ ✐♥ér❝✐❛✳
❈♦♥❝❡✐t♦s ❡st❡s✱ ❝r✉❝✐❛✐s ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦ ❡q✉✐❧í❜r✐♦ ❞❡ ✉♠ ❝♦r♣♦✳
P❛❧❛✈r❛s ❈❤❛✈❡✿ ●❡♦♠❡tr✐❛✱ ❈❡♥tr♦ ❞❡ ▼❛ss❛✱ ▼♦♠❡♥t♦ ❞❡ ■♥ér❝✐❛✳
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❆❇❙❚❘❆❈❚

❆❧t❤♦✉❣❤ ♠❛t❤❡♠❛t✐❝s ❤❛s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧s✱ t❤❡
❡✈❛❧✉❛t✐♦♥s ♦❢ t❤❡ ▼✐♥✐str② ♦❢ ❊❞✉❝❛t✐♦♥ ✭▼❊❈✮ ❤❛✈❡ s❤♦✇♥ ❛ r❛t❤❡r ❞❡❢❡❝t✐✈❡ ❇r❛③✐❧✐❛♥
t❡❛❝❤✐♥❣✱ ♠❛✐♥❧② ✐♥ ♠❛t❤❡♠❛t✐❝s✳ ●❡♦♠❡tr② ✐s ♦♥❡ ♦❢ t❤❡ s✉❜❥❡❝ts t❤❛t st✉❞❡♥ts ❤❛✈❡ t❤❡
♠♦st ❞✐✣❝✉❧t② ✇✐t❤✳ ❉❡s♣✐t❡ t❤✐s✱ ✇❡ ♣r❡s❡♥t ❛ s②st❡♠❛t✐❝ st✉❞② ✐♥✈♦❧✈✐♥❣ ❛♣♣❧✐❡❞ ✢❛t
❣❡♦♠❡tr② ✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ♠❛ss ❝❡♥t❡r ❛♥❞ ♠♦♠❡♥t ♦❢ ✐♥❡rt✐❛✳ ❚❤❡s❡ ❝♦♥❝❡♣ts ❛r❡
❝r✉❝✐❛❧ ❢♦r ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ❜❛❧❛♥❝❡ ♦❢ ❛ ❜♦❞②✳
❑❡②✇♦r❞s✿ ●❡♦♠❡tr②✱ ▼❛ss ❈❡♥t❡r✱ ▼♦♠❡♥t ♦❢ ■♥❡rt✐❛✳
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❙✉♠ár✐♦

▲✐st❛ ❞❡ ❋✐❣✉r❛s ✐①

■◆❚❘❖❉❯➬➹❖ ✶

✶ ❈❊◆❚❘❖ ❉❊ ●❘❆❱■❉❆❉❊✱ ❈❊◆❚❘❖ ❉❊ ▼❆❙❙❆ ❊ ❈❊◆❚❘❖■❉❊ ✷
✶✳✶ ❈❡♥tr♦ ❞❡ ●r❛✈✐❞❛❞❡ ✭❈●✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸
✶✳✷ ❈❡♥tr♦ ❞❡ ▼❛ss❛ ✭❈▼✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
✶✳✸ ▼♦♠❡♥t♦s ❡ ❈❡♥tr♦s ❞❡ ▼❛ss❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
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❉✉r❛♥t❡ t♦❞❛ ❛ ✈✐❞❛ ❛ ❤✉♠❛♥✐❞❛❞❡ t❡♠ q✉❡ ✐♥t❡r❛❣✐r ❝♦♠ ♦❜❥❡t♦s ♥✉♠ ❡s♣❛ç♦ ❢ís✐❝♦✳
❆ ❣❡♦♠❡tr✐❛ t❡✈❡ ❡ t❡♠ ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ♥✐ss♦ t✉❞♦✱ ❞❡✈✐❞♦ ❛ s✉❛ ✐♠❡♥s❛ ❛♣❧✐❝❛çã♦✳
❖s ❝♦♥❝❡✐t♦s ❣❡♦♠étr✐❝♦s ♣♦❞❡♠ s❡r ✉t✐❧✐③❛❞♦s ♥❛ ❢ís✐❝❛✱ ❡♥❣❡♥❤❛r✐❛s✱ ♣rát✐❝❛s ❡s♣♦rt✐✈❛s✱
❧❛③❡r ✭♣❛rq✉❡ ❞❡ ❞✐✈❡rsõ❡s✮ ❡♥tr❡ ♦✉tr♦s✳

❱❡❥❛♠♦s ✉♠ ❡①❡♠♣❧♦ s✐♠♣❧❡s✱ ♠❛s q✉❡ ♥♦s ♠♦str❛ ❝♦♠♦ ❡❧❛ t❡♠ ✉♠ ✐♠♣❛❝t♦ ♥❛ ✈✐❞❛
❞❡ ❝❛❞❛ ♣❡ss♦❛✳ ■♥t✉✐t✐✈❛♠❡♥t❡✱ t❡♠♦s ✉♠❛ ♥♦çã♦ ❞♦ q✉❡ s❡❥❛ ♦ ❈❡♥tr♦ ❞❡ ●r❛✈✐❞❛❞❡
✭❈✳●✮✳ P♦❞❡♠♦s ♦❜s❡r✈❛r ✉♠❛ ré❣✉❛ q✉❛❧q✉❡r✳ ❙✉♣♦♥❞♦ q✉❡ ❡ss❛ ré❣✉❛ ❢♦ss❡ ❞✐✈✐❞✐❞❛ ❡♠
♣❡❞❛ç♦s✱ ❤❛✈❡rá ✉♠❛ ❢♦rç❛ ❞❡ ❛tr❛çã♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❡♠ ❝❛❞❛ ✉♠ ❞❡❧❡s✳

▼❛s ♣♦❞❡♠♦s r❡♣r❡s❡♥t❛r ❛ ❢♦rç❛ ❞❡ ❛tr❛çã♦ t♦t❛❧ ✭♣❡s♦ ❞❛ ré❣✉❛✮ ❡♠ s❡✉ ❈❡♥tr♦ ❞❡
●r❛✈✐❞❛❞❡✳ P❛r❛ ❧♦❝❛❧✐③á✲❧♦✱ ❛♠❛rr❛♠♦s ❛ ré❣✉❛ ❡♠ ✉♠ ✜♦ ❡✱ ❝✉✐❞❛❞♦s❛♠❡♥t❡✱ ❛❢❛st❛♠♦s
♦ ✜♦ ❛té ♦ ♣♦♥t♦ ♠é❞✐♦✱ q✉❡ é ♦ ♠❡✐♦ ❞❛ ré❣✉❛✳ ❈♦♠ ❡st❡ ❝♦♥❤❡❝✐♠❡♥t♦✱ ❡ ♦✉tr♦s ❝✐t❛❞♦s
♣♦st❡r✐♦r♠❡♥t❡✱ ✈❡r✐✜❝❛r❡♠♦s q✉❡ ❛ ●❡♦♠❡tr✐❛ ❞♦ ❝♦r♣♦✱ s❡✉ ❈❡♥tr♦ ❞❡ ●r❛✈✐❞❛❞❡ ❡ s❡✉
▼♦♠❡♥t♦ ❞❡ ■♥ér❝✐❛ sã♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❡♥t❡♥❞❡r♠♦s ❝♦♠♦ ✉♠ ❝♦r♣♦ s❡ ❝♦♠♣♦rt❛ ♥✉♠
♠♦✈✐♠❡♥t♦ q✉❛❧q✉❡r ♦✉ ♣❛r❛❞♦✱ ❤❛❥❛ ✈✐st❛ q✉❡ ❡st❡s ✐t❡♥s ❝✐t❛❞♦s ❛❝✐♠❛ sã♦ ❝♦♥❞✐çõ❡s
✐♥❞✐s♣❡♥sá✈❡✐s ♣❛r❛ ❡q✉✐❧í❜r✐♦ ❡stát✐❝♦ ❡ ❞✐♥â♠✐❝♦ ❞❡ q✉❛❧q✉❡r ♦❜❥❡t♦✳

❊st❡ tr❛❜❛❧❤♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❖ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ ❛❜♦r❞❛ ♦s ❝♦♥❝❡✐✲
t♦s ❞❡ ❝❡♥tr♦ ❞❡ ❣r❛✈✐❞❛❞❡✱ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❡ ❝❡♥tr♦✐❞❡✱ ❛ss✐♠ ❝♦♠♦ s✉❛s ♣❛rt✐❝✉❧❛r✐❞❛❞❡s✱
❡ ❛✐♥❞❛ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ s✐♠❡tr✐❛ ♥♦ ❡st✉❞♦ ❞♦ ❡q✉✐❧í❜r✐♦ ❡stát✐❝♦ ❞❡ ✉♠ ♦❜❥❡t♦✱ ❛❧é♠ ❞❡
❡①❡♠♣❧♦s ♣❛r❛ ✜①❛r ♠❡❧❤♦r t❛✐s ❝♦♥❝❡✐t♦s✳ ❖ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦ ❢❛③ ✉♠❛ ❛❜♦r❞❛❣❡♠ s♦❜r❡
♦s ❝♦♥❝❡✐t♦s ❞❡ ♠♦♠❡♥t♦ ❞❡ ✐♥ér❝✐❛ ❡ s✉❛s ❛♣❧✐❝❛çõ❡s✱ ❝♦♠♦ t❛♠❜é♠ ❡①❡♠♣❧♦s ❡♠ ❢♦r♠❛
❞❡ ❡①❡r❝í❝✐♦s✱ ❝♦♠✉♥s ❛♦ ❞✐❛✲❞✐❛✳

✶



❈❛♣ít✉❧♦ ✶

❈❊◆❚❘❖ ❉❊ ●❘❆❱■❉❆❉❊✱
❈❊◆❚❘❖ ❉❊ ▼❆❙❙❆ ❊ ❈❊◆❚❘❖■❉❊

✧❆ ❊stát✐❝❛ ❧✐❞❛ ❝♦♠ ❛ ❞❡s❝r✐çã♦ ❞❛s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❡ s✉✜❝✐❡♥t❡s ♣❛r❛ ♠❛♥t❡r
✉♠ ❝♦r♣♦ ❡♠ ❡q✉✐❧í❜r✐♦ ❬✳✳✳❪✧✭▼❊❘■❆▼❀ ❑❘❆■●❊✱ ✷✵✵✹✱ ♣✳✻✾✮ ❡stát✐❝♦✳ ▼❛s✱ ♣❛r❛ q✉❡ ✐ss♦
♦❝♦rr❛ é ♥❡❝❡ssár✐♦ ❝♦♥❤❡❝❡r ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ♠❛t❡r✐❛❧ q✉❡ é ❢❡✐t♦ ♦ ❝♦r♣♦✳ P♦❞❡♠♦s
❛♥❛❧✐s❛r s❡ ✉♠ ♠❛t❡r✐❛❧ é ❤♦♠♦❣ê♥❡♦ ♦✉ ❤❡t❡r♦❣ê♥❡♦✳ ▼❛t❡r✐❛❧ ❍♦♠♦❣ê♥❡♦✿ ♣♦ss✉✐ ❛s
♠❡s♠❛s ♣r♦♣r✐❡❞❛❞❡s ❢ís✐❝❛s ❡ ♠❡❝â♥✐❝❛s ❡♠ t♦❞♦ ♦ s❡✉ ✈♦❧✉♠❡✳ ▼❛t❡r✐❛❧ ❍❡t❡r♦❣ê♥❡♦✿
❤á ✈❛r✐❛çõ❡s ❢ís✐❝❛s ❡ ♠❡❝â♥✐❝❛s ❡♠ t♦❞♦ ♦ s❡✉ ✈♦❧✉♠❡✳ ❆s ✜❣✉r❛s 1.1 ❡ 1.2 ✐❧✉str❛♠ ❝❛❞❛
✉♠ ❞♦s ❞♦✐s t✐♣♦s ❞❡ ♠❛t❡r✐❛✐s ❝✐t❛❞♦s ❛❝✐♠❛✳

❋✐❣✉r❛ ✶✳✶✿ ❆ç♦ ✭▼❛t❡r✐❛❧ ❍♦♠♦❣ê♥❡♦✮

❋♦♥t❡✿❤tt♣✿✴✴❡♥❣❡♥❤❡✐r♦❞❡❛❧t♦r❡♥❞✐♠❡♥t♦✳❝♦♠✳❜r✴❄♣❂✶✽✵
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✶✳✷ ❈❡♥tr♦ ❞❡ ▼❛ss❛ ✭❈▼✮

❖ ❈❡♥tr♦ ❞❡ ▼❛ss❛ ❞❡ ✉♠ ❝♦r♣♦ ♦✉ ❞❡ ✉♠ s✐st❡♠❛ é ♦ ♣♦♥t♦ q✉❡ s❡ ♠♦✈❡ ❝♦♠♦ s❡
t♦❞❛ ❛ ♠❛ss❛ ❞♦ s✐st❡♠❛ s❡ ❝♦♥❝❡♥tr❛ss❡ ♥❡ss❡ ♣♦♥t♦ ❡ t♦❞♦s ❛s ❢♦rç❛s ❡①t❡r♥❛s ❢♦ss❡♠
❛♣❧✐❝❛❞❛s ♥❡ss❡ ♠❡s♠♦ ♣♦♥t♦✳ ❱❡❥❛ ❋✐❣✉r❛ 1.4✿

❋✐❣✉r❛ ✶✳✹✿ ❈❡♥tr♦ ❞❡ ♠❛ss❛✳

❋♦♥t❡✿ ❤tt♣s✿✴✴✇✇✇✳✐♥❢♦❡s❝♦❧❛✳❝♦♠✴♠❡❝❛♥✐❝❛✴❝❡♥tr♦✲❞❡✲♠❛ss❛✴

P♦rt❛♥t♦✱ ❈❡♥tr♦ ❞❡ ♠❛ss❛ ♥ã♦ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ ❈❛♠♣♦ ●r❛✈✐t❛❝✐♦♥❛❧✱ ❝♦♠♦
é ♦ ❝❛s♦ ❞♦ ❈❡♥tr♦ ❞❡ ●r❛✈✐❞❛❞❡✳ ❆♣❡s❛r ❞❛ ❞✐❢❡r❡♥ç❛ ❝♦♥❝❡✐t✉❛❧ ❡♥tr❡ ♦s ❞♦✐s ♣♦♥t♦s✱
❡❧❡s ❝♦✐♥❝✐❞❡♠ q✉❛♥❞♦ ♦ ❝♦r♣♦ ❡stá s✉❜♠❡t✐❞♦ ❛ ✉♠ ❈❛♠♣♦ ●r❛✈✐t❛❝✐♦♥❛❧ ✉♥✐❢♦r♠❡✳
❆♥❛❧✐s❛r❡♠♦s✱ ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ♦ ❈❡♥tr♦ ❞❡ ▼❛ss❛ ✭❉❖❈❆✱ ❡t ❛❧ ✷✵✶✻✮✳

✶✳✸ ▼♦♠❡♥t♦s ❡ ❈❡♥tr♦s ❞❡ ▼❛ss❛

❱❛♠♦s ❝♦♥s✐❞❡r❛r ❛ s✐t✉❛çã♦ ♠❛✐s s✐♠♣❧❡s ♠♦str❛❞❛ ♥❛ ❋✐❣✉r❛ 1.5 ❝✉❥❛ ❞✉❛s ♠❛ss❛s
m1 ❡ m2 sã♦ ✜①❛❞❛s ♥✉♠ ❜❛stã♦ ❛ ♠❛ss❛ ❞❡s♣r❡③í✈❡❧ ❡♠ ❧❛❞♦s ♦♣♦st♦s ❛ ✉♠ ❛♣♦✐♦ ❡ ❛
❞✐stâ♥❝✐❛s d1 ❡ d2 ❞♦ ❛♣♦✐♦✳ ❖ ❜❛stã♦ s❡ ❡q✉✐❧✐❜r❛rá s♦♠❡♥t❡ s❡✱

m1d1 = m2d2 ✭✶✳✶✮

❋✐❣✉r❛ ✶✳✺✿ ❇❛stã♦ s♦❜r❡ ✉♠ ❛♣♦✐♦✳

❋♦♥t❡✿ ❙t❡✇❛rt✳ ✷✵✶✻ ♣✳✺✵✸
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❊st❡ ❡①♣❡r✐♠❡♥t♦ ❢♦✐ ❞❡s❝♦❜❡rt♦ ♣♦r ❆rq✉✐♠❡❞❡s ❡ ❞❡♥♦♠✐♥❛❞♦ ♣♦r ▲❡✐ ❞❛ ❛❧❛✈❛♥❝❛✳
❈♦♠♦ ❡①❡♠♣❧♦ ♣♦❞❡♠♦s t❡r ❞✉❛s ♣❡ss♦❛s ❜r✐♥❝❛♥❞♦ ♥✉♠❛ ❣❛♥❣♦rr❛✳ ❯♠❛ ♣❡ss♦❛ ♠❛✐s
❧❡✈❡ ❡q✉✐❧✐❜r❛♥❞♦ ✉♠❛ ♣❡ss♦❛ ♠❛✐s ♣❡s❛❞❛✳ ❙✉♣♦♥❤❛ q✉❡ ♦ ❜❛stã♦ ❡st❡❥❛ ❛♦ ❧♦♥❣♦ ❞♦ ❡✐①♦
① ❝♦♠ m1 ❡♠ x1 ❡ m2 ❡♠ x2 ❡ ♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❡♠ x̄✳ ❙❡ ✜③❡r♠♦s ✉♠❛ ❝♦♠♣❛r❛çã♦ ❞❛s
❋✐❣✉r❛s 1.5 ❡ 1.6✱ ✈❡r✐✜❝❛♠♦s q✉❡ d1 = (x̄−x1) ❡ d2 = (x2− x̄) ❡ ❧♦❣♦ ❛ ❡q✉❛çã♦ (1.1) ✜❝❛✿

m1(x̄− x1) = m2(x2 − x̄) ✭✶✳✷✮

m1x̄+m2x̄ = m1x1 +m2x2 ✭✶✳✸✮

x̄ =
m1x1 +m2x2

m1 +m2

✭✶✳✹✮

❋✐❣✉r❛ ✶✳✻✿ ❇❛stã♦ ❛♣♦✐❛❞♦ ❡♠ ①✳

❋♦♥t❡✿ ❙t❡✇❛rt✳ ✷✵✶✻ ♣✳✺✵✹

❖s ♠♦♠❡♥t♦s m1x1 ❡ m2x2 sã♦ ❝❤❛♠❛❞♦s ❞❡ ♠♦♠❡♥t♦s ❞❡ ♠❛ss❛s ❞❡ m1 ❡ m2 ✭❡♠ r❡✲
❧❛çã♦ à ♦r✐❣❡♠✮ ❡ x̄ é ♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛✳ ●❡♥❡r❛❧✐③❛♥❞♦✱ t❡♠♦s ✉♠ s✐st❡♠❛ ❞❡ n ♣❛rtí❝✉❧❛s
❝♦♠ ♠❛ss❛s m1✱m2✱✳ ✳ ✳ ✱mn ❧♦❝❛❧✐③❛❞❛s ♥♦s ♣♦♥t♦s x1✱x2✱✳ ✳ ✳ ✱xn s♦❜r❡ ♦ ❡✐①♦ x✱ ♣♦❞❡♠♦s
❝♦♥❝❧✉✐r q✉❡ ♦ ❝❡♥tr♦ ❞♦ s✐st❡♠❛ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ 1.6✱ ❡stá ❧♦❝❛❧✐③❛❞♦ ❡♠

x̄ =

∑n

i=1 mixi

m
✭✶✳✺✮

❙❡♥❞♦ m =
∑n

i=1 mi ❛ ♠❛ss❛ t♦t❛❧ ❞♦ s✐st❡♠❛✱ ❡ ❛ ♠❛ss❛ ❞♦s ♠♦♠❡♥t♦s ✐♥❞✐✈✐❞✉❛✐s

M =
n

∑

i=1

mixi ✭✶✳✻✮

é ❞❡♥♦♠✐♥❛❞❛ ♠♦♠❡♥t♦ ❞♦ s✐st❡♠❛ ❡♠ r❡❧❛çã♦ à ♦r✐❣❡♠✳ ❊♥tã♦✱ ❛ ❡q✉❛çã♦ (1.6) ♣♦❞❡ s❡r
r❡s❝r✐t❛ ❝♦♠♦ mx̄ = M ✱ q✉❡ ❞✐③ q✉❡✱ s❡ ❛ ♠❛ss❛ t♦t❛❧ ❢♦ss❡ ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦ ❝♦♥❝❡♥tr❛❞❛
♥♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ x̄✱ ❡♥tã♦ s❡✉ ♠♦♠❡♥t♦ ❞❡✈❡r✐❛ s❡r ♦ ♠❡s♠♦ q✉❡ ♦ ♠♦♠❡♥t♦ ❞♦ s✐st❡♠❛✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ✉♠ s✐st❡♠❛ ❞❡ n ♣❛rtí❝✉❧❛s ❝♦♠ ♠❛ss❛s m1,m2, ...,mn ♥♦s ♣♦♥t♦s
(x1, y1), (x2, y2), ..., (xn, yn) ♥♦ ♣❧❛♥♦ xy ❝♦♥❢♦r♠❡ ❛ ❋✐❣✉r❛ 1.7✳

✺



❋✐❣✉r❛ ✶✳✼✿ n ♣❛rtí❝✉❧❛s ♥♦ ♣❧❛♥♦ ①②✳

❋♦♥t❡✿ ❙t❡✇❛rt✳ ✷✵✶✻ ♣✳✺✵✹

❊st❡♥❞❡♥❞♦ ♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ ♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✱ ❞❡✜♥✐♠♦s ♦ ♠♦♠❡♥t♦ ❞♦
s✐st❡♠❛ ❡♠ r❡❧❛çã♦ ❛♦ ❡✐①♦ ② ❝♦♠♦✿

My =
n

∑

i=1

mixi ✭✶✳✼✮

❊ ♦ ♠♦♠❡♥t♦ ❞♦ s✐st❡♠❛ ❡♠ r❡❧❛çã♦ ❛♦ ❡✐①♦ x ❝♦♠♦

Mx =
n

∑

i=1

miyi ✭✶✳✽✮

P♦rt❛♥t♦✱ My ♠❡❞❡ ❛ t❡♥❞ê♥❝✐❛ ❞❡ ♦ s✐st❡♠❛ ❣✐r❛r ❡♠ t♦r♥♦ ❞♦ ❡✐①♦ y ❡ Mx ♠❡❞❡ ❛
t❡♥❞ê♥❝✐❛ ❞❡ ❡❧❡ ❣✐r❛r ❡♠ t♦r♥♦ ❞♦ ❡✐①♦ x✳ ❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ t❡♠♦s ❛s
❝♦♦r❞❡♥❛❞❛s (x̄, ȳ) ❞♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ sã♦ ❞❛❞❛s ❡♠ t❡r♠♦s ❞♦s ♠♦♠❡♥t♦s ♣❡❧❛s ❢ór♠✉❧❛s

x̄ =
My

m
✭✶✳✾✮

ȳ =
Mx

m
✭✶✳✶✵✮

❖♥❞❡ m =
∑n

i=1 mi é ❛ ♠❛ss❛ t♦t❛❧✳ ❈♦♠♦ mx̄ = My ❡ mȳ = Mx✱ ♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛
(x̄, ȳ) é ♦ ♣♦♥t♦ ❡♠ q✉❡ ✉♠❛ ♣❛rtí❝✉❧❛ ú♥✐❝❛ ❞❡ ♠❛ss❛ m t❡r✐❛ ♦s ♠❡s♠♦s ♠♦♠❡♥t♦s ❞♦
s✐st❡♠❛✳ ❘❡❡s❝r❡✈❡♥❞♦ ❛s ❡q✉❛çõ❡s (1.9) ❡ (1.10) ♣♦❞❡♠♦s t❡r ❛s s❡❣✉✐♥t❡s ❡q✉❛çõ❡s✿

x̄ =

∑n

i=1 mixi
∑n

i=1 mi

✭✶✳✶✶✮

ȳ =

∑n

i=1 miyi
∑n

i=1 mi

✭✶✳✶✷✮

✻



❊①❡♠♣❧♦ ✶✿ ❊♥❝♦♥tr❡ ♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ (CM) ❞♦ s✐st❡♠❛ ❞❡ ♣❛rtí❝✉❧❛s q✉❡ tê♠
♠❛ss❛s ✐❣✉❛✐s ❛ 2✱ 5✱ 7 ❡ 8 ♥♦s ♣♦♥t♦s A = (2,−1)✱ B = (−1,−2)✱C = (−3, 4) ❡ D = (4, 1)✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❯s❛♥❞♦ ❛s ❡q✉❛çõ❡s (1.11) ❡ (1.3) ❡♥❝♦♥tr❛♠♦s ♦s ✈❛❧♦r❡s x̄ ❡ ȳ

x̄ =

∑n

i=1 mixi
∑n

i=1 mi

=
2(2) + 5(−1) + 7(−3) + 8(4)

2 + 5 + 7 + 8
=

10

22
=

5

11

ȳ =

∑n

i=1 miyi
∑n

i=1 mi

=
2(−1) + 5(−2) + 7(4) + 8(1)

2 + 5 + 7 + 8
=

24

22
=

12

11

P♦rt❛♥t♦ ♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ (CM) é ( 5
11
, 12
11
)✱ ❝♦♥❢♦r♠❡ ✜❣✉r❛ 1.8✳

❋✐❣✉r❛ ✶✳✽✿ ❈❡♥tr♦ ❞❡ ♠❛ss❛✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

✶✳✹ ❈❡♥tr♦ ❞❡ ▼❛ss❛ ♥✉♠❛ ♣❧❛❝❛ ♣❧❛♥❛ ✭❧â♠✐♥❛✮✳

❖ ♦❜❥❡t✐✈♦ ❛q✉✐ é ❧♦❝❛❧✐③❛r ✉♠ ♣♦♥t♦ P ♥♦ q✉❛❧ ✉♠❛ ♣❧❛❝❛ ✜♥❛ ❞❡ ✉♠ ❢♦r♠❛t♦ q✉❛❧q✉❡r
✜q✉❡ ❡q✉✐❧✐❜r❛❞❛ ♥❛ ❤♦r✐③♦♥t❛❧✱ ❝♦♥❢♦r♠❡ ❋✐❣✉r❛ 1.9✳ ❊ss❡ ♣♦♥t♦ é ❞❡♥♦♠✐♥❛❞♦ ❞❡ ❈❡♥tr♦
❞❡ ♠❛ss❛ ✭♦✉ ❝❡♥tr♦ ❞❡ ❣r❛✈✐❞❛❞❡✮ ❞❛ ♣❧❛❝❛ ✭❙❚❊❲❆❘❚✱ ✷✵✶✸✮✳

✼



❋✐❣✉r❛ ✶✳✾✿ P❧❛❝❛ q✉❛❧q✉❡r✳

❋♦♥t❡✿ ❙t❡✇❛rt✳ ✷✵✶✻ ♣✳✺✵✸

P❛r❛ ❡st❡ ❡st✉❞♦✱ ❝♦♥s✐❞❡r❛♠♦s ✉♠❛ ♣❧❛❝❛ ✜♥❛ ♣❧❛♥❛ ✭❞❡♥♦♠✐♥❛❞❛ ❧â♠✐♥❛✮ ❝♦♠ ❞❡♥✲
s✐❞❛❞❡ ✉♥✐❢♦r♠❡ ρ ❡ q✉❡ ♦❝✉♣❛ ✉♠❛ r❡❣✐ã♦ R ❞♦ ♣❧❛♥♦✳ P❛r❛ ❡♥❝♦♥tr❛r♠♦s ♦ ❝❡♥tr♦ ❞❡
♠❛ss❛ ❞❛ ♣❧❛❝❛✱ ❞❛ r❡❣✐ã♦ R✱ ✉s❛r❡♠♦s ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ s✐♠❡tr✐❛ ❞❛ r❡❣✐ã♦ R ❡♠ r❡❧❛çã♦
❛ ✉♠❛ r❡t❛ r ♣❛r❛ ❞❡✜♥✐r♠♦s ♦ ❝❡♥tr♦✐❞❡ ✭❙❚❊❲❆❘❚✱ ✷✵✶✸✮✳

◗✉❛♥❞♦ ❛❧❣♦ ♣♦❞❡ s❡r ❞✐✈✐❞✐❞♦ ❡♠ ❞✉❛s ♣❛rt❡s ❡①❛t❛♠❡♥t❡ ✐❣✉❛✐s ❡❧❡ é s✐♠étr✐❝♦❀
q✉❛♥❞♦ ✉♠ ♦❜❥❡t♦ é ❣✐r❛❞♦ ❡♠ t♦r♥♦ ❞❡ ✉♠ ❞❡ s❡✉s ❡✐①♦s ✐♠❛❣✐♥ár✐♦s s❡♠ q✉❡ s✉❛ ❢♦r♠❛
s❡ ❛❧t❡r❡✱ ❡ss❡ ♦❜❥❡t♦ é s✐♠étr✐❝♦ ❡♠ r❡❧❛çã♦ ❛ ❡st❡ ❡✐①♦ ❞❡ ♠♦✈✐♠❡♥t♦❀ q✉❛♥❞♦ ✉♠ ♦❜❥❡t♦
é ❞❡s❧♦❝❛❞♦ ❞❡ ✉♠ ♣♦♥t♦ ❛ ♦✉tr♦ s❡♠ q✉❡ s❡ ❛❧t❡r❡✱ ❡❧❡ é s✐♠étr✐❝♦ ❡♠ r❡❧❛çã♦ àq✉❡❧❡
❞❡s❧♦❝❛♠❡♥t♦✳

❖ ❝❡♥tr♦ ❣❡♦♠étr✐❝♦ ♣❡rt❡♥❝❡ ❛♦ ❡✐①♦ ❞❡ s✐♠❡tr✐❛✱ s❡ ❡❧❡ ❡①✐st✐r✳ P♦rt❛♥t♦✱ ❡♠ ✜❣✉✲
r❛s ❝♦♠ ❡✐①♦s ❞❡ s✐♠❡tr✐❛✱ ♦ ❝❡♥tr♦✐❞❡ ✜❝❛rá ♥♦ ❡♥❝♦♥tr♦ ❞❡ss❡s ❡✐①♦s✳ P♦r ❡①❡♠♣❧♦✱ ♦
r❡tâ♥❣✉❧♦ t❡♠ s❡✉ ❝❡♥tr♦✐❞❡ ♥♦ ❡♥❝♦♥tr♦ ❞❡ss❡s ❡✐①♦s ❞❡ s✐♠❡tr✐❛✱ ♦ tr✐â♥❣✉❧♦ ♥♦ ❡♥❝♦♥tr♦
❞❛ ♠❡❞✐❛♥❛s✳ ❖s ♠♦♠❡♥t♦s sã♦ ❞❡✜♥✐❞♦s✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡✱ s❡ ❛ ♠❛ss❛ t♦t❛❧ ❞❛ r❡❣✐ã♦
❡stá ❝♦♥❝❡♥tr❛❞❛ ♥♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛✱ ❡♥tã♦ s❡✉s ♠♦♠❡♥t♦s ✜❝❛♠ ✐♥❛❧t❡r❛❞♦s✳ P♦rt❛♥t♦✱ ♦
♠♦♠❡♥t♦ ❞❛ ✉♠❛ r❡❣✐ã♦ é ✐❣✉❛❧ ❛ s♦♠❛ ❞♦s ♠♦♠❡♥t♦s ✐♥❞✐✈✐❞✉❛✐s ❞❡ ❝❛❞❛ ♣❛rt❡ ❞❛ r❡❣✐ã♦
❞✐✈✐❞✐❞❛✳

❙✉♣♦♥❞♦ q✉❡ ❛ r❡❣✐ã♦ R s❡❥❛ ❝♦♠♦ ❛ ❋✐❣✉r❛ 1.10 ✐❧✉str❛❞❛✳ ❆ r❡❣✐ã♦ R ❡stá ❧✐♠✐t❛❞❛✱
❡♥tr❡ ❛s r❡t❛s x = a ❡ x = b ❡ ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ f ✱ s❡♥❞♦ f ❝♦♥tí♥✉❛✳

✽



❋✐❣✉r❛ ✶✳✶✵✿ ❘❡❣✐ã♦ ❘✳

❋♦♥t❡✿ ❙t❡✇❛rt✳ ✷✵✶✻ ♣✳✺✵✺

❉✐✈✐❞✐♥❞♦ ♦ ✐♥t❡r✈❛❧♦ [a, b] ❡♠ n s✉❜✐♥t❡r✈❛❧♦s ❝♦♠ ❡①tr❡♠✐❞❛❞❡s x0, x1, ..., xn ❡ ❧❛r❣✉r❛s
✐❣✉❛✐s✱ ❞❡✜♥✐❞❛s ❝♦♠♦ ∆x✳ ❊s❝♦❧❤❡♠♦s ✉♠ ♣♦♥t♦ xi ❝♦♠♦ ♣♦♥t♦ ♠é❞✐♦ x̄i ❞♦ i✲és✐♠♦
s✉❜✐♥t❡r✈❛❧♦ ❞❡✜♥✐❞♦ ♣❡❧❛ ❡①♣r❡ssã♦ x̄i =

(xi+xi)
2

✳ ❈♦♠ ✐ss♦✱ ❞❡t❡r♠✐♥❛♠♦s ❛ ❛♣r♦①✐♠❛çã♦
❞❛ ♣♦❧✐❣♦♥❛❧ ❞❡ R ♠♦str❛❞❛ ♥❛ ❋✐❣✉r❛ 1.11✳

❋✐❣✉r❛ ✶✳✶✶✿ ❘❡❣✐ã♦ ❘ ❞✐✈✐❞✐❞❛✳

❋♦♥t❡✿ ❙t❡✇❛rt✳ ✷✵✶✻ ♣✳✺✵✺

❖ ❝❡♥tr♦✐❞❡ ❞♦ i✲és✐♠♦ r❡tâ♥❣✉❧♦ R1 é C1(x̄i, f(x̄i))✳ ❙✉❛ ár❡❛ é ❞❛❞❛ ♣♦r f(x̄i)∆x✳
❈♦♠♦ s✉❛ ❞❡♥s✐❞❛❞❡ s✉♣❡r✜❝✐❛❧ ❝♦♥st❛♥t❡ é ρ = m

A
✱ t❡♠♦s s✉❛ ♠❛ss❛ ❞❡✜♥✐❞❛ ♣♦r m =

✾



ρf(x̄i)∆x✳
❖ ♠♦♠❡♥t♦ ❞❡ Ri ❡♠ r❡❧❛çã♦ ❡✐①♦ y é ♦ ♣r♦❞✉t♦ ❞❡ s✉❛ ♠❛ss❛ ♣❡❧❛ ❞✐stâ♥❝✐❛ ❞❡ Ci ❛♦

❡✐①♦ y q✉❡ é x̄i✳ P♦rt❛♥t♦✱

My(Ri) = [ρf(x̄i)∆x]x̄i = ρx̄if(x̄i)∆x ✭✶✳✶✸✮

❙♦♠❛♥❞♦ ❡ss❡s ♠♦♠❡♥t♦s✱ ♦❜t❡♠♦s ♦ ♠♦♠❡♥t♦ ❞❛ ❛♣r♦①✐♠❛çã♦ ♣♦❧✐❣♦♥❛❧ R✱ ❝♦♥❢♦r♠❡
❛ s♦♠❛ ❞❡ ❘✐❡♠❛♥♥✳ P♦rt❛♥t♦✱ ♦ ❧✐♠✐t❡ q✉❛♥❞♦ n t❡♥❞❡ ❛♦ ✐♥✜♥✐t♦ é ♦ ♠♦♠❡♥t♦ ❞❛ ♣ró♣r✐❛
r❡❣✐ã♦ R ❡♠ r❡❧❛çã♦ ❛♦ ❡✐①♦ y✿

My = lim
n→∞

n
∑

i=1

ρx̄if(x̄i)∆x = ρ

∫ b

a

xf(x) dx ✭✶✳✶✹✮

❆♥❛❧♦❣❛♠❡♥t❡✱ ❝❛❧❝✉❧❛♠♦s ♦ ♠♦♠❡♥t♦ ❞❡ Ri ❡♠ r❡❧❛çã♦ ❛♦ ❡✐①♦ x ❝♦♠♦ ♦ ♣r♦❞✉t♦ ❞❡
s✉❛ ♠❛ss❛ ❡ ❞❛ ❞✐stâ♥❝✐❛ ❞❡ Ci ❛♦ ❡✐①♦ x✿

Mx(Ri) = [ρf(x̄i)∆x]
1

2
f(x̄i) = ρ

1

2
[f(x̄i)]

2∆x ✭✶✳✶✺✮

◆♦✈❛♠❡♥t❡✱ ❛♣❧✐❝❛♥❞♦ ❛ s♦♠❛ ❞❡ ❘✐❡♠❛♥♥✱ t❡♠♦s ♦ ♠♦♠❡♥t♦ ❞❡ R ❡♠ r❡❧❛çã♦ ❛♦ ❡✐①♦
x✿

Mx = lim
n→∞

n
∑

i=1

ρ
1

2
[f(x̄i)]

2∆x = ρ

∫ b

a

1

2
[f(x)]2 dx ✭✶✳✶✻✮

❆ss✐♠ ❝♦♠♦ ♥♦ ❝❛s♦ ❞♦ s✐st❡♠❛ ❞❡ ♣❛rtí❝✉❧❛s✱ ♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❞❛ ♣❧❛❝❛ é ❞❡✜♥✐❞♦
✉s❛♥❞♦ ❛s ❡①♣r❡ssõ❡s mx̄ = M ❡ mȳ = M ✳ ❊♥tr❡t❛♥t♦✱ ♠❛ss❛ ❞❛ ♣❧❛❝❛ m é ♦ ♣r♦❞✉t♦ ❞❡
s✉❛ ❞❡♥s✐❞❛❞❡ ❝♦♥st❛♥t❡ ρ ♣♦r s✉❛ ár❡❛ A✳ ❆ss✐♠ t❡♠♦s✿

m = ρA = ρ

∫ b

a

f(x) dx ✭❞❡♥s✐❞❛❞❡ ❝♦♥st❛♥t❡✮ ✭✶✳✶✼✮

❊ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡✱

x̄ =
My

m
=

ρ
∫ b

a
xf(x) dx

ρ
∫ b

a
f(x) dx

=

∫ b

a
xf(x) dx

∫ b

a
f(x) dx

✭✶✳✶✽✮

ȳ =
Mx

m
=

ρ
∫ b

a
1
2
[f(x)]2 dx

ρ
∫ b

a
f(x) dx

=

∫ b

a
1
2
[f(x)]2 dx

∫ b

a
f(x) dx

✭✶✳✶✾✮

P♦rt❛♥t♦✱ ❛ ♣♦s✐çã♦ ❞♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ✐♥❞❡♣❡♥❞❡ ❞❛ ❞❡♥s✐❞❛❞❡✱ ❞❡s❞❡ q✉❡ ❡❧❛ s❡❥❛
❝♦♥st❛♥t❡✳ ❘❡s✉♠✐❞❛♠❡♥t❡✱ ♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❞❛ ♣❧❛❝❛ ✭❝❡♥tr♦✐❞❡ ❞❡ R✮ ❡stá ❧♦❝❛❧✐③❛❞♦ ♥♦
♣♦♥t♦ (x̄, ȳ)✱ ❝✉❥♦ ✈❛❧♦r❡s sã♦ ❝❛❧❝✉❧❛❞♦s ❝♦♥❢♦r♠❡ ❛s ❡q✉❛çõ❡s (1.20) ❡ (1.21) ✭❙❚❊❲❆❘❚✱
✷✵✶✸✮✿

x̄ =
1

A

∫ b

a

xf(x) dx ✭✶✳✷✵✮

ȳ =
1

A

∫ b

a

1

2
[f(x)]2 dx ✭✶✳✷✶✮

✶✵



❊①❡♠♣❧♦ ✷✿ ❊♥❝♦♥tr❡ ♦ ❝❡♥tr♦✐❞❡ ❞❛ r❡❣✐ã♦ s❡♠✐❝✐r❝✉❧❛r✱ ❝♦♥❢♦r♠❡ ❋✐❣✉r❛ 1.12✿

❋✐❣✉r❛ ✶✳✶✷✿ ❘❡❣✐ã♦ s❡♠✐❝✐r❝✉❧❛r✳

❋♦♥t❡✿ ❆♥t♦♥❀ ❇✐✈❡♥s❀ ❉❛✈✐s✳ ✷✵✶✹ ♣✳✹✻✷

P♦r s✐♠❡tr✐❛✱ t❡♠♦s x̄ = 0✱ ♣♦✐s ♦ ❡✐①♦ y é ❞❡ s✐♠❡tr✐❛✳ P❛r❛ ❡♥❝♦♥tr❛r♠♦s ȳ✱ ♦❜s❡r✈❡
✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ❛ ❡q✉❛çã♦ ❞♦ s❡♠✐❝ír❝✉❧♦ é y = f(x) =

√

(a2 − x2) ❡ s✉❛ ár❡❛ é A = 1
2
πa2

❯s❛♥❞♦ ❛s ❡q✉❛çõ❡s (1.20) ❡ (1.21) t❡♠♦s✿

ȳ =
1

A

∫ a

−a

1

2
[f(x)]2 dx =

1
1
2
πa2

∫ a

−a

1

2
(a2 − x2) dx

=
1

πa2

(

a2x−
x3

3

)

|a
−a

=
1

πa2

[(

a3 −
a3

3

)

−

(

−a3 +
a3

3

)]

=
1

πa2

[

4a3

3

]

ȳ =
4a

3π

P♦rt❛♥t♦✱ ♦ ❝❡♥tr♦✐❞❡ é
(

0, 4a
3π

)

✳
❙❡ ❛ r❡❣✐ã♦ R ❡stá ❡♥tr❡ ❛s ❝✉r✈❛s y = f(x) ❡ y = g(x)✱ ❝♦♠ f(x) ≥ g(x)✱ ❝♦♠♦

✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ 1.13✱ ❡♥tã♦ ♦ ♠❡s♠♦ t✐♣♦ ❞❡ r❛❝✐♦❝í♥✐♦ ♣♦❞❡ s❡r ✉s❛❞♦ ♣❛r❛ ❞❡✜♥✐r ♦
❝❡♥tr♦✐❞❡ (x̄, ȳ) ❞❡ R✱ ❡ ❛ss✐♠ t❡♠♦s ❛s ❡q✉❛çõ❡s (1.22) ❡ (1.23) ✭❙❚❊❲❆❘❚✱ ✷✵✶✸✮✿

✶✶



❋✐❣✉r❛ ✶✳✶✸✿ ❘❡❣✐ã♦ ❧✐♠✐t❛❞❛ ❡♥tr❡ ❞✉❛s ❝✉r✈❛s✳

❋♦♥t❡✿ ❙t❡✇❛rt✳ ✷✵✶✻ ♣✳✺✵✼

x̄ =
1

A

∫ b

a

x[f(x)− g(x)] dx ✭✶✳✷✷✮

ȳ =
1

A

∫ b

a

1

2
[[f(x)]2 − [g(x)]2] dx ✭✶✳✷✸✮

◆♦t❡ q✉❡ ❛ ❞❡♥s✐❞❛❞❡ ♥ã♦ ❛♣❛r❡❝❡ ♥❛s ❡q✉❛çõ❡s (1.22) ❡ (1.23)✳ ■ss♦ ♠♦str❛ q✉❡ ♦
❝❡♥tr♦✐❞❡ é ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❣❡♦♠étr✐❝❛ ❞❛ r❡❣✐ã♦ R✳

✶✷



❊①❡♠♣❧♦ ✸✿ ❊♥❝♦♥tr❡ ♦ ❝❡♥tr♦✐❞❡ ❞❛ r❡❣✐ã♦ R ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s ❝✉r✈❛s y = f(x) = x+6
❡ y = g(x) = x2✱ ♠♦str❛❞❛ ♥❛ ❋✐❣✉r❛ 1.14✳

❋✐❣✉r❛ ✶✳✶✹✿ ❘❡❣✐ã♦ ❧✐♠✐t❛❞❛ ♣❡❧❛s ❝✉r✈❛s✳

❋♦♥t❡✿ ❆♥t♦♥❀ ❇✐✈❡♥s❀ ❉❛✈✐s✳ ✷✵✶✹ ♣✳✹✻✸

Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ❛♥❛❧✐s❛r ♦s ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❡♠ x = −2 ❡ x = 3✳ P❛r❛
f(x) ≥ g(x)✱ t❡♠♦s x+ 6 ≥ x2✳ ❆ ár❡❛ ❞❛ r❡❣✐ã♦ R é✿

A =

∫ 3

−2

[(x+ 6)− x2] dx =
125

6

✉s❛♥❞♦ ❛s ❡q✉❛çõ❡s (1.22) ❡ (1.23) t❡♠♦s✱

x̄ =
1

A

∫ b

a

x[f(x)− g(x)] dx

=
1

A

∫ 3

−2

x[(x+ 6)− x2] dx

=
6

125

(

x3

3
+ 3x2 −

x4

4

)

|3
−2

✶✸



=
6

125
·
125

12

x̄ =
1

2

ȳ =
1

A

∫ b

a

1

2
[[f(x)]2 − [g(x)]2] dx

=
6

125

∫ 3

−2

1

2
[(x+ 6)2 − (x2)2] dx

=
6

125
·
1

2

∫ 3

−2

(x2 + 12x+ 36− x4) dx

=
6

125
·
1

2

(

x3

3
+ 6x2 + 36x−

x5

5

)

|3
−2

=
6

125
·
250

3

ȳ = 4

P♦rt❛♥t♦✱ ♦ ❝❡♥tr♦✐❞❡ ❞❡ R é
(

1
2
, 4
)

✳

✶✹











❆❜❛✐①♦ s❡rá ♠♦str❛❞❛ ❛ ❋✐❣✉r❛ 1.20 ❝♦♠ ❝❡♥tr♦✐❞❡s ❞❡ ár❡❛s ❞❡ ❢♦r♠❛s ♠❛✐s ❝♦♠✉♥s✿

❋✐❣✉r❛ ✶✳✷✵✿ ❈❡♥tr♦✐❞❡s ❞❡ ár❡❛s ❞❡ ❢♦r♠❛s ✉s❛✐s✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

✶✾







❋✐❣✉r❛ ✶✳✷✸✿ ➪r❡❛ ❞❛ s✉♣❡r❢í❝✐❡ ♣❧❛♥❛ ❝♦♠♣♦st❛✳

❋♦♥t❡✿ ◆♦t❛s ❞❡ ❛✉❧❛ ✲ ❘❡s✐tê♥❝✐❛s ❞♦s ▼❛t❡r✐❛✐s ■■✳

❉✐✈✐❞❛ ❛ s✉♣❡r❢í❝✐❡ ♣❧❛♥❛ ❡♠ ❢♦r♠❛ ❣❡♦♠étr✐❝❛s s✐♠♣❧❡s ❞❡ ❝❡♥tr♦✐❞❡ ❥á ❝♦♥❤❡❝✐❞♦s✱
❝♦♥❢♦r♠❡ ❛ ❋✐❣✉r❛ 1.24✳

❋✐❣✉r❛ ✶✳✷✹✿ ❚❛❜❡❧❛ r❡s✉♠♦ ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ ❝❡♥tr♦✐❞❡✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❈á❧❝✉❧♦s✿

✷✷



A1 é ❛ ár❡❛ ❞♦ s❡♠✐❝ír❝✉❧♦ ❞❡ r❛✐♦ r1 = 12, 50 cm

A1 =
π · (12, 5)2

2
= 254, 31 cm2

A2 é ❛ ár❡❛ ❞♦ r❡tâ♥❣✉❧♦ ❞❡ ❜❛s❡ b2 = 25, 00 cm ❡ h2 = 25, 00 cm

A2 = 25 · 25 = 625, 00 cm2

A3 é ❛ ár❡❛ ❞♦ tr✐â♥❣✉❧♦ ❞❡ ❜❛s❡ b3 = 25, 00 cm ❡ h3 = 25, 00 cm

A3 =
25 · 25

2
= 312, 50 cm2

A4 é ❛ ár❡❛ ❞♦ s❡♠✐❝ír❝✉❧♦ ❞❡ r❛✐♦ r4 = 6, 25 cm

A4 =
π · (6, 25)2

2
= 61, 33 cm2

❈♦♦r❞❡♥❛❞❛s ❞♦ s❡♠✐❝ír❝✉❧♦ A1✿

x̄1 = 12, 50 cm

ȳ1 = 25, 00 +
4 · (12, 50)

3 · π
= 30, 31 cm

❈♦♦r❞❡♥❛❞❛s ❞♦ r❡tâ♥❣✉❧♦ A2✿

x̄2 =
25, 00

2
= 12, 50 cm

ȳ2 =
25, 00

2
= 12, 50 cm

❈♦♦r❞❡♥❛❞❛s ❞♦ tr✐â♥❣✉❧♦ A3✿

x̄3 = 25, 00 +
25, 00

3
= 33, 33 cm

ȳ3 =
25, 00

3
= 8, 33 cm

❈♦♦r❞❡♥❛❞❛s ❞♦ s❡♠✐❝ír❝✉❧♦ A4✿

x̄4 = 25, 00 cm

ȳ4 =
4 · (6, 25)

3 · π
= 2, 65 cm

✉t✐❧✐③❛♥❞♦ ❛s ❡q✉❛çõ❡s (1.26) ❡ (1.40)✱ ❡♥❝♦♥tr❛♠♦s ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ ❝❡♥tr♦✐❞❡ ❡ ♦s
♠♦♠❡♥t♦s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞❛ ❋✐❣✉r❛ 1.23 ✿

x̄ =
A1 · x̄1 + A2 · x̄2 + A3 · x̄3 − A4 · x̄4

A1 + A2 + A3 − A4

x̄ =
(245, 31 · 12, 50) + (625, 00 · 12, 50) + (312, 50 · 33, 33)− (61, 33 · 25, 00)

245, 31 + 625, 00 + 312, 50− 61, 33
= 17, 62 cm

✷✸



ȳ =
A1 · ȳ1 + A2 · ȳ2 + A3 · ȳ3 − A4 · ȳ4

A1 + A2 + A3 − A4

ȳ =
(245, 31 · 30, 31) + (625, 00 · 12, 50) + (312, 50 · 8, 33)− (61, 33 · 2, 65)

245, 31 + 625, 00 + 312, 50− 61, 33
= 15, 77 cm

Qy = x̄ ·
n

∑

i=1

Ai

Qy = 17, 62 · (245, 31 + 625, 00 + 312, 50− 61, 33) = 19.762, 37 cm3

Qx = ȳ ·
n

∑

i=1

Ai

Qx = 15, 77 · (245, 31 + 625, 00 + 312, 50− 61, 33) = 17.688, 80 cm3

✷✹



❊①❡♠♣❧♦ ✺✿ ❉❡t❡r♠✐♥❡ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ ❝❡♥tr♦✐❞❡ ❞❛ ❋✐❣✉r❛ 1.25✳

❋✐❣✉r❛ ✶✳✷✺✿ ❈❡♥tr♦✐❞❡ ❞❡ ✜❣✉r❛ ❛ss✐♠❡tr✐❝❛✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

A1 é ❛ ár❡❛ ❞♦ s❡♠✐❝ír❝✉❧♦ ❞❡ r❛✐♦ r1 = 15, 00 cm

A1 =
π · (15, 00)2

2
= 353, 43 cm2

A2 é ❛ ár❡❛ ❞♦ s❡♠✐❝ír❝✉❧♦ ❞❡ r❛✐♦ r2 = 10, 00 cm

A2 =
π · (10, 00)2

2
= 157, 08 cm2

❈♦♦r❞❡♥❛❞❛s ❞♦ s❡♠✐❝ír❝✉❧♦ A1✿

x̄1 = 15−
4 · (15)

3 · π
= 8, 63 cm

ȳ1 = 15, 00 cm

❈♦♦r❞❡♥❛❞❛s ❞♦ s❡♠✐❝ír❝✉❧♦ A2✿

x̄2 = 15−
4 · (10)

3 · π
= 10, 76 cm

ȳ2 = 15, 00 cm

✷✺



x̄ =
A1 · x̄1 − A2 · x̄2

A1 − A2

x̄ =
(353, 43 · 8, 63)− (157, 08 · 10, 76)

353, 43− 157, 08
= 6, 93 cm

ȳ =
A1 · ȳ1 − A2 · ȳ2

A1 − A2

ȳ =
(353, 43 · 15, 00)− (157, 08 · 15, 00)

353, 43− 157, 08
= 15, 00 cm

❆ ✜❣✉r❛ 1.25 ♠♦str❛ q✉❡ ♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ♣♦❞❡ ✜❝❛r ❢♦r❛ ❞❛ ár❡❛ ❞♦ ❞❡s❡♥❤♦✳

✷✻



❈❛♣ít✉❧♦ ✷

▼❖▼❊◆❚❖ ❉❊ ■◆➱❘❈■❆

❖ ▼♦♠❡♥t♦ ❞❡ ■♥ér❝✐❛ é ✉♠❛ ♠❡❞✐❞❛ ❞❛ r❡s✐stê♥❝✐❛ ✐♥❡r❝✐❛❧ ❞♦ ❝♦r♣♦ ♣❛r❛ ♠♦✈✐♠❡♥t♦s
❞❡ r♦t❛çõ❡s ❡♠ t♦r♥♦ ❞❡ ✉♠ ❡✐①♦✳ ❈♦♠♦ ❞❡♣❡♥❞❡ ❞❛ ❞✐stâ♥❝✐❛✱ q✉❛♥t♦ ♠❛✐s ❛❢❛st❛❞♦ ❞♦
❡✐①♦ ❡stá ✉♠ ❡❧❡♠❡♥t♦ ❞❡ ♠❛ss❛✱ ♠❛✐♦r s❡rá s✉❛ ❝♦♥tr✐❜✉✐çã♦ ❛♦ ▼♦♠❡♥t♦ ❞❡ ■♥ér❝✐❛
❡♠ r❡❧❛çã♦ ❛♦ ❡✐①♦✳ P♦rt❛♥t♦✱ ❛❧é♠ ❞❡ s❛❜❡r ❞❛ ♠❛ss❛ ❞♦ ❝♦r♣♦✱ t❡♠♦s q✉❡ ❡♥t❡♥❞❡r
❝♦♠♦ s✉❛ ♠❛ss❛ é ❞✐str✐❜✉í❞❛✳ ❊ss❛ ❝❛r❛❝t❡ríst✐❝❛ ❣❡♦♠étr✐❝❛ ❞♦ ♠♦♠❡♥t♦ ❞❡ ✐♥ér❝✐❛ é
✐♠♣♦rt❛♥tíss✐♠❛ ♥♦ ❞✐♠❡♥s✐♦♥❛♠❡♥t♦ ❞♦s ❡❧❡♠❡♥t♦s ❞❡ ❝♦♥str✉çã♦ ✭✈✐❣❛s✱ ♣✐❧❛r❡s✱ ❧❛❥❡s ❡
♦✉tr♦s✮✱ ♣♦✐s ❢♦r♥❡❝❡ ✉♠❛ ♥♦çã♦ ❞❡ r❡s✐stê♥❝✐❛ ❞❛ ♣❡ç❛ ✭❇❊❊❘✱ ✷✵✶✷✮✳

✷✳✶ ▼♦♠❡♥t♦ ❞❡ ✐♥ér❝✐❛ ♦✉ ♠♦♠❡♥t♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠

❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ♣❧❛♥❛✳

❈♦♥s✐❞❡r❛♠♦s ❢♦rç❛s ❞✐str✐❜✉í❞❛s ❝♦♠♦ ∆F ❝✉❥❛s ✐♥t❡♥s✐❞❛❞❡s sã♦ ♣r♦♣♦r❝✐♦♥❛✐s ❛♦s
❡❧❡♠❡♥t♦s ❞❡ ár❡❛ ∆A s♦❜r❡ ❛s q✉❛✐s✱ ❡❧❛s ❛t✉❛♠ ❡ ✈❛r✐❛♠ ❧✐♥❡❛r♠❡♥t❡ ❝♦♠ ❛ ❞✐stâ♥❝✐❛
❡♥tr❡ ∆A ❡ ✉♠ ❡✐①♦ ❡s♣❡❝í✜❝♦✳ ❈♦♠♦ ❡①❡♠♣❧♦✱ ✉♠❛ ✈✐❣❛ ❞❡ s❡çã♦ tr❛♥s✈❡rs❛❧ ✉♥✐❢♦r♠❡
s✉❥❡✐t❛ ❛ ❞♦✐s ❜✐♥ár✐♦s ✐❣✉❛✐s ❡ ♦♣♦st♦s ❛♣❧✐❝❛❞♦s ❡♠ ❝❛❞❛ ❡①tr❡♠✐❞❛❞❡ ❞❛ ✈✐❣❛✱ ❡st❛♥❞♦
❛ss✐♠✱ s♦❜ ✢❡①ã♦✳ ❚❛❧ ❡❢❡✐t♦✱ ❡st✉❞❛❞♦ ❡♠ ♠❡❝â♥✐❝❛ ❞♦s ♠❛t❡r✐❛✐s✱ ♠♦str❛ q✉❡ ❛s ❢♦rç❛s
✐♥t❡r♥❛s ❡♠ q✉❛❧q✉❡r s❡çã♦ ❞❛ ✈✐❣❛ sã♦ ❢♦rç❛s ❞✐str✐❜✉í❞❛s ❝✉❥❛s ✐♥t❡♥s✐❞❛❞❡s∆F = ky∆A

✈❛r✐❛♠ ❧✐♥❡❛r♠❡♥t❡ ❝♦♠ ❛ ❞✐stâ♥❝✐❛ y ❡♥tr❡ ♦ ❡❧❡♠❡♥t♦ ❞❡ ár❡❛ ∆A ❡ ✉♠ ❡✐①♦ q✉❡ ♣❛ss❛
♣❡❧♦ ❝❡♥tr♦✐❞❡ ❞❛ s❡çã♦✱ ❝♦♥❢♦r♠❡ ❋✐❣✉r❛ 2.1✳ ❊ss❡ ❡✐①♦ é ❞❡✜♥✐❞♦ ❝♦♠♦ ❡✐①♦ ♥❡✉tr♦ ❞❛
s❡çã♦✱ ♦✉ s❡❥❛✱ é ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ ✉♠ ❝♦r♣♦ ❞❡❢♦r♠❛❞♦ ♣♦r ✢❡①ã♦ q✉❡ s❡♣❛r❛ ❛ ③♦♥❛
❝♦♠♣r✐♠✐❞❛ ❞❛ ③♦♥❛ tr❛❝✐♦♥❛❞❛ ✭❇❊❊❘✱ ✷✵✶✷✮✳

✷✼



❋✐❣✉r❛ ✷✳✶✿ ❙❡çã♦ tr❛♥s✈❡rs❛❧ ❞❡ ✉♠❛ ✈✐❣❛✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

❆s ❢♦rç❛s s♦❜r❡ ✉♠ ❞♦s ❧❛❞♦s ❞❛ s❡çã♦ ❞✐✈✐❞✐❞❛ ♣❡❧♦ ❡✐①♦ ♥❡✉tr♦ sã♦ ❢♦rç❛s ❞❡ ❝♦♠✲
♣r❡ssã♦✱ ❛♦ ♣❛ss♦ q✉❡✱ s♦❜r❡ ♦ ♦✉tr♦ ❧❛❞♦✱ sã♦ ❢♦rç❛s ❞❡ tr❛çã♦❀ s♦❜r❡ ♦ ♣ró♣r✐♦ ❡✐①♦✱ ❛s
❢♦rç❛s sã♦ ♥✉❧❛s✳

❆ ✐♥t❡♥s✐❞❛❞❡ ❞❛ r❡s✉❧t❛♥t❡ R ❞❛s ❢♦rç❛s ❡❧❡♠❡♥t❛r❡s ∆F q✉❡ ❛t✉❛♠ s♦❜r❡ t♦❞❛ s❡çã♦
é✿

R =

∫

ky dA = k

∫

y dA

❆ ú❧t✐♠❛ ✐♥t❡❣r❛❧ é ❞❡✜♥✐❞❛ ❝♦♠♦ ♠♦♠❡♥t♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ Qx ❞❛ s❡çã♦ ❡♠ r❡❧❛çã♦
❛♦ ❡✐①♦ x❀ ❡ss❛ ✐♥t❡❣r❛❧ ✈❛❧❡ ȳA ❡✱ ♣♦rt❛♥t♦✱ é ✐❣✉❛❧ ❛ ③❡r♦✱ ♣♦✐s ♦ ❝❡♥tr♦✐❞❡ ❞❛ s❡çã♦ ❧♦❝❛❧✐③❛✲
s❡ s♦❜r❡ ♦ ❡✐①♦ x✳ ▲♦❣♦✱ s✐st❡♠❛ ❞❡ ❢♦rç❛s ∆F r❡❞✉③ ❛ ✉♠ ❜✐♥ár✐♦✳ ❆ ✐♥t❡♥s✐❞❛❞❡ M ❞❡ss❡
❜✐♥ár✐♦ ✭♠♦♠❡♥t♦ ✢❡t♦r✮ ❞❡✈❡ s❡r ✐❣✉❛❧ à s♦♠❛ ❞♦s ♠♦♠❡♥t♦s ∆Mx = y∆F = ky2∆A ❞❛s
❢♦rç❛s ❡❧❡♠❡♥t❛r❡s✳ ■♥t❡❣r❛♥❞♦ s♦❜r❡ t♦❞❛ ❛ s❡çã♦✱ ♦❜t❡♠♦s✿

M =

∫

ky2dA = k

∫

y2dA

❆ ú❧t✐♠❛ ✐♥t❡❣r❛❧ é ❞❡✜♥✐❞❛ ❝♦♠♦ ♦ ♠♦♠❡♥t♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ ♦✉ ♠♦♠❡♥t♦ ❞❡
✐♥ér❝✐❛✱ ❞❛ s❡çã♦ ❞❛ ✈✐❣❛ ❡♠ r❡❧❛çã♦ ❡✐①♦ x✱ r❡♣r❡s❡♥t❛❞♦ ♣♦r Ix✳ ❊❧❡ é ♦❜t✐❞♦ q✉❛♥❞♦ s❡
♠✉❧t✐♣❧✐❝❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ ár❡❛ dA ♣❡❧♦ q✉❛❞r❛❞♦ ❞❡ s✉❛ ❞✐stâ♥❝✐❛ ❞♦ ❡✐①♦ x ❡ q✉❛♥❞♦
❡❧❡ é ✐♥t❡❣r❛❞♦ s♦❜r❡ ❛ s❡çã♦ ❞❛ ✈✐❣❛✳ ❈♦♠♦ y2dA é ♣♦s✐t✐✈♦✱ ❛ ✐♥t❡❣r❛❧ Ix s❡rá s❡♠♣r❡
♣♦s✐t✐✈❛✳

✷✽







P♦rt❛♥t♦✱ ♦ ♠❡s♠♦ ❡❧❡♠❡♥t♦ ♣♦❞❡ s❡r ✉s❛❞♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦s ♠♦♠❡♥t♦s ❞❡ ✐♥ér❝✐❛
Ix ❡ Iy ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❛❞❛✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ 2.4✳

❋✐❣✉r❛ ✷✳✹✿ ▼♦♠❡♥t♦ ❞❡ ✐♥ér❝✐❛ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❛❞❛✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r✳

✸✶



✷✳✹ ❚❡♦r❡♠❛ ❞♦s ❡✐①♦s ♣❛r❛❧❡❧♦s✳

❈♦♥s✐❞❡r❡ ♦ ♠♦♠❡♥t♦ ❞❡ ✐♥ér❝✐❛ IAA′ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ♣❧❛♥❛ A ❡♠ r❡❧❛çã♦ ❛ ✉♠ ❡✐①♦✱
❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ 2.5✳ ❉❡✜♥✐♥❞♦ y ❝♦♠♦ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ s✉♣❡r❢í❝✐❡
❞❡ ár❡❛ dA ❡ AA′✱ ❡s❝r❡✈❡♠♦s ✭❇❊❊❘✱ ✷✵✶✷✮✿

IAA′ =

∫

y2dA

❋✐❣✉r❛ ✷✳✺✿ ❚❡♦r❡♠❛ ❞♦s ❡✐①♦s ♣❛r❛❧❡❧♦s✳

❋♦♥t❡✿ ❇❡❡r✳ ✷✵✶✷ ♣✳✷✽✾

❱❛♠♦s tr❛ç❛r ✉♠ ❡✐①♦ BB′ ♣❛r❛❧❡❧♦ ❛ AA′ ♣❛ss❛♥❞♦ ♣❡❧♦ ❝❡♥tr♦✐❞❡ C❀ ♦ ❡✐①♦ é ❞❡✜✲
♥✐❞♦ ♣♦r ❡✐①♦ ❝❡♥tr♦✐❞❛❧✳ ❘❡♣r❡s❡♥t❛♥❞♦ ♣♦r y′ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦ ❡❧❡♠❡♥t♦ dA ❡ BB′′

❡s❝r❡✈❡♠♦s y = y′+ d✱ ♦♥❞❡ d é ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ❡✐①♦s AA′ ❡ BB′✳ ❊❧✐♠✐♥❛♥❞♦ y ♥❡ss❛
✐♥t❡❣r❛❧✱ ❡s❝r❡✈❡♠♦s

IAA′ =

∫

y2dA =

∫

(y′ + d)2dA

=

∫

y′2dA+ 2d

∫

y′dA+ d2
∫

dA

❆ ♣r✐♠❡✐r❛ ✐♥t❡❣r❛❧ r❡♣r❡s❡♥t❛ ♦ ♠♦♠❡♥t♦ ❞❡ ✐♥ér❝✐❛ ĪBB′ ❞❛ s✉♣❡r❢í❝✐❡ ❡♠ r❡❧❛çã♦ ❛♦
❡✐①♦ ❝❡♥tr♦✐❞❛❧ BB′✳ ❆ s❡❣✉♥❞❛ r❡♣r❡s❡♥t❛ ♦ ♠♦♠❡♥t♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞❛ s✉♣❡r❢í❝✐❡
❡♠ r❡❧❛çã♦ BB′❀ ❝♦♠♦ ♦ ❝❡♥tr♦✐❞❡ C ❞❛ s✉♣❡r❢í❝✐❡ ❡stá ❧♦❝❛❧✐③❛❞♦ s♦❜r❡ ♦ ❡✐①♦✱ ❛ s❡❣✉♥❞❛
✐♥t❡❣r❛❧ ❞❡✈❡r s❡r ♥✉❧❛✳ ❋✐♥❛❧♠❡♥t❡✱ ♦❜s❡r✈❛♠♦s q✉❡ ❛ ú❧t✐♠❛ ✐♥t❡❣r❛❧ é ✐❣✉❛❧ à ár❡❛ t♦t❛❧
A ❞❛ s✉♣❡r❢í❝✐❡✳ ▲♦❣♦✱ t❡♠♦s

IAA′ = ĪBB′ + Ad2 ✭✷✳✹✮

❊ss❛ ❢ór♠✉❧❛ ❡①♣r❡ss❛ q✉❡ ♦ ♠♦♠❡♥t♦ ❞❡ ✐♥ér❝✐❛ IAA′ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❡♠ r❡❧❛çã♦ ❛
✉♠ ❞❛❞♦ ❡✐①♦ AA′ é ✐❣✉❛❧ ❛♦ ♠♦♠❡♥t♦ ❞❡ ✐♥ér❝✐❛ ĪBB′ ❞❛ s✉♣❡r❢í❝✐❡ ❡♠ r❡❧❛çã♦ ❛♦ ❡✐①♦

✸✷





dA = b ·
(h− y)

h
· dy

■♥t❡❣r❛♥❞♦ dIx ❞❡ y = 0 ❛té y = h✱ ♦❜t❡♠♦s✿

Ix =

∫

y2dA =

∫ h

0

y2 · b ·
(h− y)

h
· dy =

b

h
·

∫ h

0

(hy2 − y3) · dy =
b

h
·

[

h
y3

3
−

y4

4

]

Ix =
b · h3

12

✸✹





❱❡❥❛♠♦s ✉♠❛ s✉♣❡r❢í❝✐❡ A ❢♦r♠❛❞❛ ♣♦r ❞✐✈❡rs❛s s✉♣❡r❢í❝✐❡s A1, A2, A3, ...An✳ ❖ ♠♦♠❡♥t♦
❞❡ ✐♥ér❝✐❛ ❞❡ A é ♦❜t✐❞♦ ♣❡❧❛ s♦♠❛ ❞♦s ♠♦♠❡♥t♦s ❞❡ ✐♥ér❝✐❛ ❞❡ ❝❛❞❛ s✉♣❡r❢í❝✐❡ s✐♠♣❧❡s
q✉❡ t❡♠ s❡✉s ♠♦♠❡♥t♦s ❥á t❛❜❡❧❛❞♦s✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ 2.8 ✭❇❊❊❘✱ ✷✵✶✷✮✳

❋✐❣✉r❛ ✷✳✽✿ ❚❛❜❡❧❛ ❞❡ ♠♦♠❡♥t♦ ❞❡ ✐♥ér❝✐❛ ❞❡ ❢♦r♠❛s ❣❡♦♠étr✐❝❛s s✐♠♣❧❡s✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧♦ ❛✉t♦r

❊♥tr❡t❛♥t♦✱ ❛♥t❡s ❞❡ ♦s ♠♦♠❡♥t♦s ❞❡ ✐♥ér❝✐❛ ❞❛s s✉♣❡r❢í❝✐❡s s✐♠♣❧❡s s❡r❡♠ s♦♠❛❞♦s✱
t❛❧✈❡③ s❡❥❛ ♥❡❝❡ssár✐♦ ❛♣❧✐❝❛r ♦ t❡♦r❡♠❛ ❞♦s ❡✐①♦ ♣❛r❛❧❡❧♦s ♣❛r❛ tr❛♥s♣♦rt❛r ❝❛❞❛ ♠♦♠❡♥t♦
❞❡ ✐♥ér❝✐❛ ♣❛r❛ ♦ ❡✐①♦ ❡s❝♦❧❤✐❞♦✳

❖ ❝á❧❝✉❧♦ ❞♦ ♠♦♠❡♥t♦ ❞❡ ✐♥ér❝✐❛ ❞❡ ✉♠❛ s❡çã♦ ❞❛ ✈✐❣❛ ❡♠ r❡❧❛çã♦ ❛♦ s❡✉ ❡✐①♦ ♥❡✉tr♦
é ❢♦rt❡♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ ❛♦ ❝á❧❝✉❧♦ ❞♦ ♠♦♠❡♥t♦ ✢❡t♦r ♥❡ss❛ ✈✐❣❛✳ P♦rt❛♥t♦✱ ❛ ❞❡t❡r♠✐✲
♥❛çã♦ ❞❡ ♠♦♠❡♥t♦s ❞❡ ✐♥ér❝✐❛ é ✉♠ ♣ré✲r❡q✉✐s✐t♦ ♣❛r❛ ❛ ❛♥á❧✐s❡ ❡ ♦ ♣r♦❥❡t♦ ❞❡ ❡❧❡♠❡♥t♦s
❡str✉t✉r❛✐s✳

❊①❡♠♣❧♦ ✻ ✲ ❉❡t❡r♠✐♥❡ ♦ ❝❡♥tr♦✐❞❡ ❈ ❞❛ ár❡❛ ❞❛ s❡çã♦ tr❛♥s✈❡rs❛❧ ❞❛ ✈✐❣❛ T ✱ ♠♦str❛❞❛
♥❛ ✜❣✉r❛ 2.9✱ ❡ ❝❛❧❝✉❧❡ ♦s ♠♦♠❡♥t♦s ❞❡ ✐♥ér❝✐❛ ❡♠ r❡❧❛çã♦ ❛♦ ❡✐①♦s ❝❡♥tr♦✐❞❛✐s✳
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dy1 = 8, 0 cm

dy2 = 12, 0 cm

❈á❧❝✉❧♦ ❞❡ x̄ ❡ ȳ✿

x̄ ·

n
∑

i=1

Ai =
n

∑

i=1

x̄i · Ai

x̄ =
A1 · x̄1 + A2 · x̄2

A1 + A2

=
(900 · 0) + (600 · 0)

(900 + 600)
= 0, 0 cm

ȳ ·

n
∑

i=1

Ai =
n

∑

i=1

ȳi · Ai

ȳ =
A1 · ȳ1 + A2 · ȳ2

A1 + A2

=
(900 · 35) + (600 · 15)

(900 + 600)
= 27, 0 cm

P♦rt❛♥t♦ ♦ ❝❡♥tr♦✐❞❡ ✜❝❛ ❧♦❝❛❧✐③❛❞♦ ♥♦ ♣♦♥t♦ C = (0, 27)✳

❈á❧❝✉❧♦ ❞♦s ♠♦♠❡♥t♦s ❞❡ ✐♥ér❝✐❛ ❡♠ r❡❧❛çã♦ ❛♦ ❜❛r✐❝❡♥tr♦✿

Ix =
∑

i=1

(Īxi
+ Aid

2
yi
) = (Īx1

+ A1d
2
y1
) + (Īx2

+ A2d
2
y2
)

Īx1
=

b1 · (h1)
3

12
=

90 · (10)3

12
= 7.500, 0 cm4

Īx2
=

b2 · (h2)
3

12
=

20 · (30)3

12
= 45.000, 0 cm4

Ix = [7.500, 0 + 900 · (8, 0)2] + [45.000, 0 + 600 · (12, 0)2] = 196.500, 0 cm4

Iy =
∑

i=1

(Īyi + Aid
2
xi
) = (Īy1 + A1d

2
x1
) + (Īy2 + A2d

2
x2
)

Īy1 =
h1 · (b1)

3

12
=

10 · (90)3

12
= 607.500, 0 cm4

Īy2 =
h2 · (b2)

3

12
=

30 · (20)3

12
= 20.000, 0 cm4

Iy = [607.500, 0 + 900 · (0, 0)2] + [20.000, 0 + 600 · (0, 0)2] = 627.500, 0 cm4
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❈❖◆❙■❉❊❘❆➬Õ❊❙ ❋■◆❆■❙

❖❜s❡r✈❛♠♦s ♦ q✉❛♥t♦ ❡stã♦ ♣r❡s❡♥t❡s ❛ ❢ís✐❝❛ ❡ ♠❛t❡♠át✐❝❛ ♥♦ ❡st✉❞♦ ❞♦ ❡q✉✐❧í❜r✐♦ ❞❡
✉♠ ❝♦r♣♦✱ ♦♥❞❡ ❞❡st❛❝❛♠♦s ♦ ✉s♦ ❞❛ ❣❡♦♠❡tr✐❛ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❝♦r♣♦s ❤♦♠♦❣ê♥❡♦s✳

❈♦♠ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ❢♦✐ ♣♦ssí✈❡❧ ❛♥❛❧✐s❛r ❞❡ ❢♦r♠❛ ♠❛✐s ❞❡t❛❧❤❛❞❛ ❛ ❛♣❧✐❝❛✲
çã♦ ❞❛ ❣❡♦♠❡tr✐❛ ♣❛r❛ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞♦s ❝♦♥❝❡✐t♦s ❢ís✐❝♦s ❞❡ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❡ ♠♦♠❡♥t♦
❞❡ ✐♥ér❝✐❛✳ ❙❡♥❞♦ ♣♦ssí✈❡❧ ❝♦♥❝❧✉✐r ♦ q✉❛♥t♦ ❛ ❣❡♦♠❡tr✐❛ é ✐♠♣♦rt❛♥t❡ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦
❞❡ss❛ t❡♦r✐❛✱ ❡ ♣♦rt❛♥t♦✱ ❞❡t❡r♠✐♥❛♠ ❢♦r♠❛s ❣❡♦♠étr✐❝❛s ❞❡ ❝❛❞❛ ♦❜❥❡t♦✱ ♣♦r ❡①❡♠♣❧♦✱
❝❛rr♦s✱ ♣♦♥t❡s✱ ❡❞✐❢í❝✐♦s✱ ❡t❝✳

❆ ♣❛rt✐r ❞❡st❛ ❛♥á❧✐s❡✱ ♣♦❞❡✲s❡ ❛✜r♠❛r q✉❡ ✉♠❛ ♣❛r❝❡❧❛ s✐❣♥✐✜❝❛t✐✈❛ ❞❛s ❞❡s❝♦❜❡rt❛s
❡ ❢❡✐t♦s r❡❛❧✐③❛❞♦s ♣❡❧♦ ❤♦♠❡♠✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣❛r❛ ❢❛❝✐❧✐t❛r ❛ ♥♦ss❛ ✈✐❞❛✱ ❢♦r❛♠ ❞❡s❡♥✲
✈♦❧✈✐❞♦s ❣r❛ç❛s ❛♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❢ís✐❝♦s ❡ ♠❛t❡♠át✐❝♦s q✉❡ ❢♦r❛♠ tr❛t❛❞♦s ❛q✉✐✱ ❡ q✉❡
q✉❡stõ❡s ❞❡ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❡ ❞❡ ♠♦♠❡♥t♦ ❞❡ ✐♥ér❝✐❛ sã♦ r❡s♦❧✈✐❞♦s✱ ❡♠ ❣❡r❛❧✱ ❝♦♠ ❛
❛♣❧✐❝❛çã♦ ❞❡ ❣❡♦♠❡tr✐❛ s✐♠♣❧❡s✱ q✉❡ sã♦ ❡♥s✐♥❛❞❛s ♥❛ ❊❞✉❝❛çã♦ ❇ás✐❝❛✳ ❆♣❡rs❛r ❞❡ ❝✐t❛r✲
♠♦s t❛✐s ❝♦♥❝❡✐t♦s ♥❛s ❛♣❧✐❝❛çõ❡s ❡♠ ❡♥❣❡♥❤❛r✐❛✱ é ✐♠♣♦rt❛♥t❡ ❝♦❧♦❝❛r♠♦s q✉❡ ❡①✐st❡♠
❞✐✈❡rs❛s ♦✉tr❛s ❛♣❧✐❝❛çõ❡s✳
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❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s
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