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❈á❧❝✉❧♦ ❉✐❢❡r❡♥❝✐❛❧ ❡ ■♥t❡❣r❛❧✿ ❯♠❛ ❆❜♦r❞❛❣❡♠
♥♦ ❊♥s✐♥♦ ▼é❞✐♦

❏á❧✐♦ ❆r❛ú❥♦ ❞❛ ❙✐❧✈❛

❙ã♦ ▲✉ís ✲ ▼❆
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❈á❧❝✉❧♦ ❉✐❢❡r❡♥❝✐❛❧ ❡ ■♥t❡❣r❛❧✿ ❯♠❛ ❆❜♦r❞❛❣❡♠
♥♦ ❊♥s✐♥♦ ▼é❞✐♦

❏á❧✐♦ ❆r❛ú❥♦ ❞❛ ❙✐❧✈❛

❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❞❡♣❛rt❛✲
♠❡♥t♦ ❞❡ ▼❛t❡♠❛t✐❝❛ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛
♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ♠❡str❡✳
❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ❙❡r❣✐♦ ◆♦❧êt♦ ❚✉r✐❜✉s✳

❙ã♦ ▲✉ís ✲ ▼❆
✷✵✶✾





❙✐❧✈❛✱ ❏á❧✐♦ ❆r❛ú❥♦ ❞❛

❈á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧ ❡ ✐♥t❡❣r❛❧✿ ❯♠❛ ❛❜♦r❞❛❣❡♠ ♥♦ ❡♥s✐♥♦ ♠é❞✐♦ ✴

❏á❧✐♦ ❆r❛ú❥♦ ❞❛ ❙✐❧✈❛✳ ✲ ❙ã♦ ▲✉ís✱ ✷✵✶✾✳

✳✳✳✹✻ ♣á❣✐♥❛s

❉✐ss❡rt❛çã♦ ✭♠❡str❛❞♦✮ ✲ ❈✉rs♦ ❞❡ ▼❛t❡♠át✐❝❛✱

❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞♦ ▼❛r❛♥❤ã♦✱ ✷✵✶✾✳

❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ❙ér❣✐♦ ◆♦❧êt♦ ❚✉r✐❜✉s✳
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❈❉❯ ✺✶✼✳✷✴✳✸✿✸✼✸✳✺



❉❡❞✐❝♦ ❡ss❛ ❞✐ss❡rt❛çã♦ ❛ ♠✐♥❤❛ ❡s♣♦s❛ ❡ ❛♦s ♠❡✉s
✜❧❤♦s q✉❡ s❡♠♣r❡ ❡st✐✈❡r❛♠ ❞♦ ♠❡✉ ❧❛❞♦✱ ♥♦s ♠♦✲
♠❡♥t♦s ♠❛✐s ❛❧❡❣r❡s ❡ ❞✐❢í❝❡✐s ❞❡st❛ tr❛❥❡tór✐❛✳ ❆♠♦
✈♦❝ês✳



❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ✐♠❡♥s❛♠❡♥t❡ ❛ ❉❊❯❙ ♣❡❧♦ ❞♦♠ ❞❛ ✈✐❞❛✱ ❡ ♣♦r ♣❡r♠✐t✐r q✉❡ ❡✉ ♣✉❞❡ss❡ ✐♥❣r❡ss❛r
❡ ❝♦♥❝❧✉✐r ❡st❡ ♠❡str❛❞♦✳

➚ ♠✐♥❤❛ ❡s♣♦s❛ ❏❯▲■❆◆❆ ❙❖❯❙❆✱ ♣♦r t❡r ♠❡ ❛♣♦✐❛❞♦ ❡♠ t♦❞♦s ♦s ❞✐❛s✱ ♣♦r t❡r t✐❞♦ ♣❛✲
❝✐ê♥❝✐❛ ❡ ♣♦r s❡♠♣r❡ ♠✐♠ ✐♥❝❡♥t✐✈❛r ❛ ❝r❡s❝❡r ♣r♦✜ss✐♦♥❛❧♠❡♥t❡ ❝♦❧❛❜♦r❛♥❞♦ ♥♦s ❡st✉❞♦s✳
▼♦♠❡♥t♦s ❡ss❡s q✉❡ s❡r❡✐ ❣r❛t♦ ♣♦r t♦❞❛ ✈✐❞❛✳

❆❣r❛❞❡ç♦ ❡♠ ❡s♣❡❝✐❛❧ ❛♦s ♠❡✉s ✜❧❤♦s✱ ❊❳P❊❉■❚❖ ❏➪▲■❖✱ ❍❊▲❊◆❆ ▲❆❯❘❆ ❡ ❇❊◆❮❈■❖
❏➪▲■❖ q✉❡ ❢♦r❛♠ ❡ s❡♠♣r❡ s❡rã♦ ♦s ♠♦t✐✈♦s ❞♦ ♠❡✉ ❝r❡s❝❡r✳ ❆♠♦ ♠✉✐t♦ ✈♦❝ês✳

❆❣r❛❞❡ç♦ à ♠✐♥❤❛ ♠ã❡ ❡ ❛♦ ♠❡✉ ♣❛✐✱ ▼❆❘■❆ ❆❘❆Ú❏❖ ❡ ❈❖❙▼❊ ❉❆▼■➹❖ ♣❡❧❛ ❧✉t❛ ❞❡
❛❝r❡❞✐t❛r ♥♦s ✜❧❤♦s✱ s❡♠♣r❡ ❡♥❢r❡♥t❛♥❞♦ ❛s ❞✐✜❝✉❧❞❛❞❡s ✜♥❛♥❝❡✐r❛s ♣❛r❛ q✉❡ ♣✉❞éss❡♠♦s
❡st✉❞❛r✳

❆♦s ♠❡✉s ✐r♠ã♦s ♣♦r s❡♠♣r❡ ❞❡♣♦s✐t❛r ❝♦♥✜❛♥ç❛ ❡♠ ♠✐♠✳

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ♣r♦❢❡ss♦r❡s ❞♦ ♠❡str❛❞♦ P❘❖❋▼❆❚✴❯❊▼❆ ❡♠ ❡s♣❡❝✐❛❧ ❛♦ ❝♦♦r❞❡✲
♥❛❞♦r ♣r♦❢♦ ❉r✳ ❏♦ã♦ ❈♦❡❧❤♦✱ q✉❡ s❡♠♣r❡ ❡st❡✈❡ ❞♦ ♥♦ss♦ ❧❛❞♦ ♥♦s ❛✉①✐❧✐❛♥❞♦ ❡♠ t♦❞♦
♠♦♠❡♥t♦ ❞♦ ❝✉rs♦✳

❆♦s ❝♦❧❡❣❛s q✉❡ s❡ t♦r♥❛r❛♠ ❛♠✐❣♦s✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ♥❛s ❜r✐♥❝❛❞❡✐r❛s ❡ ♣♦r s❡♠♣r❡ ❛❥✉❞❛r
♥♦s ♠♦♠❡♥t♦s ❞✐❢í❝❡✐s ❞♦ ❝✉rs♦✳

❆❣r❛❞❡ç♦ ✐♠❡♥s❛♠❡♥t❡ ❛♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ❉r✳ ❙➱❘●■❖ ◆❖▲✃❚❖ ❚❯❘■❇❯❙✱ ♣♦r t❡r
❛❝❡✐t❛❞♦ ♠❡ ♦r✐❡♥t❛r✱ ♣♦r t❡r ♠❡ ♣r♦♣♦r❝✐♦♥❛❞♦ ❡ss❛ ❛♠✐③❛❞❡ ❡ ♣♦r s❡♠♣r❡ t❡r ❛ ♣❛❝✐ê♥❝✐❛
♥♦s ♠♦♠❡♥t♦s ❞✐❢í❝❡✐s ❞❡st❛ ❞✐ss❡rt❛çã♦✳

❆❣r❛❞❡ç♦ ❛ ❈❆P❊❙ ♣❡❧❛ ❛❥✉❞❛ ✜♥❛♥❝❡✐r❛✳



❘❊❙❯▼❖

❈♦♠ ❛ s✐st❡♠❛t✐③❛çã♦ ❞♦s ✐♥❣r❡ss♦s ❞♦s ❡st✉❞❛♥t❡s ♥❛s ✉♥✐✈❡rs✐❞❛❞❡s ❛tr❛✈és ❞♦ ❊◆❊▼✱
♠✉✐t❛s ❡s❝♦❧❛s ♣r♦❝✉r❛♠ tr❛❜❛❧❤❛r ♦ t❡♠♣♦ ❣❛st♦ ❞♦ ❞✐s❝❡♥t❡ ♥❛ r❡s♦❧✉çã♦ ❞❡ q✉❡stõ❡s✳
❊✱ ♣♦rq✉❡ ♥ã♦ ✉t✐❧✐③❛r ♦ ❝á❧❝✉❧♦❄ ❖s ❡❞✉❝❛❞♦r❡s✱ ❡♠ ❣❡r❛❧✱ ♣♦ss✉❡♠ ❞✐✜❝✉❧❞❛❞❡s ❡♠ ❧✐❞❛r
❝♦♠ ♦ ❝á❧❝✉❧♦✱ ❡ s✉❛s ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s❄ ❈♦♠ ✐ss♦✱ ♦ ❈á❧❝✉❧♦ ❉✐❢❡r❡♥❝✐❛❧ ❡ ■♥t❡❣r❛❧✱ é
✉♠❛ ❢❡rr❛♠❡♥t❛ ✐♠♣♦rt❛♥tíss✐♠❛ ♣❛r❛ ❛❧❣✉♠❛s r❡s♦❧✉çõ❡s ❞❡ ❡①❡r❝í❝✐♦s ♥♦ â♠❜✐t♦ ❞❛ ▼❛✲
t❡♠át✐❝❛ ❡ ❋ís✐❝❛✳ ❊st❡ tr❛❜❛❧❤♦ ❝♦♥s✐st❡ ♥❛ ✉t✐❧✐③❛çã♦ ❞♦ ❈á❧❝✉❧♦ ❉✐❢❡r❡♥❝✐❛❧ ❡ ■♥t❡❣r❛❧
♣❛r❛ ♠♦str❛r ❛♦s ❛❧✉♥♦s q✉❡ é ✉♠❛ ❢❡rr❛♠❡♥t❛ ♦t✐♠✐③❛❞❛ ❡♠ ❛❧❣✉♥s ❝❛s♦s ❡ ❡ss❡♥❝✐❛❧ ♣❛r❛
❛ ✈✐❞❛ ❝♦♠♦ ❡st✉❞❛♥t❡ s❡❥❛ ❡♥s✐♥♦ ♠é❞✐♦ ♦✉ ❝♦♠♦ ✉♥✐✈❡rs✐tár✐♦✳ ❯t✐❧✐③❛♠♦s ♦ ■♥st✐t✉t♦
❢❡❞❡r❛❧ ❞♦ ▼❛r❛♥❤ã♦ ❝❛♠♣✉s ❙❛♥t❛ ■♥ês✱ ❝♦♠♦ ♦ ❝❡♥tr♦ ❞❛ ♣❡sq✉✐s❛✱ ♥❡❧❡ ❢♦✐ ❢❡✐t❛ ✉♠❛ ❡①✲
♣❧❛♥❛çã♦ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ❧✐♠✐t❡s✱ ❞❡r✐✈❛❞❛s ❡ ✐♥t❡❣r❛✐s ❝♦♠ s✉❛s r❡s♣❡❝t✐✈❛s ♣r♦♣r✐❡❞❛❞❡s✳
❆❝r❡❞✐t❛♠♦s s❡r ♣♦ssí✈❡❧ ♣r♦♣♦r ♠❡❧❤♦r✐❛s s♦❜r❡ ♦s ❜❡♥❡❢í❝✐♦s ❞❛ ✐♥s❡rçã♦ ❞♦ ❝á❧❝✉❧♦ ❥á ♥♦
❡♥s✐♥♦ ♠é❞✐♦✳ ❊s♣❡r❛✲s❡ q✉❡ ❡st❡ tr❛❜❛❧❤♦ ❡st✐♠✉❧❡ ♦s ❡❞✉❝❛❞♦r❡s ❡ ❡❞✉❝❛♥❞♦s✱ s♦❜r❡ ♦s
❞❡s❛✜♦s ❞♦ ❡♥s✐♥♦ ❞❡ ❢♦r♠❛ ♠❛✐s s✐❣♥✐✜❝❛t✐✈❛✱ ❡ ❞❡ ♥♦✈❛s ❛❜♦r❞❛❣❡♥s ♥♦ ✏❝♦t✐❞✐❛♥♦✑ ❞❛s
❛✉❧❛s✳

P❛❧❛✈r❛s ❈❤❛✈❡✿ ❈á❧❝✉❧♦ ❉✐❢❡r❡♥❝✐❛❧ ❡ ■♥t❡❣r❛❧✱ ❊♥s✐♥♦ ▼é❞✐♦✳



❆❇❙❚❘❆❈❚

❲✐t❤ t❤❡ s②st❡♠❛t✐③❛t✐♦♥ ♦❢ st✉❞❡♥ts✬ ❛❞♠✐ss✐♦♥ t♦ ✉♥✐✈❡rs✐t✐❡s t❤r♦✉❣❤ ❊◆❊▼✱ ♠❛♥②
s❝❤♦♦❧s s❡❡❦ t♦ ✇♦r❦ t❤❡ st✉❞❡♥t✬s t✐♠❡ s♣❡♥t ✐♥ s♦❧✈✐♥❣ q✉❡st✐♦♥s✳ ❆♥❞✱ ✇❤② ♥♦t ✉s❡
t❤❡ ❝❛❧❝✉❧✉s❄ ❉♦ ❡❞✉❝❛t♦rs✱ ✐♥ ❣❡♥❡r❛❧✱ ❤❛✈❡ ❞✐✣❝✉❧t✐❡s ✐♥ ❞❡❛❧✐♥❣ ✇✐t❤ ❝❛❧❝✉❧✉s✱ ❛♥❞ ✐ts
✈❛r✐♦✉s ❛♣♣❧✐❝❛t✐♦♥s❄ ❲✐t❤ t❤✐s✱ t❤❡ ❉✐✛❡r❡♥t✐❛❧ ❛♥❞ ■♥t❡❣r❛❧ ❈❛❧❝✉❧✉s✱ ✐s ❛ ✈❡r② ✐♠♣♦rt❛♥t
t♦♦❧ ❢♦r s♦♠❡ r❡s♦❧✉t✐♦♥s ♦❢ ❡①❡r❝✐s❡s ✐♥ t❤❡ s❝♦♣❡ ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ P❤②s✐❝s✳ ❚❤✐s ✇♦r❦
❝♦♥s✐sts ✐♥ t❤❡ ✉s❡ ♦❢ ❉✐✛❡r❡♥t✐❛❧ ❛♥❞ ■♥t❡❣r❛❧ ❈❛❧❝✉❧✉s t♦ s❤♦✇ t♦ t❤❡ st✉❞❡♥ts t❤❛t ✐t
✐s ❛♥ ♦♣t✐♠✐③❡❞ t♦♦❧ ✐♥ s♦♠❡ ❝❛s❡s ❛♥❞ ❡ss❡♥t✐❛❧ ❢♦r t❤❡ st✉❞❡♥t✬s ❧✐❢❡ ❛s ❛ ❤✐❣❤ s❝❤♦♦❧ ♦r
❝♦❧❧❡❣❡ st✉❞❡♥t✳ ❲❡ ✉s❡❞ t❤❡ ❋❡❞❡r❛❧ ■♥st✐t✉t❡ ♦❢ ▼❛r❛♥❤ã♦ ❙❛♥t❛ ■♥❡s ❝❛♠♣✉s✱ ❛s t❤❡
❝❡♥t❡r ♦❢ t❤❡ r❡s❡❛r❝❤✱ ✐♥ ✇❤✐❝❤ ✐t ✇❛s ♠❛❞❡ ❛♥ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❧✐♠✐ts✱
❞❡r✐✈❡❞ ❛♥❞ ✐♥t❡❣r❛❧ ✇✐t❤ t❤❡✐r r❡s♣❡❝t✐✈❡ ♣r♦♣❡rt✐❡s✳ ❲❡ ❜❡❧✐❡✈❡ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦♣♦s❡
✐♠♣r♦✈❡♠❡♥ts ♦♥ t❤❡ ❜❡♥❡✜ts ♦❢ ✐♥s❡rt✐♥❣ t❤❡ ❝❛❧❝✉❧✉s ❛❧r❡❛❞② ✐♥ ❤✐❣❤ s❝❤♦♦❧✳ ■t ✐s ❤♦♣❡❞
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❝✐♦♥❛r ❛♦ ❛❧✉♥♦ ✉♠❛ tr❛♥s✐çã♦ ♠❛✐s tr❛♥q✉✐❧❛ ❞❛ ❡❞✉❝❛çã♦ ❜ás✐❝❛ ♣❛r❛ ❛ ✉♥✐✈❡rs✐❞❛❞❡ ❡

t♦r♥á✲❧♦ ♠❡❧❤♦r ♣r❡♣❛r❛❞♦ ♣❛r❛ tr❛❜❛❧❤❛r ❝♦♠ ♦s ♦❜❥❡t♦s ❞♦ ❈á❧❝✉❧♦✳

❘❡❛❧✐③♦✉✲s❡ ✉♠❛ ♣❡sq✉✐s❛ ❜✐❜❧✐♦❣rá✜❝❛✱ ❡st✉❞❛♥❞♦ ❞❡s❞❡ ❛s ♦r✐❣❡♥s ❤✐stór✐❝❛s ❞♦

❈á❧❝✉❧♦ ♣❛r❛ ❝♦♠♣r❡❡♥❞❡r ❝♦♠♦ s❡ ❞❡✉ ♦ ♣r♦❝❡ss♦ ❞❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ss❡ ❝❛♠♣♦ ❞❡

❝♦♥❤❡❝✐♠❡♥t♦ ❡ ❝♦♠♦ s❡ ♣♦❞❡✱ ❝♦♠ ✐♥s♣✐r❛çã♦ ♥❛ ❤✐stór✐❛✱ ❜✉s❝❛r ♠❡✐♦s q✉❡ ♣♦ss❛♠

❛✉①✐❧✐❛r ♥♦ ❡♥s✐♥♦ ❡ ♥❛ ❛♣r❡♥❞✐③❛❣❡♠ ❞♦ ❈á❧❝✉❧♦✳

❇✉s❝♦✉✲s❡ t❛♠❜é♠✱ ❛♥❛❧✐s❛r ❛❧❣✉♥s ❞♦s ❢❛t♦r❡s ✈✐♥❝✉❧❛❞♦s às ❞✐✜❝✉❧❞❛❞❡s ❡♥❢r❡♥✲

t❛❞❛s ♣❡❧♦s ❡st✉❞❛♥t❡s ❡♠ ✉♠ ❝✉rs♦ ❞❡ ❈á❧❝✉❧♦ ❡ q✉❛✐s ♦s ♣r✐♥❝✐♣❛✐s ❡rr♦s ❝♦♠❡t✐❞♦s ♣❡❧♦s

♠❡s♠♦s✳

❋♦r❛♠ ❝r✐❛❞❛s s✐t✉❛çõ❡s ❞❡ ❛♣r❡♥❞✐③❛❣❡♠✱ ♣❛r❛ s❡r❡♠ tr❛❜❛❧❤❛❞❛s ❛✐♥❞❛ ♥♦ ❊♥✲

s✐♥♦ ▼é❞✐♦✱ ❛❜♦r❞❛♥❞♦ ♥♦çõ❡s r❡❧❛❝✐♦♥❛❞❛s ❛♦s ❝♦♥❝❡✐t♦s ❞❡ ❧✐♠✐t❡✱ ❞❡r✐✈❛❞❛ ❡ ✐♥t❡❣r❛❧✳

❚❛✐s s✐t✉❛çõ❡s ❢♦r❛♠ ❝r✐❛❞❛s ✈✐s❛♥❞♦ tr❛❜❛❧❤❛r ❝♦♠ t❛✐s ♦❜❥❡t♦s ♠❛t❡♠át✐❝♦s ❞❡ ♠❛♥❡✐r❛

✐♥t✉✐t✐✈❛✱ ❞❡✐①❛♥❞♦ ❛ ❢♦r♠❛❧✐③❛çã♦ ❞♦s ♠❡s♠♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❧✐♥❣✉❛❣❡♠ ❡ ♦ r✐❣♦r

s✐♠❜ó❧✐❝♦✲❢♦r♠❛❧ ❞❛ ▼❛t❡♠át✐❝❛ ♣❛r❛ ♦ ❊♥s✐♥♦ ❙✉♣❡r✐♦r✳

❖ ♦❜❥❡t✐✈♦ ❞❡ s❡ ♣r♦♣♦r ♣❛r❛ ❛❧✉♥♦s ❞♦ ❊♥s✐♥♦ ▼é❞✐♦ s✐t✉❛çõ❡s ❝♦♠♦ ❛s ❞❡s❡♥✲

✈♦❧✈✐❞❛s é ❞❛r ❛♦s ♠❡s♠♦s ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ❡❧❡s ❝♦♠❡❝❡♠ ❛ ❝♦♠♣r❡❡♥❞❡r à ❛♣❧✐❝❛çã♦

❡ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❢✉♥❞❛♠❡♥t❛✐s ❞♦ ❈á❧❝✉❧♦ ♣♦r ♠❡✐♦ ❞❡ ♣r♦❜❧❡♠❛s

❝♦♥t❡①t✉❛❧✐③❛❞♦s ❡ ✐♥t❡r❞✐s❝✐♣❧✐♥❛r❡s✳

❖s ♠❛t❡♠át✐❝♦s só ❝♦♥s❡❣✉✐r❛♠ ❝❤❡❣❛r ❛♦ ❝♦♥❝❡✐t♦ ❞❡ ❢✉♥çã♦✱ t❛❧ ❝♦♠♦ ♦ ❡♥t❡♥✲

❞❡♠♦s ❤♦❥❡✱ ❞❡♣♦✐s ❞❡ ✉♠ ❧♦♥❣♦ ♣❡rí♦❞♦ ❞❡ ❡✈♦❧✉çã♦ ❞♦ ❝á❧❝✉❧♦✱ ❝❡r❝❛ ❞❡ sé❝✉❧♦ ❡ ♠❡✐♦✳

❆s ❢✉♥çõ❡s ✐❛♠ ❛♣❛r❡❝❡♥❞♦ ♥❛ ❢♦r♠✉❧❛çã♦ ❡ tr❛t❛♠❡♥t♦ ❞♦s ♣r♦❜❧❡♠❛s❀ ♣r✐♠❡✐r♦ ❢✉♥çõ❡s

s✐♠♣❧❡s✱ ❝♦♠♦ ♦s ♣♦❧✐♥ô♠✐♦s ♦✉ ❛s q✉❡ ❞❡❧❡s s❡ ♦❜tê♠ ♣♦r ♦♣❡r❛çõ❡s ❛❧❣é❜r✐❝❛s✱ ❞❡♣♦✐s ❛

❢✉♥çã♦ ❧♦❣❛rít♠✐❝❛✱ ❛ ❡①♣♦♥❡♥❝✐❛❧✱ ❛s ❢✉♥çõ❡s tr✐❣♦♥♦♠étr✐❝❛s✱ ❡t❝✳

❆♦s ♣♦✉❝♦s ❢✉♥çõ❡s ♠❛✐s ❝♦♠♣❧✐❝❛❞❛s✱ ❞❛❞❛s ♣♦r sér✐❡s ♦✉ ✐♥t❡❣r❛✐s✱ t❛♠❜é♠

❛♣❛r❡❝❡r❛♠ ♥❛t✉r❛❧♠❡♥t❡✱ ♥❛ t❡♥t❛t✐✈❛ ❞❡ r❡s♦❧✈❡r ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s s✉r❣✐❞❛s ♥❛ ❢♦r✲

♠✉❧❛çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ▼❡❝â♥✐❝❛✱ ❝♦♥❞✉çã♦ ❞♦ ❝❛❧♦r✱ ❡♠ ▼❡❝â♥✐❝❛ ❝❡❧❡st❡✱ ❡t❝✳ ❋♦✐ ❛♦

❧♦♥❣♦ ❞❡ss❛ ❧❡♥t❛ ♠❛t✉r❛çã♦ q✉❡ s❡ ❢♦✐ r❡❝♦♥❤❡❝❡♥❞♦ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ❢✉♥çã♦✳

➱ ✐♠♣♦rt❛♥t❡ ❥✉st❛♠❡♥t❡ ♣♦rq✉❡ ❝♦♠ ❡❧❡ ❡r❛ ♣♦ssí✈❡❧ ❢♦r♠✉❧❛r ❡ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s✱ ♦ q✉❡

❡①✐❣✐❛ ❞❡r✐✈❛r ❡ ✐♥t❡❣r❛r ❢✉♥çõ❡s✱ ❞❡s❡♥✈♦❧✈ê✲❧❛s ❡♠ sér✐❡s ✐♥✜♥✐t❛s✱ ❡t❝✳

P♦rt❛♥t♦ ♣❛r❛ ♣♦❞❡r♠♦s ♠♦str❛r ❛♦ ❛❧✉♥♦ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ❢✉♥çã♦✱

t❡♠♦s ❞❡ ❡♥s✐♥❛r✲❧❤❡ ♦s ❝♦♥❝❡✐t♦s ❞❡ ❞❡r✐✈❛❞❛ ❡ ✐♥t❡❣r❛❧✱ ❡✱ ♣❛r❛ q✉❡ s❡r✈❡♠ ❡ss❡s ❝♦♥❝❡✐t♦s✳

➚ ♠❡❞✐❞❛ q✉❡ ✈❛♠♦s ❛✈❛♥ç❛♥❞♦ ❝♦♠ ❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ ✐❞❡✐❛s✱ ❝♦♠ ♦ ❞❡s❡♥✈♦❧✲

✈✐♠❡♥t♦ ❞❡ ♠ét♦❞♦s r❡❧❡✈❛♥t❡s ♥♦ tr❛t❛♠❡♥t♦ ❞❡ ♣r♦❜❧❡♠❛s s✐❣♥✐✜❝❛t✐✈♦s✱ ❛í s✐♠✱ ✈ã♦

s✉r❣✐♥❞♦✱ ❛ ❝❛❞❛ ♣❛ss♦✱ ❣r❛❞❛t✐✈❛♠❡♥t❡✱ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❞❡✜♥✐çõ❡s ♥♦✈❛s✱ ❡ ❞❡ss❛ ♠❛✲

✶✷



♥❡✐r❛ ♦ ❡♥s✐♥♦ ♣♦❞❡ t♦r♥❛r✲s❡ ✐♥t❡r❡ss❛♥t❡✱ ♦ ❛❧✉♥♦ s❡ s❡♥t✐rá ❡st✐♠✉❧❛❞♦ ♣♦rq✉❡ ❡♥t❡♥❞❡

❛ r❛③ã♦ ❞❡ s❡r ❞♦ q✉❡ ❡stá ❛♣r❡♥❞❡♥❞♦✳

❊♠❜♦r❛ ♥ã♦ ♣r❡t❡♥❞❛♠♦s ❞❛r ✉♠❛ r❡s♣♦st❛ ❞❡✜♥✐t✐✈❛ ❛ ❡ss❛s ♣❡r❣✉♥t❛s✱ ❡st❛♠♦s

❝♦♥✈❡♥❝✐❞♦s ❞❡ q✉❡ ❛s ✐❞❡✐❛s ♣r❡s❡♥t❡s ♥♦ ❡st✉❞♦ ❞♦ ❈á❧❝✉❧♦ ♥ã♦ sã♦ ❞❡ ❞✐❢í❝✐❧ ❛ss✐♠✐❧❛çã♦✳

❆♦ ❝♦♥trár✐♦✱ sã♦ ♣❛ssí✈❡✐s ❞❡ s❡r❡♠ ❝♦♠♣r❡❡♥❞✐❞❛s ♣❡❧♦s ❡st✉❞❛♥t❡s ❞❛ ❊s❝♦❧❛ ❇ás✐❝❛✱

❞❡s❞❡ q✉❡ ❡st❡❥❛♠ ✐♥s❡r✐❞❛s ❡♠ ✉♠ ❝♦♥t❡①t♦ ❛♣r♦♣r✐❛❞♦ ♣❛r❛ ❝❛❞❛ ♥í✈❡❧ ❞❡ ❡s❝♦❧❛r✐❞❛❞❡✳

❊st❡ tr❛❜❛❧❤♦ ❡st❛ ♦r❣❛♥✐③❛❞♦ ❞❡ ❢♦r♠❛ s✉❝✐♥t❛ ❛ ♣r♦♣♦r❝✐♦♥❛r ✉♠❛ ✈✐sã♦ ❣❡r❛❧✱

♥❛ s❡❣✉♥❞❛ s❡çã♦ ♠♦str❛♠♦s ❛♦s ❛❧✉♥♦s ✉♠ ❝♦♥t❡①t♦ ❤✐stór✐❝♦ ❞♦ ❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧ ❡

✐♥t❡❣r❛❧✱ ♦s ❡st✉❞✐♦s♦s q✉❡ ❞✐❢✉♥❞✐r❛♠ ♦ ❝á❧❝✉❧♦ ♣❛r❛ ❛ s♦❝✐❡❞❛❞❡✳ ❆♥❛❧✐s❛♠♦s ♦ ❝♦♠♣♦r✲

t❛♠❡♥t♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ♣♦ssí✈❡✐s ✈❛r✐❛çõ❡s ❡♠ ✈❛❧♦r❡s ❞❡ s❡✉ ❞♦♠í♥✐♦✱

✐♥tr♦❞✉③✐♥❞♦✱ ❛ss✐♠✱ ❛ ♥♦çã♦ ✐♥t✉✐t✐✈❛ ❞❡ ❧✐♠✐t❡✳ ◆♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛♦ ❝♦♥t❡ú❞♦ ❞❡ ❞❡r✐✲

✈❛❞❛✱ tr❛❜❛❧❤❛♠♦s ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛ ❡ ✈❡❧♦❝✐❞❛❞❡ ✐♥st❛♥tâ♥❡❛✱ ❛❧✐❛♥❞♦✲

♦ ❛♦ ❡st✉❞♦ ❞❡ r❡t❛ t❛♥❣❡♥t❡ ❛♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ♣♦♥t♦✱ ♣♦r

♠❡✐♦ ❞❛ ❛♥á❧✐s❡ ❡ ✐♥t❡r♣r❡t❛çã♦ ❞♦ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r ❞❡ss❛ r❡t❛✳ P❛r❛ ♦ ❝á❧❝✉❧♦ ■♥t❡❣r❛❧

❢♦✐ tr❛③✐❞❛ ❛ ♣r♦♣♦st❛ ❞❛ ár❡❛ ❛❜❛✐①♦ ❞♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛✱ ❧✐♠✐t❛❞❛ ♣❡❧♦

❡✐①♦ ❞❛s ❛❜s❝✐ss❛s ❡ ♣♦r r❡t❛s ✈❡rt✐❝❛✐s ❝♦♠ ♦ ❛✉①í❧✐♦ ❞♦ s♦❢t✇❛r❡ ❞❡ ❣❡♦♠❡tr✐❛ ❞✐♥â♠✐❝❛✳

❆ t❡r❝❡✐r❛ s❡çã♦ ❛♣r❡s❡♥t❛ ✉♠❛ ✈✐sã♦ ❞♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ♥♦ ❡st✉❞♦ ❞♦ ❝á❧❝✉❧♦

s❡❣✉♥❞♦ ❛❧❣✉♥s ♣❡sq✉✐s❛❞♦r❡s✳ ❆ ✐❞❡✐❛ ❞❡ s❡ ❝♦❧♦❝❛r ❞❡ ❢♦r♠❛ ❣r❛❞❛t✐✈❛ ♦ ❝á❧❝✉❧♦ ♥♦

❡♥s✐♥♦ ❜ás✐❝♦✱ ❞❛♥❞♦ ✉♠ ♣❡♥s❛♠❡♥t♦ ❝rít✐❝♦ ❛ ❡st❡ ❡st✉❞♦✳

❆ q✉❛rt❛ s❡çã♦ ♥♦s r❡♠❡t❡ ❛♦ ✐♥í❝✐♦ ❞❛ ♣❡sq✉✐s❛ ❝♦♥t❡♠♣❧❛♥❞♦ t✉r♠❛s ❞♦ ❡♥s✐♥♦

♠é❞✐♦ ❞♦ ■❋▼❆ ✲ ■♥st✐t✉t♦ ❋❡❞❡r❛❧ ❞♦ ▼❛r❛♥❤ã♦✱ ❝❛♠♣✉s ❙❛♥t❛ ■♥ês✱ ♦♥❞❡ ♣✉❞❡r❛♠

❝♦♥tr✐❜✉✐r ❝♦♠ ♦s q✉❡st✐♦♥❛♠❡♥t♦s ❡ ♣❛rt✐❝✐♣❛çã♦ ❝♦♠ ♦ ♣r♦❝❡ss♦ ❞❡ ❡♥s✐♥♦ ❛♣r❡♥❞✐③❛❣❡♠

❛ q✉❡ ❡❧❡s ❢♦r❛♠ s✉❜♠❡t✐❞♦s✳ ❉❡ ❢♦r♠❛ q✉❡ ♦s ❛❧✉♥♦s ♥ã♦ ❢♦r❛♠ ❝♦❧♦❝❛❞♦s à ♣r♦✈❛ ❞❡

♠❛t✉r✐❞❛❞❡ ♣❛r❛ ❡♥t❡♥❞❡r❡♠ ♦ ❈á❧❝✉❧♦ ❝♦♠♦ é ✈✐st♦ ♥♦s ❝✉rs♦s s✉♣❡r✐♦r❡s✱ ♠❛s ❛❝r❡❞✐t♦

♥❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ✐♥t❡❣r❛çã♦ ❞♦s s❡✉s ❝♦♥❝❡✐t♦s ❝♦♠ ♦s tó♣✐❝♦s ❡st✉❞❛❞♦s ♥♦ ❡♥s✐♥♦

♠é❞✐♦✳

❏á ♥❛ s❡çã♦ ✺ sã♦ ❛♣r❡s❡♥t❛❞♦s ❛s ❝♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s ❝♦♠ ❛ ♣❡rs♣❡❝t✐✈❛ ❞❡ q✉❡

♦ tr❛❜❛❧❤♦ ✈❡♥❤❛ ❛ ✐♥✢✉❡♥❝✐❛r ♥♦ â♠❜✐t♦ ❞♦ ♠❡✉ ❧♦❝❛❧ ❞❡ s❡r✈✐ç♦✳ ❖s ❞❡♠❛✐s r❡❧❛❝✐♦♥❛♠

❛ ❜✐❜❧✐♦❣r❛✜❛ ❝♦♥s✉❧t❛❞❛ ❡ ♦s ❛♣ê♥❞✐❝❡s ❡♠ ❣❡r❛❧✳

✶✸



✷ ❖ ❈➪▲❈❯▲❖ ❉■❋❊❘❊◆❈■❆▲ ❊ ■◆❚❊●❘❆▲

✷✳✶ ❯▼❆ ❇❘❊❱❊ ■❉❊■❆ ❉❖ ❈➪▲❈❯▲❖

❖ ❈á❧❝✉❧♦ ✐♥t❡❣r❛❧ ❡ ❞✐❢❡r❡♥❝✐❛❧ é ✉♠ ✐♥str✉♠❡♥t♦ ♥❛t✉r❛❧ ❡ ♣♦❞❡r♦s♦ ♣❛r❛ ❛t❛❝❛r

✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ♣r♦❜❧❡♠❛s q✉❡ ❛♣❛r❡❝❡♠ ♥❛ ❋ís✐❝❛✱ ❆str♦♥♦♠✐❛✱ ❊♥❣❡♥❤❛r✐❛✱ ◗✉í♠✐❝❛✱

●❡♦❧♦❣✐❛✱ ❇✐♦❧♦❣✐❛ ❡ ♦✉tr♦s ❝❛♠♣♦s✳ ➱ ✉♠❛ ❝♦♠♣✐❧❛çã♦ ❞❡ ✐❞❡✐❛s ❛tr❛❡♥t❡s ❡ ❡①❝✐t❛♥t❡s✱

q✉❡ ✐♥t❡r❡ss❛r❛♠ ♦ ♣❡♥s❛♠❡♥t♦ ❤✉♠❛♥♦ ❞✉r❛♥t❡ sé❝✉❧♦s✳ ❊st❛s ✐❞❡✐❛s ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s

❝♦♠ ✈❡❧♦❝✐❞❛❞❡✱ ár❡❛✱ ✈♦❧✉♠❡✱ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦✱ ❝♦♥t✐♥✉✐❞❛❞❡ ❡ ❝♦♠ ♦✉tr♦s ❝♦♥❝❡✐t♦s

❞✐③❡♥❞♦ r❡s♣❡✐t♦ ❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞♦♠í♥✐♦s✳

❆ ♦r✐❣❡♠ ❞♦ ❝á❧❝✉❧♦ ✐♥t❡❣r❛❧ r❡♠♦♥t❛ ❛ ♠❛✐s ❞❡ ✷✵✵✵ ❛♥♦s✱ q✉❛♥❞♦ ♦s ❣r❡❣♦s

t❡♥t❛✈❛♠ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ ár❡❛s ♣♦r ✉♠ ♣r♦❝❡ss♦ q✉❡ ❞❡s✐❣♥❛r❛♠

❞❡ ✏♠ét♦❞♦ ❞❡ ❡①❛✉stã♦✑✱ q✉❡ ❞❡ ♠❛♥❡✐r❛ ❡❧❡♠❡♥t❛r ❡r❛ ❛ss✐♠ ❞❡s❝r✐t♦✿ ❞❛❞❛ ✉♠❛ r❡❣✐ã♦

❝✉❥❛ ár❡❛ ♣r❡t❡♥❞❡ ❞❡t❡r♠✐♥❛r✲s❡✱ ✐♥s❝r❡✈❡♠♦s ♥❡❧❛ ✉♠❛ r❡❣✐ã♦ ♣♦❧✐❣♦♥❛❧ q✉❡ s❡ ❛♣r♦①✐♠❡

❞❛ r❡❣✐ã♦ ❞❛❞❛ ❡ ❝✉❥❛ ár❡❛ s❡❥❛ ❞❡ ❝á❧❝✉❧♦ ❢á❝✐❧✱ ❡ ❝♦♥t✐♥✉❛♠❡♥t❡ ❢❛③❡♠♦s ♦ ♠❡s♠♦ ♣r♦❝❡ss♦

t♦♠❛♥❞♦ ❧✐♥❤❛s ♣♦❧✐❣♦♥❛✐s ❝♦♠ ❝❛❞❛ ✈❡③ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ ❧❛❞♦s✱ ❞❡ ♠♦❞♦ ❛ ❝♦❜r✐r ❛ r❡❣✐ã♦

❞❛❞❛✳

❋✐❣✉r❛ ✶✿ ▼ét♦❞♦ ❞❡ ❡①❛✉stã♦

❋♦♥t❡✿ ■♥t❡r♥❡t

●r❛❞✉❛❧♠❡♥t❡✱ ♦ ♠ét♦❞♦ ❞❡ ❡①❛✉stã♦ ❢♦✐ tr❛♥s❢♦r♠❛❞♦ ♥♦ q✉❡ ❤♦❥❡ s❡ ❞❡s✐❣♥❛

♣♦r ❝á❧❝✉❧♦ ✐♥t❡❣r❛❧✱ ♥♦✈❛ ❡ ♣♦❞❡r♦s❛ ❞✐s❝✐♣❧✐♥❛ ❝♦♠ ✉♠❛ ❣r❛♥❞❡ ✈❛r✐❡❞❛❞❡ ❞❡ ❛♣❧✐❝❛çõ❡s✳

◆❡✇t♦♥ t♦r♥♦✉✲s❡ ♦ ❡❢❡t✐✈♦ ✐♥✈❡♥t♦r ❞♦ ❝á❧❝✉❧♦✱ ♣♦rq✉❡ ❢♦✐ ❝❛♣❛③ ❞❡ ❡①♣❧♦r❛r ❛

r❡❧❛çã♦ ✐♥✈❡rs❛ ❡♥tr❡ ✐♥❝❧✐♥❛çã♦ ❡ ár❡❛ ❛tr❛✈és ❞❡ s✉❛ ♥♦✈❛ ❛♥á❧✐s❡ ✐♥✜♥✐t❛✳ ▼❛✐s ❞✉r❛♥t❡

❡st❡ ♠❡s♠♦ t❡♠♣♦ ❡♠ ✶✻✼✸✱ ▲❡✐❜♥✐③ ♣❡r❝❡❜❡✉ q✉❡ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❛ t❛♥❣❡♥t❡ ❛ ✉♠❛

❝✉r✈❛ ❞❡♣❡♥❞✐❛ ❞❛ r❛③ã♦ ❞❛s ❞✐❢❡r❡♥ç❛s ❞❛s ♦r❞❡♥❛❞❛s ❡ ❞❛s ❛❜❝✐ss❛s✱ q✉❛♥❞♦ ❡ss❛s s❡

t♦r♥❛✈❛♠ ✐♥✜♥✐t❛♠❡♥t❡ ♣❡q✉❡♥❛s✱ ❡ q✉❡ ❛s q✉❛❞r❛t✉r❛s ❞❡♣❡♥❞✐❛♠ ❞❛ s♦♠❛ ❞♦s r❡tâ♥❣✉✲

✶✹



❧♦s ✐♥✜♥✐t❛♠❡♥t❡ ✜♥♦s q✉❡ ❢♦r♠❛ ❛ ár❡❛✳ ▲❡✐❜♥✐③ s❡♠♣r❡ t❡✈❡ ✉♠❛ ♣❡r❝❡♣çã♦ ❛❣✉❞❛ ❛♦

♣❡♥s❛♠❡♥t♦✱ ❡ s✉❛ ❡s❝♦❧❤❛ ♥♦ ❝❛s♦ ❞♦ ❝á❧❝✉❧♦ ❢♦✐ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ❢❡❧✐③✳

◆❡✇t♦♥ ❡ ▲❡✐❜♥✐③✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ✉♠ ❞♦ ♦✉tr♦✱ ❢♦r❛♠ ❧❛r❣❛♠❡♥t❡ r❡s♣♦♥sá✲

✈❡✐s ♣❡❧♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛s ✐❞❡✐❛s ❞♦ ❝á❧❝✉❧♦ ✐♥t❡❣r❛❧✱ ❛ t❛❧ ♣♦♥t♦ q✉❡ ♣r♦❜❧❡♠❛s ❛té ❛✐

✐rr❡s♦❧ú✈❡✐s ♣❛ss❛r❛♠ ❛ s❡r r❡s♦❧✈✐❞♦s ♣♦r ♠ét♦❞♦s ♠❛✐s ♦✉ ♠❡♥♦s r♦t✐♥❡✐r♦s✳ ❆ ❛✉s♣✐❝✐✲

♦s❛ r❡❛❧✐③❛çã♦ ❞❡st❡s ❤♦♠❡♥s ❢♦✐ ❞❡✈✐❞❛ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛♦ ❢❛t♦ ❞❡ t❡r❡♠ s✐❞♦ ❝❛♣❛③❡s ❞❡

❢✉♥❞✐r ❝á❧❝✉❧♦ ✐♥t❡❣r❛❧ ❝♦♠ ♦ s❡❣✉♥❞♦ r❛♠♦ ✐♠♣♦rt❛♥t❡ ❞♦ ❝á❧❝✉❧♦✱ ♦ ❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧✳

❈♦♥t✉❞♦ ◆❡✇t♦♥ ❡ ▲❡✐❜♥✐③ ❢♦r❛♠ ♦s ♣r✐♠❡✐r♦s ❛ ❝♦♠♣r❡❡♥❞❡r ❛ ✈❡r❞❛❞❡✐r❛ ✐♠✲

♣♦rtâ♥❝✐❛ ❞❡st❛ r❡❧❛çã♦ ❡ ❛ ❡①♣❧♦rá✲❧❛ tã♦ ❝♦♠♣❧❡t❛♠❡♥t❡ q✉❡ ✐♥✐❝✐❛r❛♠ ✉♠❛ ❡r❛ s❡♠

♣r❡❝❡❞❡♥t❡ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ♠❛t❡♠át✐❝❛✳ ❋♦✐ ▲❡✐❜♥✐③ q✉❡ ❞❡✜♥✐✉ ❛s ♥♦t❛çõ❡s ❞❡

❞❡r✐✈❛❞❛s ❡ ❞❡ ✐♥t❡❣r❛❧ q✉❡ ✉s❛♠♦s ❛té ❤♦❥❡✳

❋✐❣✉r❛ ✷✿ ■s❛❛❝ ◆❡✇t♦♥

❋♦♥t❡✿ ❜✐♦❣r❛✜❛r❡s✉♠✐❞❛✳❝♦♠

✶✺



❋✐❣✉r❛ ✸✿ ●♦tt❢r✐❡❞ ▲❡✐❜♥✐③

❋♦♥t❡✿ ❜❧♦❣✳✇♦❧❢r❛♥✳❝♦♠

❖ ❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❡r♠✐t❡ q✉❡ ❛s ♣❡ss♦❛s ❞❡✜♥❛♠ ♦s ❝♦❡✜❝✐❡♥t❡s ❛♥❣✉❧❛r❡s ❞❡

❝✉r✈❛s✱ ❝❛❧❝✉❧❡♠ ❣r❛♥❞❡③❛s ❝♦♠♦ ❛ ✈❡❧♦❝✐❞❛❞❡ ❡ ❛ ❛❝❡❧❡r❛çã♦ ❞❡ ❝♦r♣♦s ❡♠ ♠♦✈✐♠❡♥t♦ ❡

❞❡t❡r♠✐♥❡♠ ♦s â♥❣✉❧♦s✳ ❆❧é♠ ❞✐ss♦ ♣❡r♠✐t❡ ♦ ❝á❧❝✉❧♦ ❞❡ r❡❣✐õ❡s ✐rr❡❣✉❧❛r❡s ♥♦ ♣❧❛♥♦✱ ❛

♠❡❞✐❞❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝✉r✈❛s ❡ ❞❡t❡r♠✐♥❛♠ ♦ ✈♦❧✉♠❡ ❡ ♠❛ss❛ ❞❡ só❧✐❞♦s ❛r❜✐trár✐♦s✳

P♦ss✉í♠♦s três r❛♠✐✜❝❛çõ❡s ♥♦ ❡st✉❞♦ ❞♦ ❝á❧❝✉❧♦✱ ♦♣❡r❛çõ❡s ❞❡ ❜❛s❡ ♣❛r❛ ❛ ❝♦♠✲

♣r❡❡♥sã♦✳ ❙ã♦ ❡❧❛s✱ ♦ ❝á❧❝✉❧♦ ❞❡ ❧✐♠✐t❡s✱ ♦ ❝á❧❝✉❧♦ ❞❡ ❞❡r✐✈❛❞❛s ❞❡ ❢✉♥çõ❡s ❡ ❛ ✐♥t❡❣r❛❧ ❞❡

❞✐❢❡r❡♥❝✐❛✐s✳

✷✳✷ ❈➪▲❈❯▲❖ ❉❊ ▲■▼■❚❊❙

❉❡✜♥✐çã♦✿ ❉✐③❡♠♦s q✉❡ ♦ ❧✐♠✐t❡ ❞❡ f(x)✱ q✉❛♥❞♦ x t❡♥❞❡ ❛ a ✱ é L ❡s❝r❡✈❡♠♦s✿

lim
x→a

f(x) = L ✭✶✮

❙❡ ♣❛r❛ t♦❞♦ ε > 0✱ ❡①✐st✐r δ > 0 t❛❧ q✉❡ 0 < |x− a| < δ s❡ ❡♥tã♦ |f(x)− L| < ε✳

❊♠ sí♠❜♦❧♦s✱ t❡♠♦s✿

lim
x→a

f(x) = L ⇔ (∀ ε > 0, ∃ δ > 0; 0 < |x− a| < δ ⇒ |f(x)− L| < ε)

❊①❡♠♣❧♦ ✶✿ ❙❡❥❛ f ✉♠❛ ❢✉♥çã♦ ❞❡ [
1

2
,+∞) ❡♠ R ❞❡✜♥✐❞❛ ♣♦r f(x) = 2x − 1✱

✈❡❥❛♠♦s ♦ q✉❡ ❛❝♦♥t❡❝❡ q✉❛♥❞♦ ❛tr✐❜✉í♠♦s ✈❛❧♦r❡s ❛ x ♣ró①✐♠♦s ❞♦ ♥ú♠❡r♦ ✷✱ ♦✉ s❡❥❛✱

✈❛♠♦s ❛tr✐❜✉✐r ✈❛❧♦r❡s tã♦ ♣ró①✐♠♦s ❞❡ ✷ t❛♥t♦ ✐♥❢❡r✐♦r❡s ❝♦♠♦ s✉♣❡r✐♦r❡s✳

• ❆tr✐❜✉✐♥❞♦ ✈❛❧♦r❡s ♠❡♥♦r❡s q✉❡ ✷ ♥❛ ❢✉♥çã♦✿

✶✻



❚❛❜❡❧❛ ✶✿ ❱❛❧♦r❡s ♠❡♥♦r❡s q✉❡ ✷✳

x f(x)
✶ ✶
✶✳✺ ✷
✶✳✽ ✷✳✻
✶✳✾ ✷✳✽
✶✳✾✾ ✷✳✾✽
✶✳✾✾✾ ✷✳✾✾✽

❋✐❣✉r❛ ✹✿ ●rá✜❝♦ ❞❛ ❋✉♥çã♦ ✈❛❧♦r❡s ♠❡♥♦r❡s q✉❡ ✷

❋♦♥t❡✿Pró♣r✐♦ ❆✉t♦r

• ❆tr✐❜✉✐♥❞♦ ✈❛❧♦r❡s ♠❛✐♦r❡s q✉❡ ✷ ♥❛ ❢✉♥çã♦✿

❚❛❜❡❧❛ ✷✿ ❱❛❧♦r❡s ♠❛✐♦r❡s q✉❡ ✷✳

x f(x)
✸ ✺
✷✳✺ ✹
✷✳✸ ✸✳✻
✷✳✶ ✸✳✷
✷✳✵✶ ✸✳✵✷
✷✳✵✵✶ ✸✳✵✵✷

✶✼



❋✐❣✉r❛ ✺✿ ●rá✜❝♦ ❞❛ ❋✉♥çã♦ ✈❛❧♦r❡s ♠❛✐♦r❡s q✉❡ ✷

❋♦♥t❡✿ Pró♣r✐♦ ❆✉t♦r

P♦rt❛♥t♦ é ♣❡r❝❡♣tí✈❡❧ q✉❡ ❛ ❢✉♥çã♦ t❡♥❞❡ ❛ s❡ ❛♣r♦①✐♠❛r ❝❛❞❛ ✈❡③ ♠❛✐s ❞❛ ♦r❞❡✲

♥❛❞❛ ✸✳

◗✉❛♥t✐❞❛❞❡s✱ ❡ ❛s r❛③õ❡s ❞❡ q✉❛♥t✐❞❛❞❡s✱ q✉❡ ❡♠ q✉❛❧✲
q✉❡r t❡♠♣♦ ✜♥✐t♦ ❝♦♥✈❡r❣❡♠ ❝♦♥t✐♥✉❛♠❡♥t❡ à ✐❣✉❛❧✲
❞❛❞❡✱ ❡ ❛♥t❡s ❞♦ ✜♠ ❞❡ss❡ t❡♠♣♦ s❡ ❛♣r♦①✐♠❛♠ ♠❛✐s
✉♠❛ ❞❛ ♦✉tr❛ q✉❡ ♣♦r q✉❛❧q✉❡r ❞✐❢❡r❡♥ç❛ ❞❛❞❛✱ s❡ t♦r✲
♥❛♠ ✜♥❛❧♠❡♥t❡ ✐❣✉❛✐s✳✭◆❡✇t♦♥✱ ✶✻✽✼✮

❆ss✐♠✱ ♣❡❧♦ ❡①❡♠♣❧♦ ❞❛❞♦✳ ➱ ✐♠♣♦rt❛♥t❡ t❡r s❡♠♣r❡ ❡♠ ♠❡♥t❡ q✉❡ ♥♦ ❝á❧❝✉❧♦

✐♥t❡r❡ss❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❢✉♥çã♦ ♣ró①✐♠♦ ❞♦ ♣♦♥t♦ ❡ ♥ã♦ ♥♦ ♣ró♣r✐♦ ♣♦♥t♦✳

❋✐❣✉r❛ ✻✿ ●rá✜❝♦ ❞❛ ❋✉♥çã♦ ✈❛❧♦r❡s ♠❛✐♦r❡s ❡ ♠❡♥♦r❡s q✉❡ ✷

❋♦♥t❡✿ Pró♣r✐♦ ❆✉t♦r

✶✽



✷✳✷✳✶ Pr♦♣r✐❡❞❛❞❡s ❞♦s ❧✐♠✐t❡s

❙❡ f(x) ❡ g(x) ❡①✐st❡♠✱ ❡♥tã♦✿

lim
x→a

[f(x) + g(x)] = lim
x→a

f(x) + lim
x→a

g(x) ✭✷✮

lim
x→a

[f(x)− g(x)] = lim
x→a

f(x)− lim
x→a

g(x) ✭✸✮

lim
x→a

[kf(x)] = k lim
x→a

f(x) para qualquer valor de k ✭✹✮

lim
x→a

[f(x).g(x)] = [lim
x→a

f(x)][lim
x→a

g(x)] ✭✺✮

lim
x→a

f(x)

g(x)
=

limx→a f(x)

limx→a g(x)
se lim

x→a
g(x) 6= 0 ✭✻✮

lim
x→a

[f(x)]p = lim
x→a

[f(x)]p se lim
x→a

[f(x)]p existe ✭✼✮

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦ ❧✐♠✐t❡ ❞❡ ✉♠❛ s♦♠❛✱ ❞❡ ✉♠❛ ❞✐❢❡r❡♥ç❛✱ ❞❡ ✉♠ ♠ú❧t✐♣❧♦✱ ❞❡

✉♠ ♣r♦❞✉t♦✱ ❞❡ ✉♠ q✉♦❝✐❡♥t❡ ❡ ❞❡ ✉♠❛ ♣♦tê♥❝✐❛ é ❛ s♦♠❛✱ ❞✐❢❡r❡♥ç❛✱ ♠ú❧t✐♣❧♦✱ ♣r♦❞✉t♦✱

q✉♦❝✐❡♥t❡ ❡ ♣♦tê♥❝✐❛ ❞♦s ❧✐♠✐t❡s ✐♥❞✐✈✐❞✉❛✐s✱ ❝♦♥t❛♥t♦ q✉❡ t♦❞❛s ❛s ❡①♣r❡ssõ❡s ❡♥✈♦❧✈✐❞❛s

s❡❥❛♠ ❞❡✜♥✐❞❛s✳

❊①❡♠♣❧♦ ✷✿ ❈❛❧❝✉❧❡ limx→0

(3x3 − 8)

(x− 2)

❖ ❡①❡♠♣❧♦ ❞❛❞♦✱ ❡st❛r ♥❛ ❢♦r♠❛ ❞❛s ♣r♦♣r✐❡❞❛❞❡ ✻✱ ❧♦❣♦ ✉t✐❧✐③❛♥❞♦ ♣r♦♣r✐❡❞❛❞❡s ✼ ❡ ✸✱

t❡♠♦s✿

❈♦♠♦ limx→0(x− 2) 6= 0 ✱ ♣♦❞❡♠♦s ✉s❛r ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡ ♦ ❧✐♠✐t❡ ❞♦ q✉♦❝✐✲

❡♥t❡ é ✐❣✉❛❧ ❛♦ q✉♦❝✐❡♥t❡ ❞♦s ❧✐♠✐t❡s✿

limx→0

(3x3 − 8)

(x− 2)
=

limx→a(3x
3 − 8)

limx→a(x− 2)
=

3 limx→0 x
3 − limx→0 8

limx→0 x− limx→0 2
=

−8

−4
= 4

✷✳✸ ❈➪▲❈❯▲❖ ❉❊ ❉❊❘■❱❆❉❆❙ ❉❊ ❋❯◆➬Õ❊❙

❉❡✜♥✐çã♦✿ ❆ ❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ f(x) ❡♠ r❡❧❛çã♦ ❛ x é ❛ ❢✉♥çã♦ f ′(x) ✭❧ê✿ ✏f

❧✐♥❤❛ ❞❡ x ✑✮ ❞❛❞❛

✶✾



f ′(x) = lim
h→0

f(x+ h)− f(x)

h
✭✽✮

❡ ♦ ♣r♦❝❡ss♦ ❞❡ ❝❛❧❝✉❧❛r ❛ ❞❡r✐✈❛❞❛ é ❝❤❛♠❛❞♦ ❞❡ ❞❡r✐✈❛çã♦✳ ❉✐③❡♠♦s q✉❡ ✉♠❛

❢✉♥çã♦ f(x) é ❞❡r✐✈á✈❡❧ ♥♦ ♣♦♥t♦ a s❡ f(a) ❡①✐st❡ ✭♦✉ s❡❥❛✱ s❡ ♦ ❧✐♠✐t❡ ❞♦ q✉♦❝✐❡♥t❡✲

❞✐❢❡r❡♥ç❛ ❡①✐st❡ ♥♦ ♣♦♥t♦ x = a ✮✳

❊①❡♠♣❧♦ ✶✿ ❈❛❧❝✉❧❡ ❛ ❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ f ❞❡✜♥✐❞❛ ♣♦r f(x) = x3✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡ ❞❡r✐✈❛❞❛✱

f ′(x) = limh→0

f(x+ h)− f(x)

h
= limh→0

(x+ h)3 − x3

h
= limh→0

x3 + 3x2h+ 3xh2 + h3

h
=

limh→0(3x
2 + 3xh+ h2) = 3x2

➱ ❝❧❛r♦ q✉❡ ❛ ✐♥tr♦❞✉çã♦ ❞❛ ❞❡r✐✈❛❞❛ ❞❡✈❡ s❡r ❛❝♦♠♣❛♥❤❛❞❛ ❞❡ ✈ár✐❛s ❞❡ s✉❛s ❡①✲

♣❧✐❝❛çõ❡s✳ ❯♠❛ ❞❡❧❛s✱ tã♦ út✐❧ ❡ ♥❡❝❡ssár✐❛ ♥♦s ❝✉rs♦s ❞❡ ❋ís✐❝❛✱ ❞✐③ r❡s♣❡✐t♦ à ❝✐♥❡♠át✐❝❛✳

◆ã♦ ❤á ❞✐✜❝✉❧❞❛❞❡s ♥♦ ❡st✉❞♦ ❞❡ ♠♦✈✐♠❡♥t♦ ✉♥✐❢♦r♠❡✱ ♦✉ s❡❥❛✱ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ❝♦♥st❛♥t❡✳

▼❛s ❛♦ ♣❛ss❛r ❛❞✐❛♥t❡✱ ❞❡s❛ss✐st✐❞♦ ❞❛ ♥♦çã♦ ❞❡ ❞❡r✐✈❛❞❛✱ ♦ ♣r♦❢❡ss♦r ❞❡ ❋ís✐❝❛ ❢❛③ ✉♠❛

❣✐♥ást✐❝❛ ❝♦♠♣❧✐❝❛❞❛ ♣❛r❛ ❛♣r❡s❡♥t❛r ♦ ♠♦✈✐♠❡♥t♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ✈❛r✐❛❞♦✳ ❊ ❛s ❝♦✐s❛s

s❡r✐❛♠ ❜❡♠ ♠❛✐s s✐♠♣❧❡s ♣❛r❛ ❡❧❡ ❡ ♠✉✐t♦ ♠❛✐s ❝♦♠♣r❡❡♥sí✈❡✐s ♣❛r❛ ♦ ❛❧✉♥♦ s❡ ❡ss❡ ❡♥s✐♥♦

❢♦ss❡ ❢❡✐t♦ à ❧✉③ ❞❛ ♥♦çã♦ ❞❡ ❞❡r✐✈❛❞❛✱ ✐♥t❡r♣r❡t❛❞❛ ❝♦♠♦ ✈❡❧♦❝✐❞❛❞❡ ✐♥st❛♥tâ♥❡❛✳ ❱❡❥❛ ♦

❡①❡♠♣❧♦ ❛ s❡❣✉✐r✿

❊①❡♠♣❧♦ ✷✿ ❉❡t❡r♠✐♥❛r ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ✉♠ ♣r♦❥ét✐❧ ❧❛♥ç❛❞♦ ❞♦ s♦❧♦✱ ✈❡rt✐❝❛❧✲

♠❡♥t❡✱ ❡♠ ❝❛❞❛ ✐♥st❛♥t❡ ❞♦ s❡✉ ♠♦✈✐♠❡♥t♦✳ ❙❛❜❡♥❞♦ q✉❡ s✉❛ ✈❡❧♦❝✐❞❛❞❡ ✐♥✐❝✐❛❧ é ❞❡

144m/s✱ ❞❡s♣r❡③❛♥❞♦ ♦ ❛tr✐t♦ ❡ ❛❞♠✐t✐♥❞♦ q✉❡ ♦ ♣r♦❥ét✐❧ ❡stá s✉❥❡✐t♦ ✉♥✐❝❛♠❡♥t❡ à ❛çã♦

❞❛ ❣r❛✈✐❞❛❞❡✱ ❞❡ t❛❧ ♠♦❞♦ q✉❡ ❡❧❡ s❡ ♠♦✈❡ ♣❛r❛ ❝✐♠❛ ❡ ♣❛r❛ ❜❛✐①♦ ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ r❡t❛✱

s❡♥❞♦ ❛ss✐♠ f(t) ❛ ❛❧t✉r❛ ❡ t ♦ t❡♠♣♦❀ ❉❡s❝r✐t♦s ♣❡❧❛ ❢ór♠✉❧❛ f(t) = 144t− 16t2 ✱ ♦✉ s❡❥❛

0 ≤ t ≤ 9 ✳

❙♦❧✉çã♦✿ P❛r❛ ♦ ❢❛③❡r✱ ✐♥tr♦❞✉③✐♠♦s ❡♠ ♣r✐♠❡✐r♦ ❧✉❣❛r ❛ ♥♦çã♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡

♠é❞✐❛ ❞✉r❛♥t❡ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦✱ ♣♦r ❡①❡♠♣❧♦ ❞❡ t ❛ t+ h ❞❡✜♥✐❞❛ ❛ss✐♠ ♣❡❧♦ q✉♦✲

❝✐❡♥t❡

✈❛r✐❛çã♦ ❞❛ ❞✐stâ♥❝✐❛ ♥♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦

♠❡❞✐❞❛ ❞♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦
=

f(t+ h)− f(t)

h
, h 6= 0

❈♦♥s✐❞❡r❡♠♦s ♦ ✐♥st❛♥t❡ t = 2 ✳

f(2) = 288− 64 = 224

P❛r❛ ✐♥st❛♥t❡ t = 2 + h f(2 + h) = 144(2 + h)− 16(2 + h)2 = 224 + 8h− 16h2

P♦rt❛♥t♦ ❛ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛ ❞✉r❛♥t❡ ♦ ✐♥t❡r✈❛❧♦ ❞❡ t = 2 ❛ t = 2 + h é

✷✵



◗✉❛♥❞♦ t♦♠❛♠♦s ✈❛❧♦r❡s ❞❡ ❝♦♠ ❝❛❞❛ ✈❡③ ♠❡♥♦r ✈❛❧♦r ❛❜s♦❧✉t♦ ❡st❛ ✈❡❧♦❝✐❞❛❞❡

♠é❞✐❛ ❛♣r♦①✐♠❛✲s❡ ❝❛❞❛ ✈❡③ ♠❛✐s ❞❡ ✽✵✳

❚❛❜❡❧❛ ✸✿ ❱❛❧♦r❡s ♣ró①✐♠♦s ❞❡ ✽✵✳

h velocidademdia
✵✱✶ ✼✽✱✹
✵✱✵✵✶ ✼✾✱✾✽✹
✵✱✵✵✵✵✶ ✼✾✱✾✾✾✽✹
✵✱✵✵✵✵✵✶ ✽✵✱✵✵✵✶✻

P♦r ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛ ❛♣r♦①✐♠❛✲s❡ ❞❡ ✽✵ ❝♦♠♦ ❧✐♠✐t❡ q✉❛♥❞♦

h t❡♥❞❡ ♣❛r❛ ③❡r♦✳ P❛r❡❝❡ ♥❛t✉r❛❧ ❝❤❛♠❛r ❡st❡ ✈❛❧♦r ❧✐♠✐t❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ✐♥st❛♥tâ♥❡❛ ♥♦

✐♥st❛♥t❡ t = 2

❖ ♠❡s♠♦ t✐♣♦ ❞❡ ❝á❧❝✉❧♦ ♣♦❞❡ s❡r ❡❢❡t✉❛❞♦ ♣❛r❛ ♦✉tr♦ ✐♥st❛♥t❡✳ ❆ ✈❡❧♦❝✐❞❛❞❡

♠é❞✐❛ ♣❛r❛ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ❛r❜✐trár✐♦ ❞❡ t ❛ t+ h é ❞❛❞❛ ♣❡❧♦ q✉♦❝✐❡♥t❡✳
f(t+ h)− f(t)

h
=

[144(t+ h)− 16(t+ h)2]− [144t− 16t2]

h
= 144− 32t− 16h

◗✉❛♥❞♦ h t❡♥❞❡ ♣❛r❛ ③❡r♦ ❛ ❡①♣r❡ssã♦ ❞♦ s❡❣✉♥❞♦ ♠❡♠❜r♦ t❡♥❞❡ ♣❛r❛ 144− 32t

❡ ❡st❡ ❧✐♠✐t❡ ❞❡✜♥❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ✐♥st❛♥tâ♥❡❛ ♥♦ ✐♥st❛♥t❡ v(t) = 144− 32t✳

✷✳✸✳✶ ❉❡r✐✈❛❞❛s ❞❛s ❢✉♥çõ❡s ❡❧❡♠❡♥t❛r❡s

❆✳ ❉❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ ❝♦♥st❛♥t❡✿

f(x) = c ⇒ f ′(x) = 0

❇✳ ❉❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ ♣♦tê♥❝✐❛✿

f(x) = xn ⇒ f ′(x) = nxn−1

❈✳ ❉❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ s❡♥♦✿

f(x) = senx ⇒ f ′(x) = cosx

❉✳ ❉❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ ❝♦ss❡♥♦✿

f(x) = cosx ⇒ f ′(x) = −senx

❊✳ ❉❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧✿

f(x) = ax (a > 0 ❡ a 6= 1) ⇒ f ′(x) = axlna (a > 0 ❡ a 6= 1)

✷✶



❊✱ ❡♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ ❜❛s❡ e ✱ t❡♠♦s✿

f(x) = ex ⇒ f ′(x) = ex ♦♥❞❡ e é ♦ ♥ú♠❡r♦ ♥❡♣❡r✐❛♥♦✳

✷✳✸✳✷ ❘❡❣r❛s ❞❡ ❞❡r✐✈❛çã♦

❙❡❥❛♠ ❛s ❢✉♥çõ❡s f(x) ❡ g(x) ❞✉❛s ❢✉♥çõ❡s ❞❡r✐✈á✈❡✐s✿

• ❘❡❣r❛ ❞❛ ❙❖▼❆✳

s(x) = f(x) + g(x) ⇒ s′(x) = f ′(x) + g′(x)

• ❘❡❣r❛ ❞♦ P❘❖❉❯❚❖✳

p(x) = f(x).g(x) ⇒ p′(x) = f ′(x).g(x) + f(x).g′(x)

• ❘❡❣r❛ ❞♦ ◗❯❖❈■❊◆❚❊✳

q(x) =
f(x)

g(x)
⇒ q′(x) =

f ′(x)g(x)− f(x)g′(x)

[g(x)]2

❊①❡♠♣❧♦ ✸✿ ❖ ❧✉❝r♦ ♦❜t✐❞♦ ❝♦♠ ❛ ✈❡♥❞❛ ❞❡ ✉♥✐❞❛❞❡s ❞❡ ✉♠ ❝❡rt♦ ♣r♦❞✉t♦ é

❞❛❞♦ ♣♦r

p(x) =
−x3 + 27x2 + 160x+ 7

x+ 5
♠✐❧ r❡❛✐s✳ ◗✉❛❧ é ❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❞♦ ❧✉❝r♦ ❡♠

r❡❧❛çã♦ às ✈❡♥❞❛s ♣❛r❛ x = 2 ❄

❙♦❧✉çã♦

p′(x) =
(−x3 + 27x2 + 160x+ 7)′(x+ 5)− (−x3 + 27x2 + 160x+ 7)(x+ 5)′

[x+ 5]2
=

(−x3 + 27x2 + 160)(x+ 5)− (−x3 + 27x2 + 160x+ 7)(1)

[x+ 5]2

P❛r❛ x = 2✱ t❡♠♦s✿

p′(2) =
(−3.22 + 54.2 + 160)(2 + 5)− (−23 + 27.22 + 160.2 + 7)

[2 + 5]2
= 27857

✷✷



✷✳✹ ■◆❚❊●❘❆▲ ❉❊ ❉■❋❊❘❊◆❈■❆■❙

❉❡✜♥✐çã♦✿ ❈♦♥s✐❞❡r❡♠♦s f ❝♦♥tí♥✉❛ ❡ ♥ã♦ ♥❡❣❛t✐✈❛ ❡♠ [a, b] ✳ ❖ ♥ú♠❡r♦

A =

∫ b

a

f(x)dx ✭✾✮

r❡♣r❡s❡♥t❛ ❛ ár❡❛ A s♦❜ ♦ ❣rá✜❝♦ ❞❡ f(x) ♥♦ ✐♥t❡r✈❛❧♦ [a, b]✳

❖❜s❡r✈❛çã♦ ✶✿ ◆❛t✉r❛❧♠❡♥t❡✱ ❛ ❧❡tr❛ q✉❡ r❡♣r❡s❡♥t❛ ❛ ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡

♣♦❞❡ s❡r ❡s❝♦❧❤✐❞❛ ❛r❜✐tr❛r✐❛♠❡♥t❡✱ ❡ ❝♦♥s✐❞❡r❛✲s❡ q✉❡✿

A =
∫ b

a
f(x)dx =

∫ b

a
f(t)dt =

∫ b

a
f(u)du = . . . etc✳

✏❊♠ ♠✉✐t♦s ♣r♦❜❧❡♠❛s✱ ❛ ❞❡r✐✈❛❞❛ ❞❡ ✉♠❛ ❢✉♥çã♦ é ❝♦♥❤❡❝✐❞❛ ❡ ♦ ♦❜❥❡t✐✈♦ é

❡♥❝♦♥tr❛r ❛ ♣ró♣r✐❛ ❢✉♥çã♦✳ P♦r ❡①❡♠♣❧♦✱ ✉♠ s♦❝✐ó❧♦❣♦ q✉❡ ❝♦♥❤❡❝❡ ❛ t❛①❛ ❞❡ ❛✉♠❡♥t♦

❞❛ ♣♦♣✉❧❛çã♦ ♣♦❞❡ ❡st❛r ✐♥t❡r❡ss❛❞♦ ❡♠ ✉s❛r ❡ss❛ ✐♥❢♦r♠❛çã♦ ♣❛r❛ ♣r❡✈❡r q✉❛❧ s❡rá ❛

♣♦♣✉❧❛çã♦ ❡♠ ❛❧❣✉♠ ✐♥st❛♥t❡ ❢✉t✉r♦❀ ✉♠ ❢ís✐❝♦ q✉❡ ❝♦♥❤❡❝❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ✉♠ ❝♦r♣♦

❡♠ ♠♦✈✐♠❡♥t♦ ♣♦❞❡ q✉❡r❡r ❝❛❧❝✉❧❛r ❛ ♣♦s✐çã♦ ❞♦ ❝♦r♣♦ ❡♠ ✉♠ ♠♦♠❡♥t♦ ❢✉t✉r♦❀ ✉♠

❡❝♦♥♦♠✐st❛ q✉❡ ❝♦♥❤❡❝❡ ♦ í♥❞✐❝❡ ❞❡ ✐♥✢❛çã♦ ♣♦❞❡ q✉❡r❡r ❡st✐♠❛r ♦s ♣r❡ç♦s ❡♠ ✉♠ ✐♥st❛♥t❡

❢✉t✉r♦✳✑

❖ ♣r♦❝❡ss♦ ❞❡ ♦❜t❡r ✉♠❛ ❢✉♥çã♦ ❛ ♣❛rt✐r ❞❡ s✉❛ ❞❡r✐✈❛❞❛ é ❝❤❛♠❛❞♦ ❞❡ ❛♥t✐❞❡r✐✲

✈❛çã♦ ♦✉ ✐♥t❡❣r❛çã♦ ✐♥❞❡✜♥✐❞❛✳

❋✐❣✉r❛ ✼✿ ●rá✜❝♦ ❞❡ ✉♠❛ ■♥t❡❣r❛❧

❋♦♥t❡✿ ❆♣♦st✐❧❛ ❞❡ ❝á❧❝✉❧♦ ✶ ✭▼❡❝❛trô♥✐❝❛✮

✷✳✹✳✶ ■♥t❡❣r❛❧ ✐♥❞❡✜♥✐❞❛

❱❛♠♦s r❡♣r❡s❡♥t❛r ❛ ❢❛♠í❧✐❛ ❞❡ t♦❞❛s ❛s ❛♥t✐❞❡r✐✈❛❞❛s ❞❡ f(x) ✉s❛♥❞♦ ♦ sí♠❜♦❧♦∫
f(x)dx = F (x) + C q✉❡ é ❝❤❛♠❛❞♦ ❞❡ ✐♥t❡❣r❛❧ ✐♥❞❡✜♥✐❞❛ ❞❡ f ✳

◆❡st❡ ❝♦♥t❡①t♦✱ ♦ sí♠❜♦❧♦
∫

é ❝❤❛♠❛❞♦ ❞❡ s✐♥❛❧ ❞❡ ✐♥t❡❣r❛çã♦✱ ❛ ❢✉♥çã♦ f(x)

é ❝❤❛♠❛❞❛ ❞❡ ■♥t❡❣r❛♥❞♦✱ ♦ sí♠❜♦❧♦ dx ✐♥❞✐❝❛ q✉❡ ❛ ❛♥t✐❞❡r✐✈❛❞❛ ❞❡✈❡ s❡r ❝❛❧❝✉❧❛❞❛

✷✸



❡♠ r❡❧❛çã♦ à ✈❛r✐á✈❡❧ x ❡ ♦ t❡r♠♦ C é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❝♦♥st❛♥t❡ ❞❡ ✐♥t❡❣r❛çã♦✳ P♦r

❡①❡♠♣❧♦✱ ❛ ✐♥t❡❣r❛❧ ✐♥❞❡✜♥✐❞❛ ❞❛ ❢✉♥çã♦ f(x) = 3x2 é
∫
3x2dx = x3 + C

✷✳✹✳✷ ❘❡❣r❛s ♣❛r❛ ■♥t❡❣r❛r ❋✉♥çõ❡s ❈♦♠✉♥s

• ❘❡❣r❛ ❞❛ ❈❖◆❙❚❆◆❚❊✳∫
kdx = kx+ C ♣❛r❛ k ❝♦♥st❛♥t❡

• ❘❡❣r❛ ❞♦ P❖❚✃◆❈■❆✳
∫
xndx =

1

n+ 1
xn+1 + C ♣❛r❛ q✉❛❧q✉❡r n 6= −1

• ❘❡❣r❛ ❞♦ ▲❖●❆❘❮❚■▼❖✳
∫ 1

x
dx = ln|x|+ C ♣❛r❛ q✉❛❧q✉❡r x 6= 0

• ❘❡❣r❛ ❞❛ ❊❳P❖◆❊◆❈■❆▲✳
∫
ekxdx =

1

k
ekxekx + C ♣❛r❛ k ❝♦♥st❛♥t❡ 6= ✵

❊①❡♠♣❧♦ ✶✿ ❉❡t❡r♠✐♥❡ ❛s s❡❣✉✐♥t❡s ✐♥t❡❣r❛✐s ✐♥❞❡✜♥✐❞❛s✿

❛✮
∫
3dx

❙♦❧✉çã♦✿ ❈♦♠♦ k = 3 ❡♥tã♦
∫
3dx = 3x+ C

❜✮
∫
x17dx

❙♦❧✉çã♦✿ ❈♦♠♦ n = 17 ❡♥tã♦
∫
x17dx =

x18

18
+ C

❝✮
∫ 1√

x
dx

❙♦❧✉çã♦✿ ❈♦♠♦ n = −1

2
❡✱ n + 1 =

1

2
❡♥tã♦

∫ dx√
x

=
∫
x−

1

2dx =
1
1

2

x
1

2 + C =

2
√
x+ C

❞✮
∫
e−3xdx

❙♦❧✉çã♦✿ ❈♦♠♦ k = 3 ❡♥tã♦
∫
e−3xdx =

1

(−3)
e−3x + C

❊st❡ ❡①❡♠♣❧♦ ♠♦str❛ ❝♦♠♦ ❛❧❣✉♠❛s ❢✉♥çõ❡s s✐♠♣❧❡s ♣♦❞❡♠ s❡r ✐♥t❡❣r❛❞❛s✱ ♠❛s

♦ q✉❡ ❢❛③❡r ♥♦ ❝❛s♦ ❞❡ ❝♦♠❜✐♥❛çõ❡s ❞❡ ❢✉♥çõ❡s✱ ❝♦♠♦ ♦ ♣♦❧✐♥ô♠✐♦ x5 + 2x3 + 7 ♦✉ ✉♠❛

❡①♣r❡ssã♦ ❝♦♠♦ 5e−x +
√
x ❄ ❆s r❡❣r❛s ❛❧❣é❜r✐❝❛s ❛ s❡❣✉✐r ♣❡r♠✐t❡♠ ❧✐❞❛r ❢❛❝✐❧♠❡♥t❡ ❝♦♠

❡ss❛s ❡①♣r❡ssõ❡s✿

✷✹



✷✳✹✳✸ ❘❡❣r❛s ❆❧❣é❜r✐❝❛s ♣❛r❛ ■♥t❡❣r❛çã♦ ■♥❞❡✜♥✐❞❛

• ❘❡❣r❛ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ✉♠❛ ❝♦♥st❛♥t❡✿∫
kf(x)dx = k

∫
f(x)dx ♣❛r❛ k ❝♦♥st❛♥t❡

• ❘❡❣r❛ ❞❛ s♦♠❛✿∫
[f(x) + g(x)]dx =

∫
f(x)dx+

∫
g(x)dx

• ❘❡❣r❛ ❞❛ ❞✐❢❡r❡♥ç❛✿∫
[f(x)− g(x)]dx =

∫
f(x)dx−

∫
g(x)dx

✷✺



✸ ❖ ❊❙❚❯❉❖ ❉❖ ❈➪▲❈❯▲❖ ◆❖ ❊◆❙■◆❖ ▼➱❉■❖

✸✳✶ ❆❙P❊❈❚❖❙ ❉❖ ❈➪▲❈❯▲❖ ◆❖ ❊◆❙■◆❖ ❇➪❙■❈❖

❖ ❡♥s✐♥♦ ❜ás✐❝♦ ♥♦ ❇r❛s✐❧✱ s♦❢r❡ ✉♠❛ ♠✉❞❛♥ç❛ ❣r❛♥❞✐♦s❛✱ t❛♥t♦ ❡♠ r❡❧❛çã♦ ❛♦s

♣ró♣r✐♦s ♣r♦❢❡ss♦r❡s ❝♦♠♦ ❡♠ r❡❧❛çã♦ às r❡❣✐õ❡s✳ ❊①✐st❡ ✉♠❛ ❞✐❢❡r❡♥ç❛ ❣r♦t❡s❝❛ ❡♥tr❡ ♦

❡♥s✐♥♦ ❞❛ ♠❛t❡♠át✐❝❛ ♥❛s ❡s❝♦❧❛s ♣❛rt✐❝✉❧❛r❡s ❝♦♠♦ ♥❛s ❡s❝♦❧❛s ♣ú❜❧✐❝❛s✳ ■st♦ s❡ ♦❧❤❛r♠♦s

s♦♠❡♥t❡ ❡♠ ✉♠❛ ♠✐❝r♦rr❡❣✐ã♦✳ ❆ ❧❡✐ ❡①✐st❡ ♣❛r❛ t♦❞♦s✱ ♠❛✐s ♥❡♠ s❡♠♣r❡ é ❝✉♠♣r✐❞❛✱

r❡❧❛t♦ ❡st❡ q✉❡ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r ❝♦♠♦ ❡①❡♠♣❧♦ ♦s ✈❡st✐❜✉❧❛r❡s tr❛❞✐❝✐♦♥❛✐s ❛♥t❡s ❞❡ t✉❞♦

✈❡❥❛♠♦s ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❝♦t❛s✱ ♣♦✐s ❝♦♠♦ ❛❧❣♦ ✐♠♣♦rt❛♥t❡ ❡ ❣r❛♥❞✐♦s♦ ♣❛r❛ ♦s ❡st✉❞❛♥t❡s✱

t❡♥t❛ ❡q✉✐♣❛r❛r ♦ ❞é✜❝✐t q✉❡ ❡①✐st❡ ♥❛s ✐♥st✐t✉✐çõ❡s ♣ú❜❧✐❝❛s✳

❈♦♠♦ ♣♦❞❡ ✉♠ ❛❧✉♥♦ ❞❡ ❡s❝♦❧❛ ♣ú❜❧✐❝❛ q✉❡ s♦❢r❡ ❝♦♠ ❣r❡✈❡s✱ ❞❡s❡st✐♠✉❧♦ ♣r♦✲

✜ss✐♦♥❛❧ ❞♦ ❡❞✉❝❛❞♦r✱ ❝♦♠❡ç❛r ❛ ♦❧❤❛r ❛ ♠❛t❡♠át✐❝❛ ❝♦♠ ✉♠ ♦❧❤♦ ❝❧í♥✐❝♦ ❞❡ s✉♣❡r❛çã♦✱

❣r❛♥❞✐♦s✐❞❛❞❡ ❝♦♠♦ ✉♠❛ ❝✐ê♥❝✐❛ q✉❡ só t❡♠ ❛ ♦❢❡r❡❝❡r✱ ❝♦♥❝♦rr❡r ❝♦♠ ❛❧✉♥♦s ❞❡ ❡s❝♦❧❛s

r❡♥♦♠❛❞❛s✱ ♦✉ ❛té ♠❡s♠♦ s♦♠❡♥t❡ ♣❛rt✐❝✉❧❛r ♠❛s q✉❡ ♥ã♦ s♦❢r❡♠ ❝♦♠ ❣r❡✈❡s✱ ❡ ♦♥❞❡

tê♠✲s❡ ✉♠ ♣❧❛♥♦ ❛ ❝✉♠♣r✐r✳

❊♥tã♦ ♦ ❝á❧❝✉❧♦ ❝♦♠♦ ❢❡rr❛♠❡♥t❛ ♥♦✈❛✱ ❡ ❞❡ ✉♠❛ ♣❡r❢❡✐çã♦ ❝♦♠ ❛ ♣rát✐❝❛ é ✉♠

❣r❛♥❞❡ ♦❜stá❝✉❧♦ ♣❛r❛ ❛s ✐❞❡✐❛s ❞❡ r❡♥♦✈❛çã♦ ❞♦ ❡♥s✐♥♦ ❜ás✐❝♦✳ ❆ ♠❛t❡♠át✐❝❛ ❝♦♥st✐t✉✐✱

❡❢❡t✐✈❛♠❡♥t❡✱ ♦ ♠❛✐♦r ♦❜stá❝✉❧♦ ❞❡ ♥❛t✉r❡③❛ ❡♣✐st❡♠♦❧ó❣✐❝❛ ❞♦ ❡♥s✐♥♦ ❞❡ ❈á❧❝✉❧♦✱ ❡ ♣♦rq✉❡

♥ã♦ ❞✐③❡r ❞♦ ♣ró♣r✐♦ ❡♥s✐♥♦ ❞❡ ♠❛t❡♠át✐❝❛✳ ➱ ✐♥❝♦♠♣r❡❡♥sí✈❡❧ q✉❡ ♦ ❈á❧❝✉❧♦✱ ❝♦♥❤❡❝✐✲

♠❡♥t♦ tã♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❡ ❡✈♦❧✉çã♦ ❞♦ ♣ró♣r✐♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♠❛t❡♠át✐❝♦✱

♥ã♦ ♣❛rt✐❝✐♣❡ ❞♦ ❡♥s✐♥♦ ❞❡ ♠❛t❡♠át✐❝❛✳ ❖ ❈á❧❝✉❧♦ é✱ ♠❡t❛❢♦r✐❝❛♠❡♥t❡ ❢❛❧❛♥❞♦✱ ❛ ❡s♣✐♥❤❛

❞♦rs❛❧ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♠❛t❡♠át✐❝♦✳

➱ ♠✉✐t♦ ✉s✉❛❧ ❛✜r♠❛r✲s❡ ♥♦ ♠❡✐♦ ❛❝❛❞ê♠✐❝♦ q✉❡ ♦ ❡♥s✐♥♦ ❜ás✐❝♦ ❞❡ ♠❛t❡♠át✐❝❛

é ✭♦✉ ♣❡❧♦ ♠❡♥♦s ❞❡✈❡r✐❛ s❡r✮ ♣r♦❝❡ss❛❞♦ ❡♠ três ✈✐❛s✿ ❛ ✈✐❛ ❞❛ ❛r✐t♠ét✐❝❛✱ ❛ ✈✐❛ ❞❛

❣❡♦♠❡tr✐❛ ❡ ❛ ✈✐❛ ❞❛ á❧❣❡❜r❛✳ ❯♠❛ ♣❡r❣✉♥t❛ q✉❡ s✉r❣❡ ♥❛t✉r❛❧♠❡♥t❡ ❞❡ss❛ q✉❡stã♦ é

✏❝❛❞ê ❛ ✈✐❛ ❞♦ ❈á❧❝✉❧♦❄✑✳ ◆♦ ❡♥t❛♥t♦✱ ♣♦❞❡✲s❡ ❞✐③❡r q✉❡✿ ♦ q✉❡ s❡ q✉❡r ❛q✉✐ ❡stá ♠✉✐t♦

❛❧é♠ ❞❡ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥str✉✐r ❛ q✉❛rt❛ ✈✐❛✿ ❛ ✈✐❛ ❞♦ ❈á❧❝✉❧♦✳ ❖ q✉❡ s❡ q✉❡r✱ ✐st♦

s✐♠✱ é ♣♦ss✐❜✐❧✐t❛r ❛♦ ❈á❧❝✉❧♦ ❡①❡r❝❡r ♥♦ ❡♥s✐♥♦ ❜ás✐❝♦ ❞❡ ♠❛t❡♠át✐❝❛ ♦ ♠❡s♠♦ ♣❛♣❡❧

❡♣✐st❡♠♦❧ó❣✐❝♦ q✉❡ ❡❧❡ r❡❛❧✐③♦✉ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♥str✉çã♦ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♠❛t❡♠át✐❝♦

♥♦ â♠❜✐t♦ ❝✐❡♥tí✜❝♦✳ ❙ó q✉❡ ♣❛r❛ q✉❡ ✐st♦ ♦❝♦rr❛ s❡rá t❛♠❜é♠ ♥❡❝❡ssár✐❛ ✉♠❛ ❛rt✐❝✉❧❛çã♦

❞♦ ❡♥s✐♥♦ ❞❡ ♠❛t❡♠át✐❝❛ ❝♦♠ ♦✉tr❛s ár❡❛s ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ❢ís✐❝❛✱

♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❛ ♠❡❝â♥✐❝❛✳ ❉❡ss❡ ♠♦❞♦✱ ❛s três ✈✐❛s ✕ ❛ ❞❛ ❛r✐t♠ét✐❝❛ ✭♥ú♠❡r♦✮✱ ❛ ❞❛

❣❡♦♠❡tr✐❛ ✭♠❡❞✐❞❛✮ ❡ ❛ ❞❛ á❧❣❡❜r❛ ✭✈❛r✐á✈❡❧✮ ✕ ❥✉♥t❛s ❝♦♠ ❛ ✈✐❛ ❞❛ ♠❡❝â♥✐❝❛ ✭♠♦✈✐♠❡♥t♦✮✱

❞❡✈❡♠ s❡r ❛rt✐❝✉❧❛❞❛s ❡ t❡❝✐❞❛s ❛ ♣❛rt✐r ❞❛s ✐❞❡✐❛s ❡ ♣r♦❜❧❡♠❛s ❝♦♥str✉t♦r❡s ❞♦ ❈á❧❝✉❧♦ ❡♠

❜❡♥❡❢í❝✐♦✱ ♥ã♦ só ❞❡ ✉♠❛ ♣r❡♣❛r❛çã♦ ❞❡ ♥❛t✉r❡③❛ ❡♣✐st❡♠♦❧ó❣✐❝❛ ♣❛r❛ ✉♠ ❢✉t✉r♦ ❡♥s✐♥♦

s✉♣❡r✐♦r ❞❡ ❈á❧❝✉❧♦✱ ♠❛s✱ s♦❜r❡t✉❞♦✱ ♣❛r❛ ❛ ❝♦♥s♦❧✐❞❛çã♦ ❡ ❝♦♥str✉çã♦ ❞❛s s✐❣♥✐✜❝❛çõ❡s

♣r♦♣♦st❛s ♥♦ ❡♥s✐♥♦ ❜ás✐❝♦ t❛♥t♦ ❞❡ ♠❛t❡♠át✐❝❛ q✉❛♥t♦ ❞❡ ❢ís✐❝❛✳

P♦r ♦✉tr♦ ❧❛❞♦✱ é ♥♦tór✐♦ q✉❡ ❡stã♦ ♣r❡s❡♥t❡s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞♦ ❈á❧❝✉❧♦ ♥♦

✷✻



❡♥s✐♥♦ ❜ás✐❝♦ ❞❡ ♠❛t❡♠át✐❝❛✿ ❝á❧❝✉❧♦ ❞❡ ár❡❛s ❞❡ ❝ír❝✉❧♦s ❡ ❞❡ ✈♦❧✉♠❡s ❞❡ só❧✐❞♦s ❞❡ r❡✲

✈♦❧✉çã♦✱ s♦♠❛ ❞❡ ✉♠❛ ♣r♦❣r❡ssã♦ ❣❡♦♠étr✐❝❛ ✐♥✜♥✐t❛✱ r❡♣r❡s❡♥t❛çã♦ ❞❡❝✐♠❛❧ ❞♦s ♥ú♠❡r♦s

r❡❛✐s ❡t❝✳ ❖ q✉❡ ♥ã♦ ❡stá ♣r❡s❡♥t❡ é ♦ ❈á❧❝✉❧♦✳ ❆s ✐❞❡✐❛s ❡ ❛s s♦❧✉çõ❡s ❞♦s ♣r♦❜❧❡♠❛s

❞♦ ❈á❧❝✉❧♦ ❡stã♦✱ ❝♦♠♦ ❥á ❛✜r♠❛♠♦s✱ s✉❜♠❡rs❛s✱ ❡s❝♦♥❞✐❞❛s✱ ❡ ♦s s❡✉s r❡s✉❧t❛❞♦s sã♦ ♥❛

♠❛✐♦r✐❛ ❞❛s ✈❡③❡s ❡♥s✐♥❛❞♦s ❞❡ ❢♦r♠❛ ❝❛♠✉✢❛❞❛✿ ❛ ár❡❛ ❞♦ ❝ír❝✉❧♦ ❡ ❛ s♦♠❛ ❞❡ ✉♠❛ ♣r♦✲

❣r❡ssã♦ ❣❡♦♠étr✐❝❛ ✐♥✜♥✐t❛ t♦r♥❛♠✲s❡ s✐♠♣❧❡s♠❡♥t❡ ❢ór♠✉❧❛s ❛❧❣é❜r✐❝❛s✱ ❛ tr❛♥s❢♦r♠❛çã♦

❞❛s ❞í③✐♠❛s ♣❡r✐ó❞✐❝❛s ❡♠ ❢r❛çõ❡s é r❡❛❧✐③❛❞❛ ♣♦r ✉♠❛ r❡❣r❛ ❞❛ ❛r✐t♠ét✐❝❛ ❡t❝✳

❆ ♣r♦♣♦st❛ ♣❡❞❛❣ó❣✐❝❛ ✭✳✳✳✮ ➱ ♣r♦❥❡t♦✱ ♣♦st♦ q✉❡✱ s❡
❧❛♥ç❛ ♥♦ ❢✉t✉r♦✱ ❡❢❡t✉❛♥❞♦✲s❡ ♥♦ ♣ró♣r✐♦ ❧❛♥ç❛♠❡♥t♦✱
♦✉ s❡❥❛✱ ❛t✉❛❧✐③❛♥❞♦✲s❡ ❡♥q✉❛♥t♦ ❢♦rç❛ ♣r♦♣✉❧s♦r❛✱ ❡♥✲
q✉❛♥t♦ ❡♥❡r❣✐❛ q✉❡ ❢❛③ s✉r❣✐r✱ ❡st❛❜❡❧❡❝❡r✲s❡ ❡ ❝♦♥t✐♥✉❛r
s❡♥❞♦ ♥♦ ♣ró♣r✐♦ ♣r♦❝❡ss♦ ❞♦ s❡r ❡ ❞♦ ✈✐r✲❛✲s❡r✳ ✭❇✐❝✉❞♦
✶✾✾✸✱ ♣✳✷✶✮

❆ss✐♠✱ ♣❛r❛ ❡ss❛ ❡♠❡rsã♦ ❡ ♣r❡♣❛r❛çã♦ ❞♦ ❈á❧❝✉❧♦ ♥♦ ❡♥s✐♥♦ ❜ás✐❝♦✱ ❞✉❛s ❧✐♥❤❛s

❞✐r❡tr✐③❡s s❡ ❝♦♥st✐t✉❡♠ ♥❛t✉r❛❧♠❡♥t❡✿ ♦ ♣r♦❜❧❡♠❛ ❞❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❡ ♦ ♣r♦❜❧❡♠❛ ❞❛ ♠❡✲

❞✐❞❛ ✕ q✉❡ sã♦✱ ❡❢❡t✐✈❛♠❡♥t❡✱ ❛s q✉❡stõ❡s ❢✉♥❞❛♠❡♥t❛✐s ❞♦ ❈á❧❝✉❧♦✳ ❍á ❞❡ s❡ r❡ss❛❧t❛r✱

❡♥tr❡t❛♥t♦✱ q✉❡ ♥♦ ♣r♦❜❧❡♠❛ ❞❛ ♠❡❞✐❞❛ ❡①✐st❡♠ ♣r♦♣r✐❛♠❡♥t❡ ❞♦✐s ♣r♦❜❧❡♠❛s ❞✐st✐♥t♦s ❡

✐♥tr✐♥s❡❝❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦s✿ ♦ ♣r♦❝❡ss♦ ❣❡♦♠étr✐❝♦ ❞❛ ♠❡❞✐❞❛ ✭♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❝á❧❝✉❧♦

❞❡ ár❡❛s ❡ ✈♦❧✉♠❡s✮ ❡ ♦ ♣r♦❝❡ss♦ ❛r✐t♠ét✐❝♦ ❞❛ ♠❡❞✐❞❛ ✭♦ ✈❛❧♦r ♥✉♠ér✐❝♦ ❞❛ ♠❡❞✐❞❛✱ ♦

♥ú♠❡r♦ r❡❛❧✮✳ ❊♠ ✭❘❡③❡♥❞❡✱ ✷✵✵✸✮ sã♦ ❡①♣❧✐❝✐t❛❞♦s ❛❧❣✉♥s ❞♦s ❝♦♥t❡ú❞♦s ♣ró♣r✐♦s ❞❡ ❝❛❞❛

✉♠❛ ❞❡ss❛s ❧✐♥❤❛s ❞❡ ✐♥s❡rçã♦ ❞♦ ❈á❧❝✉❧♦ ♥♦ ❡♥s✐♥♦ ❜ás✐❝♦✱ ❜❡♠ ❝♦♠♦ ❛❧❣✉♠❛s s✉❣❡stõ❡s

❞❡ ❛t✐✈✐❞❛❞❡s ❞✐❞át✐❝❛s ❞❡ ❡♠❡rsã♦ ❞❡ s✉❛s ✐❞❡✐❛s ❡ ♣r♦❜❧❡♠❛s ❝♦♥str✉t♦r❡s✳

✸✳✷ ❊◆❙■◆❆❘ ❈➪▲❈❯▲❖ ◆❖ ❊◆❙■◆❖ ▼➱❉■❖

❈♦♠♦ ❡♥s✐♥❛r ❡ ♣♦rq✉❡ ♥ã♦ ❡♥s✐♥❛♠♦s ❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧ ❡ ✐♥t❡❣r❛❧ ♥♦ ❡♥s✐♥♦

♠é❞✐♦❄ ❚❛❧✈❡③ ♦ ❝♦♥t❡ú❞♦ s❡❥❛ ♠✉✐t♦ ❞✐❢í❝✐❧✱ ♦✉ ❡♥tã♦ ❛s ❡s❝♦❧❛s ♥ã♦ ❡stã♦ ❝♦❜r❛♥❞♦

❛♦s s❡✉s ❞♦❝❡♥t❡s❄ ◆❛s r❡✉♥✐õ❡s ♣❡❞❛❣ó❣✐❝❛s✱ ♣r♦❝✉r❛✲s❡ ❡♥t❡♥❞❡r ♠❛✐s ♦s ♣r♦❜❧❡♠❛s

q✉❡ ❛❝♦♥t❡❝❡r❛♠ ❡ ❡♥t❛♥t♦ tê♠✲s❡ ✉♠❛ ✐♥✐❝✐❛t✐✈❛ ❞❡ ♠✉❞❛r ❞✉r❛♥t❡ ♦ ❝♦rr❡♥t❡ ❛♥♦✱ ♠❛✐s

✐ss♦ s❡ r❡str✐♥❣✐ à r❡❧❛çã♦ ✭♣r♦❢❡ss♦r ① ❛❧✉♥♦✮✱ ❡ ❝♦♠♦ ✭❛❧✉♥♦ ① ❡s❝♦❧❛✮✳ ▼❛✐s ❛ ❛çã♦

♣❡❞❛❣ó❣✐❝❛ ❞❡✈❡ s✐♠ ❡♥tr❛r ♥♦ ❝♦♥t❡①t♦ ❞❛ ❡❞✉❝❛çã♦✱ ❝♦♠ ❝rít✐❝❛s ❡ r❡✢❡①õ❡s s♦❜r❡ ♦s

♣r♦❝❡ss♦s ❛❜♦r❞❛❞♦s✳ ❈♦♠♦ ❢❛③❡r ✐ss♦❄

❊st❛s sã♦ ❛s q✉❡stõ❡s q✉❡ s❡rã♦ tr❛t❛❞❛s ❛q✉✐✳ ❖ t❡♠❛ é ✐♠♣♦rt❛♥t❡ ❡ ❞❡✈❡

♠❡r❡❝❡r ❛ ❛t❡♥çã♦ ❞❡ q✉❡♠ s❡ ♦❝✉♣❛ ❞♦ ❡♥s✐♥♦ ♠é❞✐♦ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡✳

◆ã♦ é ♠✉✐t♦ ❝♦♠❡♥t❛❞♦ ♠❛✐s ❤á ❛♥♦s ❛trás✦ ✲✱ ❧á ♣❛r❛ ♦s ❛♥♦s ❞❡ ✶✾✺✵ ❡♥tr❛♥❞♦

❡♠ ✶✾✻✵ ❤♦✉✈❡ ✉♠❛ ❣r❛♥❞❡ ❡ r❡❧❛t✐✈❛ ♠✉❞❛♥ç❛ ♥♦ ❡♥s✐♥♦ ❞❛ ♠❛t❡♠át✐❝❛ ✱ ✭♠❛✐s ♣❡❧♦s

♠♦t✐✈♦s ❞❛s ❝♦✐s❛s q✉❡ ❛❝♦♥t❡❝✐❛ ♥♦ ❡①t❡r✐♦r✮✳ ❖ ♥♦♠❡ ❞♦ ♠♦✈✐♠❡♥t♦ ❡r❛ ▼❛t❡♠át✐❝❛

▼♦❞❡r♥❛✱ ❝♦♠ ✐ss♦ ❡♥tr❛♠♦s ♥✉♠❛ ❞✐♥â♠✐❝❛ ♦♥❞❡ ♦ ❢♦r♠❛❧✐s♠♦ ❡①❝❡ss✐✈♦ ❢♦✐ ✐♥tr♦❞✉③✐❞♦

❝♦♠ ✐❞❡✐❛s ❞❡ r❡t✐r❛r ✐♠♣♦rt❛♥t❡s ❝❛♣ít✉❧♦s ❞♦ ❡♥s✐♥♦ ❝♦♠♦ ❡①❡♠♣❧♦ ♦ ♣ró♣r✐♦ ❝á❧❝✉❧♦ ❡ ❛

❣❡♦♠❡tr✐❛✳

✷✼



✲ ❊st❛ r❡❢♦r♠❛ ❢♦✐ ❜♦❛❄

✲ ◆ã♦✦ ♣♦❞❡ t❡r s✐❞♦ ♠✉✐t♦ ♣r❡❥✉❞✐❝✐❛❧✱ ♣♦✐s ❛s ✉♥✐✈❡rs✐❞❛❞❡s✱ r❡❝❡❜❡r❛♠ ❛❧✉♥♦s

q✉❡ ♥ã♦ ❡st❛✈❛♠ ♣r❡♣❛r❛❞♦s ♣❛r❛ ✉♠❛ ❞✐♥â♠✐❝❛ ♠❛✐s ✈♦❧t❛❞❛ ♣❛r❛ ♣❡sq✉✐s❛✱ ✲ ◆ã♦✱ ❝❧❛r♦

q✉❡ ♥ã♦✱ ♦s ♣r♦❢❡ss♦r❡s s❡ ❛❝♦st✉♠❛r❛♠ ❛ ❢❛③❡r ❛t✐✈✐❞❛❞❡s ♠✉✐t♦ ✧♠❛st✐❣❛❞❛s✧✱ ♦✉ s❡❥❛✱

❝♦♠♦ ❛ s❡r r❡❧❛t❛❞♦ ♠❛✐s ❛ ❢r❡♥t❡✱ ✉♠ ❛ss✉♥t♦ ❞❡ ❢✉♥çã♦ ♣❛ss♦✉ ❛ t♦♠❛r t♦❞♦ ♦ ❡s♣❛ç♦

❞♦ 10 ❛♥♦ ❞♦ ❡♥s✐♥♦ ♠é❞✐♦✱ ♦♥❞❡ s❛❜❡♠♦s q✉❡ ❡st❡ ❡s♣❛ç♦ ♣♦❞❡r✐❛ s❡r ♠❡❧❤♦r tr❛❜❛❧❤❛❞♦✳

▼❛✐s ♥♦ ❇r❛s✐❧ ❛✐♥❞❛ ❢♦✐✲s❡ ✉t✐❧✐③❛❞♦ ♦ ❝á❧❝✉❧♦ ♥♦ ❡♥s✐♥♦ ♠é❞✐♦✱ ❛ ❡❞✐t♦r❛ ❋❚❉

✐♥tr♦❞✉③✐✉ ♥♦ ♠❡r❝❛❞♦ ♦ ❧✐✈r♦ ▼❆❚❊▼➪❚■❈❆ ❛✉❧❛ ♣♦r ❛✉❧❛ ❞♦s ❛✉t♦r❡s ❇❡♥✐❣♥♦

❇❛rr❡t♦ ❋✐❧❤♦ ❡ ❈❧á✉❞✐♦ ❳❛✈✐❡r ❞❛ ❙✐❧✈❛ ♣✉❜❧✐❝❛❞♦ ❡♠ ✶✾✾✽✱ ♦♥❞❡ ❝♦♥st❛ ♦ ❡st✉❞♦ ❞♦s

❧✐♠✐t❡s✱ ❞❡r✐✈❛❞❛s ❡ ♥♦çõ❡s ❞❡ ✐♥t❡❣r❛❧✱ ♦ ♣♦rq✉ê ❞❡ ♥ã♦ t❡r s❛í❞♦ ♠❛✐s ❡①❡♠♣❧❛r❡s✱ t❛❧✈❡③

s❡❥❛ ♦ ❢❛t♦ ❞❛s r❡❢♦r♠❛s ♥♦ ❡♥s✐♥♦✱ ❞❡✐①❛♥❞♦ ♦ ❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧ ❡ ✐♥t❡❣r❛❧ s♦♠❡♥t❡ ♣❛r❛

♦ ✉s♦ ♥♦ ❊♥s✐♥♦ s✉♣❡r✐♦r✳

❆❧❣✉♥s ♣❛ís❡s ♣❡r❝❡❜❡r❛♠ q✉❡ ♦ ❝á❧❝✉❧♦ é ❡❢❡t✐✈❛♠❡♥t❡ ♥❡❝❡ssár✐♦ ♣❛r❛ ♦ ❡♥s✐♥♦

♠é❞✐♦✱ ❞❡♥tr♦ ❞❡ s✉❛s r❡❢♦r♠❛s ♥ã♦ ♠❡①❡r❛♠ ♥❛ ♠❛t❡♠át✐❝❛ ♣❛r❛ ❛❝♦♠♦❞❛r✱ ❡ s✐♠ ♣❛r❛

♣r❡♣❛r❛r s❡✉s ❛❧✉♥♦s ♣❛r❛ ✉♠ ❡♥s✐♥♦ s✉♣❡r✐♦r ✈♦❧t❛❞♦ ♣❛r❛ ♣❡sq✉✐s❛✱ t❛❧✈❡③ s❡❥❛ ♣❡❞✐r

♠✉✐t♦✱ ♠❛✐s ❛ ♥❡❝❡ss✐❞❛❞❡ é ó❜✈✐❛✳ ❙✐st❡♠❛ q✉❡ ♣r♦❞✉③❛♠✱ ❝♦♥t❡ú❞♦s q✉❡ ❡❢❡t✐✈❛♠❡♥t❡

tr❛❣❛♠ ✉♠❛ r❡❛❧✐❞❛❞❡ ♠❛✐♦r ❛♦s ❡❞✉❝❛❞♦s✳

✸✳✸ ❖ P❖❘◗❯✃ ❉❖ ❈➪▲❈❯▲❖

❖ ❡st✉❞♦ ❞♦ ❝á❧❝✉❧♦ ❡st❛r ❧✐t❡r❛❧♠❡♥t❡ ✐♥s❡r✐❞♦ ♥♦s ❝✉rs♦s ❞❡ ❡①❛t❛s✱ ♠❡s♠♦ ❛ss✐♠

♣❡sq✉✐s❛s ♥❛s ár❡❛s ❜✐♦❧ó❣✐❝❛s✭s❛ú❞❡✮ sã♦ r❡❛❧✐③❛❞❛s ❝♦♥❝♦♠✐t❛♥t❡♠❡♥t❡ ❝♦♠ ❡st✉❞♦ ❞♦

❝á❧❝✉❧♦✱ ❡♥tã♦ ♣♦rq✉ê ♥ã♦ ✐♥s❡r✐✲❧♦ ♥♦ ❡♥s✐♥♦ ❜ás✐❝♦ ❡ s✐♠ s♦♠❡♥t❡ ❞❡✐①❛r ❛ ❝❛s♦ ❞♦ ❡♥s✐♥♦

s✉♣❡r✐♦r✳

❆ ❡❞✉❝❛çã♦ é ✉♠ ❛t♦ ❞❡ ❛♠♦r ❡✱ ♣♦rt❛♥t♦✱ ✉♠ ❛t♦
❞❡ ❝♦r❛❣❡♠✳ ◆ã♦ ♣♦❞❡ t❡♠❡r ♦ ❞❡❜❛t❡✱ ❛ ❛♥á❧✐s❡ ❞❛
r❡❛❧✐❞❛❞❡❀ ♥ã♦ ♣♦❞❡ ❢✉❣✐r à ❞✐s❝✉ssã♦ ❝r✐❛❞♦r❛✱ s♦❜ ♣❡♥❛
❞❡ s❡r ✉♠❛ ❢❛rs❛✳ ✭P❛✉❧♦ ❋r❡✐r❡✮

❆s r❡❢♦r♠❛s t❡♥t❛r❛♠ s❡r ❜❡♥é✜❝❛s ❛♦ ❡♥s✐♥♦ ♠❛✐s ❝♦♥t✉❞♦✱ ❞❡s❝❛rt❛r❛♠ ♦ q✉❡

❞❡ ♠❛✐s ♠♦❞❡r♥♦ s✉r❣✐❛ ♥❛ é♣♦❝❛ ❝♦♠ r❡❧❡✈â♥❝✐❛ ♥♦s ❡st✉❞♦s ❝✐❡♥tí✜❝♦✲t❡❝♥♦❧ó❣✐❝♦✱ ✉♠❛

❝♦♠♣♦♥❡♥t❡ s✐❣♥✐✜❝❛t✐✈❛ ♥❛ ❢♦r♠❛çã♦ ❞♦ ❞✐s❝❡♥t❡✳ ❊rr❛r❛♠ ♥♦ ♠♦♠❡♥t♦ ❞❛ ❝♦♥str✉çã♦✱

❡ ❝♦♥t✐♥✉❛♠♦s ❡rr❛♥❞♦ ❞✉r❛♥t❡ ❡ss❡s ❛♥♦s✳

➱ tã♦ ♠♦❞❡r♥♦ ❡ ❞✐❢❡r❡♥t❡ ❝♦♠ ♥♦✈❛s ✐❞❡✐❛s✱ q✉❡ ♦ ❛❧✉♥♦ ❞❡ ❡♥s✐♥♦ ♠é❞✐♦ ♥ã♦

❡♥❝♦♥tr❛ ♥❛s ♦✉tr❛s ❝♦✐s❛s q✉❡ ❛♣r❡♥❞❡ ❡♠ ❆r✐t♠ét✐❝❛✱ ➪❧❣❡❜r❛✱ ●❡♦♠❡tr✐❛✱ ❚r✐❣♦♥♦♠❡tr✐❛

❡ ●❡♦♠❡tr✐❛ ❆♥❛❧ít✐❝❛✳ ◆ã♦ ❛♣❡♥❛s ♥♦✈❛s✱ ♠❛s ✐❞❡✐❛s q✉❡ tê♠ ❣r❛♥❞❡ r❡❧❡✈â♥❝✐❛ ♥✉♠❛

✈❛r✐❡❞❛❞❡ ❞❡ ❛♣❧✐❝❛çõ❡s ❝✐❡♥tí✜❝❛s ♥♦ ♠✉♥❞♦ ♠♦❞❡r♥♦✳ ❖r❛✱ ♦ ♣r♦♣ós✐t♦ ♠❛✐♦r ❞♦ ❡♥s✐♥♦

é ♣r❡♣❛r❛r ♦ ❥♦✈❡♠ ♣❛r❛ s❡ ✐♥t❡❣r❛r ❛❞❡q✉❛❞❛♠❡♥t❡ ❛♦ ♠❡r❝❛❞♦ ❞❡ tr❛❜❛❧❤♦ ❡ t❛♠❜é♠

à s♦❝✐❡❞❛❞❡✳ ◆ã♦ s❡ ✈✐s❛✱ ❝♦♠ ❛ ♠❛t❡♠át✐❝❛ ♥♦ ❡♥s✐♥♦ ♠é❞✐♦✱ ❢♦r♠❛r ❡s♣❡❝✐❛❧✐st❛s ♥♦

❛ss✉♥t♦✳ ❊♥s✐♥❛✲s❡ ♠❛t❡♠át✐❝❛ ♣♦rq✉❡ ❡st❛ é ✉♠❛ ❞✐s❝✐♣❧✐♥❛ q✉❡ ❢❛③ ♣❛rt❡ s✐❣♥✐✜❝❛t✐✈❛ ❞❛

✷✽



❡①♣❡r✐ê♥❝✐❛ ❤✉♠❛♥❛ ❛♦ ❧♦♥❣♦ ❞♦s sé❝✉❧♦s✱ ♣♦rq✉❡ ❡❧❛ ❝♦♥t✐♥✉❛ s❡♥❞♦ ❤♦❥❡✱ ❝♦♠ ✐♥t❡♥s✐❞❛❞❡

❛✐♥❞❛ ♠❛✐♦r ❞♦ q✉❡ ♥♦ ♣❛ss❛❞♦✱ ✉♠ ✐♥str✉♠❡♥t♦ ❡✜❝❛③ ❡ ✐♥❞✐s♣❡♥sá✈❡❧ ♣❛r❛ ♦s ♦✉tr♦s r❛♠♦s

❞♦ ❝♦♥❤❡❝✐♠❡♥t♦✳

✸✳✹ ❖ ◗❯❊ ❊◆❙■◆❆❘

➱ ✈✐sí✈❡❧ q✉❡ ♦ ❝á❧❝✉❧♦ ♥ã♦ é ❛ ❢❡rr❛♠❡♥t❛ q✉❡ ✈❛✐ r❡s♦❧✈❡r ❛ ✈✐❞❛ ❞♦ ❡st✉❞❛♥t❡✱

♠❛✐s s✐♠✦ ✈❛✐ ❢❛❝✐❧✐t❛r ❡♠ ❛❧❣✉♠❛s q✉❡stõ❡s✱ ♣♦r ✐ss♦ ♦ ❝á❧❝✉❧♦ ❞❡✈❡ s❡r ❛♣r❡s❡♥t❛❞♦ ❞❡

❢♦r♠❛ s✐♠♣❧❡s s❡♠ ♠✉✐t♦ ❛♣r♦❢✉♥❞❛♠❡♥t♦✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦ ❝❛s♦ ❞❛s ✐♥t❡❣r❛✐s✱ ♣♦✐s ❛

♥♦çã♦ ❝♦♠ ♦ ❝á❧❝✉❧♦ ❞❡ ár❡❛s ❥á é ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ♦ ❛❧✉♥♦ ♣♦❞❡r ❡♥t❡♥❞❡r ❛ ♣r❛t✐❝✐❞❛❞❡

❞♦ s❡✉ ❡st✉❞♦✳

❖ ♣r♦❢❡ss♦r ❛♦ ❡♥s✐♥❛r ❢✉♥çã♦ q✉❛❞rát✐❝❛ ♣♦r ❡①❡♠♣❧♦✱ ❞❡✈❡ ♠♦str❛r ♦ ❡st✉❞♦ ❞❛s

❞❡r✐✈❛❞❛s q✉❡ é ❛ ♠❛♥❡✐r❛ ♠❛✐s ❡①❛t❛ ❞❡ r❡s♦❧✈❡r✱ ♦ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦✱ ❝♦♠

✐ss♦ ♦ ❛❧✉♥♦ ♣❡r❝❡❜❡ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✐❞❡✐❛s ♥♦✈❛s ♥♦ s❡✉ ♣❡♥s❛r✳ P❛r❛ ❢❛③❡r ♦ ❡st✉❞♦ ❞❛

✈❛r✐❛çã♦ ❞❡ ✉♠❛ ❢✉♥çã♦ f(x) é ✐♠♣♦rt❛♥t❡ ❝♦♥❤❡❝❡r ♦s ✐♥t❡r✈❛❧♦s ♥♦s q✉❛✐s ❡❧❛ é ❝r❡s❝❡♥t❡

♦✉ ❞❡❝r❡s❝❡♥t❡✱ ♦s s❡✉s ❡①tr❡♠♦s ❡ ♦s ♣♦♥t♦s ❞❡ ✐♥✢❡①ã♦✳

❊♥s✐♥❛✲s❡ ♠❛t❡♠át✐❝❛ ♣♦rq✉❡ ❡st❛ é ✉♠❛ ❞✐s❝✐♣❧✐♥❛ q✉❡
❢❛③ ♣❛rt❡ s✐❣♥✐✜❝❛t✐✈❛ ❞❛ ❡①♣❡r✐ê♥❝✐❛ ❤✉♠❛♥❛ ❛♦ ❧♦♥❣♦
❞♦s sé❝✉❧♦s✱ ♣♦rq✉❡ ❡❧❛ ❝♦♥t✐♥✉❛ s❡♥❞♦ ❤♦❥❡✱ ❝♦♠ ✐♥t❡♥✲
s✐❞❛❞❡ ❛✐♥❞❛ ♠❛✐♦r ❞♦ q✉❡ ♥♦ ♣❛ss❛❞♦✱ ✉♠ ✐♥str✉♠❡♥t♦
❡✜❝❛③ ❡ ✐♥❞✐s♣❡♥sá✈❡❧ ♣❛r❛ ♦s ♦✉tr♦s r❛♠♦s ❞♦ ❝♦♥❤❡❝✐✲
♠❡♥t♦✳ ✭●❡r❛❧❞♦ ➪✈✐❧❛✱ ♣✳ ✹✮

❆q✉✐✱ ♥ã♦ ❡st❛♠♦s ❢❛❧❛♥❞♦ ❞❡ ❛✉♠❡♥t❛r ❛ ❣r❛❞❡ ❝✉rr✐❝✉❧❛r✱ ♠❛✐s s✐♠ ❞✐♠✐♥✉í✲

❧❛✦ s❡r ♣r❡❝✐s❛♠❡♥t❡ ♠❛✐s ❝rít✐❝♦ ❡♠ r❡❧❛çã♦ ❛♦s ❝♦♥t❡ú❞♦s ❛❜♦r❞❛❞♦s✳ ❏á q✉❡ ✉♠❛

✈❡③ ❛♣r❡♥❞✐❞♦ ❛ ❞❡r✐✈❛r ❢✉♥çõ❡s ♥❛ ❢♦r♠❛ ❞❡ ♣♦tê♥❝✐❛s✱ ✜❝❛ ❢á❝✐❧ r❡s♦❧✈❡r ♦ ✈ért✐❝❡ ❞❡

✉♠❛ ♣❛rá❜♦❧❛✳ ❊✱ ♥❛ ❢ís✐❝❛ ♦ ❡st✉❞♦ é tã♦ ✐♠♣♦rt❛♥t❡✳ ❈♦♠♦ ❡s❝r❡✈❡✉ ●❡r❛❧❞♦ ➪✈✐❧❛

♥❛ ❘❡✈✐st❛ Pr♦❢❡ss♦r ❞❡ ▼❛t❡♠át✐❝❛ n018 ✧➱ ❝❧❛r♦ q✉❡ ❛ ✐♥tr♦❞✉çã♦ ❞❛ ❞❡r✐✈❛❞❛ ❞❡✈❡

s❡r ❛❝♦♠♣❛♥❤❛❞❛ ❞❡ ✈ár✐❛s ❞❛s s✉❛s ❛♣❧✐❝❛çõ❡s✳ ❯♠❛ ❞❡❧❛s✱ tã♦ út✐❧ ❡ ♥❡❝❡ssár✐❛ ♥♦s

❝✉rs♦s ❞❡ ❋ís✐❝❛✱ ❞✐③ r❡s♣❡✐t♦ à ❝✐♥❡♠át✐❝❛✳ ◆ã♦ ❤á ❞✐✜❝✉❧❞❛❞❡s ♥♦ ❡st✉❞♦ ❞♦ ♠♦✈✐♠❡♥t♦

✉♥✐❢♦r♠❡✱ ♦✉ s❡❥❛✱ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ❝♦♥st❛♥t❡✳ ▼❛s ❛♦ ♣❛ss❛r ❛❞✐❛♥t❡✱ ❞❡s❛ss✐st✐❞♦ ❞❛

♥♦çã♦ ❞❡ ❞❡r✐✈❛❞❛✱ ♦ ♣r♦❢❡ss♦r ❞❡ ❋ís✐❝❛ ❢❛③ ✉♠❛ ❣✐♥ást✐❝❛ ❝♦♠♣❧✐❝❛❞❛ ♣❛r❛ ❛♣r❡s❡♥t❛r ♦

♠♦✈✐♠❡♥t♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ✈❛r✐❛❞♦✳ ❊ ❛s ❝♦✐s❛s s❡r✐❛♠ ❜❡♠ ♠❛✐s s✐♠♣❧❡s ♣❛r❛ ❡❧❡ ❡ ♠✉✐t♦

♠❛✐s ❝♦♠♣r❡❡♥sí✈❡✐s ♣❛r❛ ♦ ❛❧✉♥♦ s❡ ❡ss❡ ❡♥s✐♥♦ ❢♦ss❡ ❢❡✐t♦ à ❧✉③ ❞❛ ♥♦çã♦ ❞❡ ❞❡r✐✈❛❞❛✱

✐♥t❡r♣r❡t❛❞❛ ❝♦♠♦ ✈❡❧♦❝✐❞❛❞❡ ✐♥st❛♥tâ♥❡❛✧✳

❆ ✐❞❡✐❛ ❞❡ q✉❡ ♦s ♣r♦❣r❛♠❛s ❞❡ ♠❛t❡♠át✐❝❛ sã♦ ❡①✲
t❡♥s♦s ❡ ♥ã♦ ❝♦♠♣♦rt❛r✐❛♠ ❛ ✐♥❝❧✉sã♦ ❞♦ ❝á❧❝✉❧♦ é ✉♠
❡q✉í✈♦❝♦✳ ❖s ❛t✉❛✐s ♣r♦❣r❛♠❛s ❡stã♦✱ ✐st♦ s✐♠✱ ♠❛❧ ❡s✲
tr✉t✉r❛❞♦s✳ ✭●❡r❛❧❞♦ ➪✈✐❧❛✱ ♣✳ ✺✮

❆ ❞❡r✐✈❛❞❛ ♣❡r♠✐t❡ ♦❜t❡r✱ ❢❛❝✐❧♠❡♥t❡✱ ❛ ❡q✉❛çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❛ ♣❛rt✐r ❞♦ ❞❛❞♦

❞❡ q✉❡ ❛ ❛❝❡❧❡r❛çã♦ é ❝♦♥st❛♥t❡❀ ❡ t❛♠❜é♠ ❛ ❡q✉❛çã♦ ❤♦rár✐❛ ❞♦ ♠♦✈✐♠❡♥t♦✱ ❢❛③❡♥❞♦

r❛❝✐♦❝í♥✐♦ ❛♥á❧♦❣♦ s♦❜r❡ ❛ ❡q✉❛çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡✳

✷✾



✸✳✺ ❈➪▲❈❯▲❖ ◆❖ ❊◆❙■◆❖ ❇➪❙■❈❖

❖s ❛t✉❛✐s ♣r♦❣r❛♠❛s ❡stã♦ ❢❛✈♦r❡❝❡♥❞♦ ✉♠ ♣❡♥s❛♠❡♥t♦ q✉❡ ♦ ❡♥s✐♥♦ ❞❡✈❡ ❡st❛r

❧✐❣❛❞♦ ❛♦ ❝♦t✐❞✐❛♥♦✱ ♦✉ s❡❥❛✱ ♦s ❧✐✈r♦s ❛t✉❛✐s tr❛③❡♠ ❝♦♥s✐❣♦ q✉❡stõ❡s ❝♦♥t❡①t✉❛❧✐③❛❞❛s

♦♥❞❡ ♦ ❛❧✉♥♦ t❡♠ q✉❡ ✧✐♥t❡r♣r❡t❛r✧❡ r❛❝✐♦❝✐♥❛r ♦ q✉❡ é ♣❡❞✐❞♦✱ ♥✉♠ ❡s❢♦rç♦ ❡♥♦r♠❡ ❞❡

♠❡❧❤♦r❛r✱ tê♠✲s❡ ❝♦❧♦❝❛❞♦ ♦s ❛❧✉♥♦s ❞❡ ❢♦r♠❛ ✐r♦♥✐❝❛♠❡♥t❡ ✧❧ú❞✐❝♦s✧♦♥❞❡ ❛ ✈✐s✉❛❧✐③❛çã♦

❞❛ ✜❣✉r❛ ❥á r❡♠❡t❡ ❛ ♥♦ ♠í♥✐♠♦ ✷✵ ♣♦r ❝❡♥t♦ ❞❛ r❡s♣♦st❛✳ ▲♦❣♦ ❛❞✐❛♥t❡ ♦ tr❛❜❛❧❤♦ ♣♦ss✉✐

✉♠❛ q✉❡stã♦ ❞♦ ❊◆❊▼ ❞❡ ✷✵✶✺ r❡s♣♦♥❞✐❞❛ ❞❡ ❞✉❛s ♠❛♥❡✐r❛s✱ ♦♥❞❡ ❛ ♣r✐♠❡✐r❛ é ❛q✉✐❧♦

q✉❡ ♦ ❛❧✉♥♦ ❡st❛r ❛ss❡♠❡❧❤❛❞♦ ❡ ❛ s❡❣✉♥❞❛ é ❛q✉❡❧❛ ♣r❡❝✐s❛✱ ❞❡ ❢♦r♠❛ ❜❛st❛♥t❡ r❛❝✐♦♥❛❧ é

r❡s♦❧✈✐❞❛✱ s❡♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❛ ❧✐♥❣✉❛❣❡♠ ❞❛ ✜❣✉r❛✳

❊st❛ r❡❢♦r♠❛ q✉❡ ❡st❛r ❛❝♦♥t❡❝❡♥❞♦ q✉❡ r❡♠❡t❡ ❞♦s ❛♥♦s ✻✵ ❛té ♦ ✐♥í❝✐♦ ❞♦ sé❝

❳❳■ ♥♦s ♠♦str❛ ✉♠ ❢♦r♠❛❧✐s♠♦ ❡♠ ♠✉✐t♦s ❧✐✈r♦s✱ ❡ t❛❧✈❡③ ❛té ♠❡s♠♦ ♥❛ ❡❞✉❝❛çã♦ ✐♥✐❝✐❛❧✱

q✉❡ ✉♠✱ ✈❡♠ ♣❛ss❛♥❞♦ ♣❛r❛ ♦ ♦✉tr♦✳

❖ ❡①❡♠♣❧♦ ♠❛✐s ❡✈✐❞❡♥t❡ ❞✐ss♦ ❡stá ♥♦ ❡♥s✐♥♦ ❞❛s ❢✉♥çõ❡s✳ ●❛st❛✲s❡ ♠✉✐t♦ t❡♠♣♦

♣❛r❛ ✐♥tr♦❞✉③✐r ✉♠❛ ❡①t❡♥s❛ ♥♦♠❡❝❧❛t✉r❛ ✕ ❝♦♥tr❛❞♦♠í♥✐♦✱ ❢✉♥çã♦ ✐♥✈❡rs❛✱ ❢✉♥çã♦ ❝♦♠✲

♣♦st❛✱ ❢✉♥çã♦ ✐♥❥❡t✐✈❛✱ s♦❜r❡❥❡t✐✈❛ ✕ ♥✉♠ ❡s❢♦rç♦ ❞❡ ♣♦✉❝♦s r❡s✉❧t❛❞♦s ♣rát✐❝♦s✳ ➱ ❛♥t✐✲

♣❡❞❛❣ó❣✐❝♦ ✐♥tr♦❞✉③✐r ❝♦♥❝❡✐t♦s q✉❡ ♥ã♦ ❡st❡❥❛♠ s❡♥❞♦ s♦❧✐❝✐t❛❞♦s ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛

❞✐s❝✐♣❧✐♥❛✳ ❊ s❡ ♦ ♣r♦❢❡ss♦r s❡❣✉✐r ❡st❛ s❛❧✉t❛r ♦r✐❡♥t❛çã♦✱ ❡❧❡ ♥ã♦ ♣r❡❝✐s❛rá✱ ♣♦r ✉♠ ❜♦♠

t❡♠♣♦✱ ❞❡ ♥❡♥❤✉♠ ❞♦s ❡①❡♠♣❧♦s❄

❊st❡s ❝♦♥t❡ú❞♦s ❣❛st❛♠ ♠✉✐t♦ t❡♠♣♦ s❡ ❢♦r❡♠ ❛♣❧✐❝❛❞♦s ❞❡ ❢♦r♠❛ ❝♦♠♣❧❡t❛✱ ✐♠❛✲

❣✐♥❡ só s❡ ❢♦r ❛♣r❡s❡♥t❛❞♦ ❛♦ ❛❧✉♥♦ t♦❞❛ ❛ ✐❞❡✐❛ ❞❡ ❢✉♥çã♦ ✐♥✈❡rs❛✱ ❢✉♥çã♦ ❝♦♠♣♦st❛ ❡

❢✉♥çã♦ s❡♥♦✳ ❖s ♣r♦❢❡ss♦r❡s ♠♦str❛♠ s♦♠❡♥t❡ s❡✉s ❝á❧❝✉❧♦s ♠❛✐s ♥ã♦ ♦ s✉r❣✐♠❡♥t♦ ❡ ♦♥❞❡

sã♦ ❛♣❧✐❝❛❞❛s✳

➱ tr✐st❡ ❞✐③❡r q✉❡ ♠✉✐t♦s ❛ss✉♥t♦s t❡♠ ✉♠❛ ❛♣r❡s❡♥t❛çã♦ ✐♥❛❞❡q✉❛❞❛✱ s❡♠ ❡stí✲

♠✉❧♦s ❝❤❡✐♦ ❞❡ ❡①❡r❝í❝✐♦s ❜ás✐❝♦ ❞♦s ❜ás✐❝♦s✱ ❝♦♠ ✉♠ ❣r❛✉ ❞❡ ✐♥s❛t✐s❢❛çã♦ ♣❛r❛ ♦ ❡❞✉❝❛❞♦r

q✉❡ ❛❝❛❜❛♠ ❛tr♦♣❡❧❛♥❞♦ ♦✉tr♦s ❝♦♥t❡ú❞♦s ❞❡ s✉♠❛ ✐♠♣♦rtâ♥❝✐❛✱ ❛ ✐❞❡✐❛ ♥♦ ❛ss✉♥t♦ ❞❡

❢✉♥çã♦ ❞❡ ❞❡t❡r♠✐♥❛r ❞♦♠í♥✐♦✱ ✐♠❛❣❡♠ ❡ ❝♦♥tr❛❞♦♠í♥✐♦ ❡ ♦✉tr❛s ❝♦✐s❛s ♠❛✐s ❞❡s❡st✐♠✉❧❛♠

♦ ❛❣✉ç❛r ❞♦ ❥♦✈❡♠

❚r❛❜❛❧❤❛r ❞❡✜♥✐çõ❡s ❡ ❢r✐s❛r ♠✉✐t♦ ♦ ❡♥t❡♥❞❡r ❞❡❧❛s é ✉♠ ♣♦✉❝♦ ✉s✉❛❧✱ ♠❛✐s é

♦ q✉❡ ✈❡♠ ❡♠ ♠✉✐t♦s ❧✐✈r♦s✳ ▲♦❣♦ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ s❡ ✐♥tr♦❞✉③✐r ♦ ❝á❧❝✉❧♦ ♣❛r❛ ❛❝❛❜❛r

❝♦♠ ❡ss❛s ♠❡s♠✐❝❡s é ✉r❣❡♥t❡ ❡ ❞❡ ✉♠❛ ♥❡❝❡ss✐❞❛❞❡ ❡♥♦r♠❡✱ ❧♦❣♦ ♦ ♣r♦❢❡ss♦r t❡♠ q✉❡ s❡

❞❡s❧♦❝❛r ❞❡ss❡ ♠✉♥❞♦ ❢❡❝❤❛❞♦ ❡ ❜❛st❛♥t❡ ❢r❡q✉❡♥t❛❞♦✱ ❡ ✐r ♣❛r❛ ✉♠ ♠✉♥❞♦ ❛❜❡rt♦ ❞❡ ♠❛✐s

s✐♠✐❧❛r✐❞❛❞❡ ♦♥❞❡ ♦ ❝♦♥t❡ú❞♦ ✈✐st♦ ❞❡✈❡ s❡r ❛♣r❡s❡♥t❛❞♦ ❞❡ ❢♦r♠❛ ♠❛✐s ♣❛rt✐❝✐♣❛t✐✈❛ ❝♦♠

♦✉tr♦s tó♣✐❝♦s✱ ♥✉♠ ❡♥tr❡♠❡❛❞♦ ❞❡ s❛❜❡r❡s✳

❉❡s❝❛rt❛r ♦ ❝á❧❝✉❧♦ ♥♦ ❡♥s✐♥♦ é ❣r❛✈❡✱ ♣♦rq✉❡ ❞❡✐①❛ ❞❡
❧❛❞♦ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ s✐❣♥✐✜❝❛t✐✈❛ ❡ ❝❡rt❛♠❡♥t❡ ❛ ♠❛✐s
r❡❧❡✈❛♥t❡ ❞❛ ♠❛t❡♠át✐❝❛ ♣❛r❛ ❛ ❢♦r♠❛çã♦ ❞♦ ❛❧✉♥♦ ♥✉♠
❝♦♥t❡①t♦ ❞❡ ❡♥s✐♥♦ ♠♦❞❡r♥♦ ❡ ❛t✉❛❧✳ ✭●❡r❛❧❞♦ ➪✈✐❧❛✱ ♣✳
✼✮

❖ ♣r♦❜❧❡♠❛ ♥ã♦ é ❛❝❤❛r ♠❛✐s ❡s♣❛ç♦ ♣❛r❛ ✐♥s❡r✐r ♦ ❝á❧❝✉❧♦✱ ❡ s✐♠✦ s❛❜❡r ♣❡❣❛r ♦
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q✉❡ s❡ t❡♠ ❡ ❢❛③❡r ✉♠❛ ❞✐str✐❜✉✐çã♦ ❛tí♣✐❝❛ ♥❛ ❛♣r❡s❡♥t❛çã♦ ❞♦s ❞✐❢❡r❡♥t❡s tó♣✐❝♦s

✸✳✻ ❆ ❊❙❚❘❯❚❯❘❆ ❉❖❙ P❘❖●❘❆▼❆❙

❖ q✉❡ ♣♦ss♦ ❞✐③❡r ❝♦♠♦ ♣r♦❢❡ss♦r é q✉❡ ♦s ❛t✉❛✐s ♣r♦❣r❛♠❛s✭❡♠❡♥t❛s✮ ❡stã♦ ❛q✉é♠

❞❡ s❡r❡♠ ♥♦ ♠í♥✐♠♦ ❜♦❛s✳ ❈♦♠♦ s❛❜❡♠♦s ♣❛ís❡s ❞❡s❡♥✈♦❧✈✐❞♦s t❡♠ ♦ ❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧

❡ ✐♥t❡❣r❛❧ ❞❡♥tr♦ ❞♦s s❡✉s ♣r♦❣r❛♠❛s ❞❡ ❡♥s✐♥♦ ♠é❞✐♦✳ ❆s ✉♥✐✈❡rs✐❞❛❞❡s ♥❛ ♣❛rt❡ ❞❡

r♦❜ót✐❝❛✱ ❡♥❣❡♥❤❛r✐❛ ❡ ♦✉tr❛s ♠❛✐s✱ r❡❝❡❜❡♠ ✉♥s ❛❧✉♥♦s ♣r❡♣❛r❛❞♦s ❡ ❝♦♠ ✐ss♦ ♦ ♣r♦❢❡ss♦r

♥ã♦ ♣❡r❞❡ t❡♠♣♦ ❝♦♠ ❛♣r❡s❡♥t❛çã♦ ❞♦ ❝á❧❝✉❧♦✱ ❡❧❡ s✐♠✦ ✐♥tr♦❞✉③ ♦ ❛ss✉♥t♦ ❞❡ ♠❛♥❡✐r❛ ♠❛✐s

q✉❛♥t✐t❛t✐✈❛ ✈✐s❛♥❞♦ ❛ ♣❛rt❡ ♣rát✐❝❛✳ ◆♦ ❡♥t❛♥t♦ ♦ ❇r❛s✐❧ ❝♦♠♦ ✉♠ ♣❛ís s✉❜❞❡s❡♥✈♦❧✈✐❞♦✱

tr❛❜❛❧❤❛ q✉❡stõ❡s ❡♠ q✉❡ ♦ ❝á❧❝✉❧♦ ❞❡✈❡ s❡r ✈✐st♦ s♦♠❡♥t❡ ♥♦ ❡♥s✐♥♦ s✉♣❡r✐♦r✱ ❜❛st❛ ✈❡r

❛s ❡♠❡♥t❛s ❞♦s ❧✐✈r♦s q✉❡ ✈ê♠ ♣❛r❛ ❛s ❡s❝♦❧❛s✳

❈♦♠♦ ♣❡sq✉✐s❛❞♦✱ ♥ã♦ é q✉❡ ❢❛❧t❡ ♣r♦❢❡ss♦r❡s ❝❛♣❛③❡s ❞❡ ✐♥s❡r✐r ♦ ❝á❧❝✉❧♦✱ ♠❛✐s

s✐♠ ♦ ♣✉❧s♦ ✜r♠❡✱ ♣❛r❛ q✉❡ ❡❧❡ s❡❥❛ ✐♥s❡r✐❞♦ ❡♠ t♦❞❛s ❛s ❡s❝♦❧❛s✱ ♣❛r❛ ❝♦♠ ✐ss♦ ❡❧✐♠✐♥❛r ♦

q✉❡ ❤á ❞❡ ❛r❝❛✐❝♦✳ ❆s ♠✉❞❛♥ç❛s t❡♠ q✉❡ s✉r❣✐r ❞❡ ❢♦r♠❛ ♦r❣❛♥✐③❛❝✐♦♥❛❧ ❡ ❜❡♠ ❛rt✐❝✉❧❛❞❛s✱

♣❛r❛ ♦s t❡♠♣♦s ❞❡ ❤♦❥❡ s❡ t♦r♥❛r❡♠ ✉♠ ♣❛ss❛❞♦ ❡q✉✐t❛t✐✈♦✳

❖ ❡st✉❞♦ ❞❡ ❢✉♥çã♦ tr❛③❡♥❞♦ ❛ ✐❞❡✐❛ ❞❡ ❧✐♠✐t❡s ♣r♦❞✉③ ❛♦ ❛❧✉♥♦ ❛ ✈❡r✐✜❝❛çã♦ ❞❛

♥❡❝❡ss✐❞❛❞❡ ❞❡ ✐♥✈❡st✐❣❛r ✉♠ ♣♦♥t♦ ♠á①✐♠♦ ♦✉ ♠í♥✐♠♦✱ ❞❛♥❞♦ ❡♥tr❛❞❛ às ❞❡r✐✈❛❞❛s ❡

♣♦rq✉❡ ♥ã♦ à ♥♦çã♦ ❞❡ ✐♥t❡❣r❛❧ t❛♠❜é♠✳

✸✶
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❆ ♣❛rt✐r ❞♦s ❝♦♥t❡ú❞♦s ❝✐t❛❞♦s ♥❛s ❡♠❡♥t❛s ❢♦r❛♠ r❡❛❧✐③❛❞❛s ♣❡sq✉✐s❛s✱ ♥❛s q✉❛✐s

s❡ ❜❛s❡❛r❛♠ ♥❛ ❝♦♥s✉❧t❛ ❛ ♠❛t❡r✐❛✐s ❞✐❞át✐❝♦s ✉t✐❧✐③❛❞♦s ❡♠ ❛✉❧❛✱ ❝♦♠♦ ❧✐✈r♦s✱ ❛♣♦st✐❧❛ ❡

❝❛❞❡r♥♦s✱ ❡✱ t❛♠❜é♠ ❡♠ ❞❡♣♦✐♠❡♥t♦s ❞❡ ❛❧❣✉♥s ❛❧✉♥♦s ❡ ♣r♦❢❡ss♦r❡s✳

❆♥❛❧✐s❛♥❞♦ ❛ ❝❛r❣❛ ❤♦rár✐❛ ❞♦s ❝✉rs♦s té❝♥✐❝♦s ❊▲❊❚❘❖❊▲❊❚❘Ô◆■❈❆✱ ❊▲❊✲

❚❘❖▼❊❈➶◆■❈❆ ❊ ❊❉■❋■❈❆➬Õ❊❙✱ s❛❜❡✲s❡ q✉❡ ♦ t❡♠♣♦ s❡♠❛♥❛❧ ❞♦s ❝✉rs♦s sã♦ ❞❡ ♥♦

♠í♥✐♠♦ ❞❡ ✸✵❤ ❞✐✈✐❞✐❞♦ ❡♠ ❞✐s❝✐♣❧✐♥❛s ❞❡ ❛❜r❛♥❣ê♥❝✐❛ ✏♥♦r♠❛❧ ❡ té❝♥✐❝❛✑✱ ❝♦♥t✉❞♦ t✐✈❡✲

♠♦s ❛ ♣r❡t❡♥sã♦ ❞❡ t❡♥t❛r ❞❡t❡❝t❛r ❢❛t♦r❡s q✉❡ ♣♦ss❛♠ ❛♣❡r❢❡✐ç♦❛r ❛ ❞✐♥â♠✐❝❛ ❞♦ ❝✉rs♦✳

❈♦♠ ✐ss♦ ❛ ♠❛t❡♠át✐❝❛ t✐❞❛ ❝♦♠♦ ✉♠❛ ❞✐s❝✐♣❧✐♥❛ ❞❡ ❝❛rát❡r ♥♦r♠❛❧ ✕ té❝♥✐❝♦✦✳ ❚ê♠ ✉♠❛

❣r❛♥❞❡ ✈❛r✐❡❞❛❞❡ ❞❡ ❝♦♥t❡ú❞♦s s♦❜r❡❝❛rr❡❣❛♥❞♦ ❞❡♠❛✐s ✉♠ ❛❧✉♥♦ ✈♦❧t❛❞♦ ♣❛r❛ ♦ ❡♥s✐♥♦

té❝♥✐❝♦✳ ❆ss✐♠ ❛ ♣❡sq✉✐s❛ ❡st❛r ❜❛s❡❛❞❛ ❡♠ t❡♥t❛r ❢♦r♠❛❧✐③❛r ✉♠❛ ❞✐♥â♠✐❝❛ ❞♦s ❝♦♥t❡ú❞♦s

❞❡ ❢♦r♠❛ ❛ ♦♣❡r❛❝✐♦♥❛❧✐③❛✲❧♦s ❞❡ ♠❛♥❡✐r❛ rá♣✐❞❛ ❡ s✉❝✐♥t❛✳

❙❛❜❡♠♦s q✉❡ ♦ ❝á❧❝✉❧♦ ❡st❛r t❛♥t♦ ❞❡♥tr♦ ❞❛ ♠❛t❡♠át✐❝❛ ❝♦♠♦ ❞❛ ❢ís✐❝❛✱ ♣♦rt❛♥t♦

r❡s♦❧✈❡r q✉❡stõ❡s ♠❛✐s rá♣✐❞❛s✱ ❞♦ q✉❡ ❛ t❛♠❛♥❤❛ ❢♦r♠✉❧❛çã♦ ❞❡ ❝♦♥❝❡✐t♦s ❡♥tr❡t❛♥t♦

♥❡❝❡ssár✐♦s ♠❛✐s q✉❡ ❛♦ ♠❡s♠♦ t❡♠♣♦✱ só ❢❛③❡♠ ♣❡r❞❡r ♦ t❡♠♣♦✳ ❖ ❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧ ❡

✐♥t❡❣r❛❧ r❡s♦❧✈❡ ❞❡ ♠❛♥❡✐r❛ ♠❛✐s rá♣✐❞❛✳ ❆♦ ✜♥❛❧✐③❛r ❡st❛ ❡t❛♣❛ s❡rã♦ ❧❡✈❛♥t❛❞♦s t❡♠❛s✱

❝♦♥❝❡✐t♦s ❡ ✐❞❡✐❛s q✉❡ s❡ ♠♦str❛r❛♠ r❡❧❡✈❛♥t❡s ♣❛r❛ ✉♠❛ r❡✈✐sã♦ ❞♦s ♣❧❛♥♦s ❞❡ ❡♥s✐♥♦

❡ ❞♦s ♣❧❛♥♦s ❞❡ ❛✉❧❛✱ ❞❛s ❞✐s❝✐♣❧✐♥❛s ❡♠ q✉❡stã♦ ❡ q✉❡✱ ♣♦rt❛♥t♦ ❞❡✈❡♠ s❡r tr❛t❛❞♦s ❞❡

❢♦r♠❛ ♠❛✐s ♦✉ ♠❡♥♦s ❝♦♥t✉♥❞❡♥t❡ ❞✉r❛♥t❡ ♦ ❡st✉❞♦ ❞♦ ❝á❧❝✉❧♦✳

❱❛♠♦s ❛q✉✐ ❞❡✐①❛r ❝❡rt♦ q✉❡ ♦ ❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧ ❡ ✐♥t❡❣r❛❧ ❛❥✉❞❛ ♠✉✐t♦ ♥❛s

r❡s♦❧✉çõ❡s ❞❡ ✈ár✐❛s q✉❡stõ❡s✱ ❛❧❣✉♠❛s ❡s❝♦❧❛s ♣❛rt✐❝✉❧❛r❡s ❞❡ ✏❝♦♥❝❡✐t♦ ❡❧❡✈❛❞♦✑ ❛❞♦t❛♠

♦ ❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧ ❡ ✐♥t❡❣r❛❧ ♥❛s s✉❛s ♠❡t♦❞♦❧♦❣✐❛s ❞❡ ❡♥s✐♥♦✱ ♠❛✐s ✈❡❥❛♠♦s ❜❡♠✿ ❖s

❛❧✉♥♦s ❞❡ss❛s ❡s❝♦❧❛s ♥ã♦ ❡st✉❞❛♠ ♦ ❧✐♠✐t❡✱ ❞❡r✐✈❛❞❛ ❡ ✐♥t❡❣r❛❧ ❞❛ ✏♥♦✐t❡ ♣❛r❛ ♦ ❞✐❛✑✱ ❡❧❡s

❥á sã♦ ♣r❡♣❛r❛❞♦s ♥♦ ❞❡❝♦rr❡r ❞♦s ❡♥s✐♥♦s ❢✉♥❞❛♠❡♥t❛❧ ❡ ♠é❞✐♦ ❝♦♠ ✉♠❛ ❧✐♥❣✉❛❣❡♠ ú♥✐❝❛

❡♥tr❡ ♦s ♣r♦❢❡ss♦r❡s✱ ♣♦✐s ♦ ❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧ ❡ ✐♥t❡❣r❛❧ ♥ã♦ é ❛ss✐♠ ❛ s♦❧✉çã♦ ♣❛r❛ t✉❞♦✱

s❡ t♦r♥❛ ♣rát✐❝♦ ❞❡♣♦✐s q✉❡ ♦ ❛❧✉♥♦ ❝♦♥s❡❣✉❡ ❡♥t❡♥❞❡r s❡✉ ❝♦♥❝❡✐t♦ ❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳

❈♦♠♦ ♦ ♣r♦❢❡ss♦r✱ ❝♦♥s❡❣✉❡ ♣❡r❝❡❜❡r q✉❛✐s ❛s ♠❛✐♦r❡s ❞✐✜❝✉❧❞❛❞❡s ❞♦s ❛❧✉♥♦s ❛♦

s❡ ❞❡♣❛r❛r❡♠ ❝♦♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ ❞♦ ❝á❧❝✉❧♦❄ ▼✉✐t❛s ✈❡③❡s ❛s ❞✐✜❝✉❧❞❛❞❡s

♥ã♦ ❡stã♦ ❡♠ r❡s♦❧✈❡r ❛ ✐♥t❡❣r❛❧ ♦✉ ❛ ❞❡r✐✈❛❞❛✱ ❛té ♣♦rq✉❡ sã♦ r❡❧❛t✐✈❛♠❡♥t❡ s✐♠♣❧❡s✳ ❍á

✉♠❛ ❞✐✜❝✉❧❞❛❞❡ ❡♥♦r♠❡ ♥❛ ♣❛rt❡ ❞❛ ♠❛♥✐♣✉❧❛çã♦ ❛❧❣é❜r✐❝❛ s✐♠♣❧❡s ❡ ❞❛ ✐♥t❡r♣r❡t❛çã♦

❞❡ ❣rá✜❝♦s✱ ♠✉✐t❛s ✈❡③❡s ♦ ❛❧✉♥♦ ♥ã♦ ❝♦♥s❡❣✉❡ ❞❡r✐✈❛r ♦✉ ✐♥t❡❣r❛r ✉♠❛ ❢♦r♠❛ ❞❡ ❢✉♥çã♦

q✉❛❞rát✐❝❛ ♣♦r ♥ã♦ s❛❜❡r r❡t✐r❛r ❛s ❡q✉❛çõ❡s ❞♦s s❡❣♠❡♥t♦s ❞❡ r❡t❛✳

❉✐❛♥t❡ ❞♦ ❡①♣♦st♦✱ ♦ ♣r♦❢❡ss♦r ♥ã♦ ♣♦❞❡ s❡ ❡sq✉❡❝❡r ❞❡ q✉❡ ♦ ❛❧✉♥♦ ♣r❡❝✐s❛ ♣❡r❝❡✲

❜❡r ❛ ✐♥t❡r✲r❡❧❛çã♦ ❞♦s ❝♦♥❤❡❝✐♠❡♥t♦s ♠❛t❡♠át✐❝♦s ❝♦♠ ❛ r❡❛❧✐❞❛❞❡ ❛ q✉❛❧ ❡stá ✐♥s❡r✐❞♦✳

❆❝r❡❞✐t❛✲s❡ q✉❡ ❡ss❛ s❡❥❛ ❛ ♠❡❧❤♦r ♠❛♥❡✐r❛ ❞❡ ❞❛r s❡♥t✐❞♦ ❛♦ ❛♣r❡♥❞✐③❛❞♦ ❞❛ ❞✐s❝✐♣❧✐♥❛✳

❈♦♠♦ ✉♠ ✐♥str✉♠❡♥t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❝♦♠♣r❡❡♥❞❡r ♦ ♠✉♥❞♦ ❡ s✉❛ r❡❛❧✐❞❛❞❡✳ ◆ã♦ s❡

♣♦❞❡ ♠❛✐s ♣❡♥s❛r ♥❛ ♠❛t❡♠át✐❝❛ ❝♦♠♦ ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♥❡❛r ❞❡ ✐♥❢♦r♠❛çõ❡s✱ ♠❛s ❝♦♠♦

✉♠❛ t❡✐❛ ❞❡ r❡❧❛çõ❡s✳ ◆ã♦ s❡ ♣♦❞❡ ♠❛✐s ❝r✉③❛r ♦s ❜r❛ç♦s ❡ ✜❝❛r s❛t✐s❢❡✐t♦ só ❝♦♠ q✉❡ ♦s

✸✷



❧✐✈r♦s ❞✐❞át✐❝♦s ♦❢❡r❡❝❡♠✱ ✜❝❛♥❞♦ ❧✐♠✐t❛❞♦ ❛ ✉♠ ❡♥s✐♥♦ ♣♦❜r❡ ❡ s❡♠ s✐❣♥✐✜❝❛❞♦✱ é ♣r❡❝✐s♦

❛❣✐r ❡ ♠♦str❛r q✉❡ ♦ ❡♥s✐♥♦ ❞❛ ♠❛t❡♠át✐❝❛ ♣♦❞❡ ❡ ❞❡✈❡ s❡r ✉♠ ✐♥♦✈❛❞♦r ❡ ❞❡s❛✜❛❞♦r✱

❝❛♣❛③ ❞❡ r♦♠♣❡r ❛s ❜❛rr❡✐r❛s ❞♦ ❞❡s❝♦♥❤❡❝✐❞♦✳

✹✳✶ ❆P▲■❈❆➬➹❖ ❉❆ P❊❙◗❯■❙❆

❚♦❞❛ ❛ ♣❡sq✉✐s❛ ❢♦✐ r❡❛❧✐③❛❞❛ ♥♦ ■❋▼❆ ✕ ■♥st✐t✉t♦ ❋❡❞❡r❛❧ ❞♦ ▼❛r❛♥❤ã♦ ❝♦♠ ♦s

❛❧✉♥♦s ❞♦ t✉r♥♦ ♠❛♥❤ã✱ t✉r♠❛s ❞♦ t❡r❝❡✐r♦ ❛♥♦ ❞♦ ❡♥s✐♥♦ ♠é❞✐♦ ❊▲❊❚❘❖❊▲❊❚❘Ô◆■❈❆✱

❊▲❊❚❘❖▼❊❈➶◆■❈❆ ❊ ❊❉■❋■❈❆➬Õ❊❙✱ ❢♦✐ ❢❡✐t♦ ✉♠ ♣❡❞✐❞♦ ❞❡ s♦❧✐❝✐t❛çã♦ ❞❛ ♣❡sq✉✐s❛

❞✐r❡❝✐♦♥❛❞♦ ❛ ❝❤❡✜❛ ✐♠❡❞✐❛t❛✱ ❞❡♣♦✐s ❢♦✐ ❡♥✈✐❛❞♦ ❛ ❝❛❞❛ ✉♠ ❞♦s ❛❧✉♥♦s ✉♠ t❡r♠♦ ❞❡

❝♦♥s❡♥t✐♠❡♥t♦ ♦♥❞❡ ❡❧❡s ♣♦❞❡r✐❛♠ ❛❝❡✐t❛r ♦✉ r❡❝✉s❛r ❛ ♣❛rt✐❝✐♣❛çã♦ ♥❛ ♣❡sq✉✐s❛✱ ✭♦❧❤❛r

❛♣ê♥❞✐❝❡ ❇✮✳

❆ ♣❡sq✉✐s❛ ❢♦✐ r❡❛❧✐③❛❞❛ ❡♠ três ♠♦♠❡♥t♦s✿

• ❆ ❧✐st❛ ❞❡ ❡①❡r❝í❝✐♦s ♣❛r❛ q✉❡ ❡❧❡s ♣✉❞❡ss❡♠ r❡s♦❧✈❡r ❞❛ ♠❛♥❡✐r❛ q✉❡ s❛❜✐❛♠✳

• ❆ ❡①♣❧❛♥❛çã♦ ❞♦s ❝♦♥t❡ú❞♦s ❞❡ ❢♦r♠❛ ❣r❛❞❛t✐✈❛✱ ♣❛r❛ q✉❡ ♣✉❞❡ss❡♠ ❛ss✐♠✐❧❛r ♦

❛ss✉♥t♦ ❛❜♦r❞❛❞♦ ♥❛ ❧✐st❛ ❞❡ ❡①❡r❝í❝✐♦s✳

• ❆ r❡s♦❧✉çã♦ ❛♣ós ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦s ❝♦♥t❡ú❞♦s✳

✹✳✷ ❆ ▲■❙❚❆ ❉❊ ❊❳❊❘❈❮❈■❖❙

◆♦ ♣r✐♠❡✐r♦ ♠♦♠❡♥t♦✱ ❢♦✐ ❡♥tr❡❣✉❡ ❛♦s ❛❧✉♥♦s ✉♠❛ ❧✐st❛ ❞❡ ❡①❡r❝í❝✐♦s ♦♥❞❡ ❝♦♥✲

t✐♥❤❛♠ q✉❡stõ❡s ❞❡ ♠❛t❡♠át✐❝❛ ❡ ❢ís✐❝❛✱ ❢♦✐ ❞❛❞♦ ✉♠ t❡♠♣♦ ❛ ❡❧❡s ♣❛r❛ q✉❡ ♣✉❞❡ss❡♠

r❡s♦❧✈❡r ❞❛ ♠❛♥❡✐r❛ q✉❡ q✉✐s❡ss❡♠ ❝♦♥❢♦r♠❡ t✐♥❤❛♠ ❛♣r❡♥❞✐❞♦ ❞✉r❛♥t❡ ♦ ❡♥s✐♥♦✳ ❆ ❧✐st❛

s❡❣✉❡ ♥♦ ❛♣ê♥❞✐❝❡ ❆✳

❆ ❧✐st❛ ❝♦♠♦ ♠♦str❛ ♥♦ ❛♣ê♥❞✐❝❡✱ ♣♦ss✉✐ ❞❡③ q✉❡stõ❡s✱ ♦♥❞❡ ❞✉❛s ❢♦r❛♠ r❡s♦❧✈✐❞❛s

♣❡❧♦ ♣r♦❢❡ss♦r✱ r❡st❛♥❞♦ ✽ q✉❡stõ❡s ♣❛r❛ s❡r❡♠ ❞❡s❡♥✈♦❧✈✐❞❛s ♣❡❧♦s ❛❧✉♥♦s✳

❆s ❞✉❛s q✉❡stõ❡s r❡s♦❧✈✐❞❛s ✉t✐❧✐③❛♥❞♦ ♦s ♠ét♦❞♦s ❛❞q✉✐r✐❞♦s ❡ ❛ s❡r❡♠ ❛♣r❡s❡♥✲

t❛❞♦s ❞✉r❛♥t❡ ♦ tr❛❜❛❧❤♦✱ s❡❣✉❡♠ ❛q✉✐✿

◮ ◗✉❡stã♦ ✻

✭❊◆❊▼ ✷✵✶✺✮ ❯♠ ❡st✉❞❛♥t❡ ❡stá ♣❡sq✉✐s❛♥❞♦ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❝❡rt♦ t✐♣♦ ❞❡ ❜❛❝tér✐❛✳

P❛r❛ ❡ss❛ ♣❡sq✉✐s❛✱ ❡❧❡ ✉t✐❧✐③❛ ✉♠❛ ❡st✉❢❛ ♣❛r❛ ❛r♠❛③❡♥❛r ❛s ❜❛❝tér✐❛s✳ ❆ t❡♠♣❡r❛t✉r❛ ♥♦

✐♥t❡r✐♦r ❞❡ss❛ ❡st✉❢❛✱ ❡♠ ❣r❛✉s ❈❡❧s✐✉s✱ é ❞❛❞❛ ♣❡❧❛ ❡①♣r❡ssã♦ T (h) = −h2+22h− 85✱ ❡♠

q✉❡ ❤ r❡♣r❡s❡♥t❛ ❛s ❤♦r❛s ❞♦ ❞✐❛✳ ❙❛❜❡✲s❡ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❜❛❝tér✐❛s é ♦ ♠❛✐♦r ♣♦ssí✈❡❧

q✉❛♥❞♦ ❛ ❡st✉❢❛ ❛t✐♥❣❡ s✉❛ t❡♠♣❡r❛t✉r❛ ♠á①✐♠❛ ❡✱ ♥❡ss❡ ♠♦♠❡♥t♦✱ ❡❧❡ ❞❡✈❡ r❡t✐rá✲❧❛s ❞❛

❡st✉❢❛✳ ❆ t❛❜❡❧❛ ❛ss♦❝✐❛ ✐♥t❡r✈❛❧♦s ❞❡ t❡♠♣❡r❛t✉r❛✱ ❡♠ ❣r❛✉s ❈❡❧s✐✉s ❝♦♠ ❛s ❝❧❛ss✐✜❝❛çõ❡s✿

♠✉✐t♦ ❜❛✐①❛✱ ❜❛✐①❛✱ ♠é❞✐❛✱ ❛❧t❛ ❡ ♠✉✐t♦ ❛❧t❛✳
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❚❛❜❡❧❛ ✹✿ ◗✉❡stã♦ ❞♦ ❊◆❊▼ ✲ ✷✵✶✺

■♥t❡r✈❛❧♦s ❞❡ ❚❡♠♣❡r❛t✉r❛ ✭0❈✮ ❈❧❛ss✐✜❝❛çã♦
T < 0 ▼✉✐t♦ ❜❛✐①❛

✵ ≤ ❚ ≤ ✶✼ ❇❛✐①❛
17 < T < 30 ▼é❞✐❛
✸✵ ≤ ❚ ≤ ✹✸ ❆❧t❛

T > 43 ▼✉✐t♦ ❛❧t❛

❆✮ ▼✉✐t♦ ❜❛✐①❛

❇✮ ❇❛✐①❛

❈✮ ▼é❞✐❛

❉✮ ❆❧t❛

❊✮ ▼✉✐t♦ ❛❧t❛

❘❡s♣♦st❛ ✶

❆q✉✐✱ ❛ q✉❡stã♦ ❢♦✐ r❡s♣♦♥❞✐❞❛ ❞❡ ♠❛♥❡✐r❛ ❡♠ q✉❡ ♦ ❛❧✉♥♦ ❛ss✐♠✐❧❛ss❡ ❝♦♠ ♦

❝♦♥t❡ú❞♦ ❥á ✈✐st♦✳

❈♦♠♦ a < 0 t❡♠♦s q✉❡ ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ T (h) t❡♠ ❝♦♥❝❛✈✐❞❛❞❡ ✈♦❧t❛❞❛ ♣❛r❛

❜❛✐①♦✱ ❡ ❛✐♥❞❛ t❡♠♦s q✉❡ ♦ ❡✐①♦ x é r❡♣r❡s❡♥t❛❞♦ ♣♦r h ❡ ♦ ❡✐①♦ y é ♣❡❧❛ t❡♠♣❡r❛t✉r❛ ❞❛❞❛

♣♦r T ✳

P♦rt❛♥t♦✱ ❜❛st❛ ❝❛❧❝✉❧❛r♠♦s ♦ Yv ❞❛ ❢✉♥çã♦✳

Yv =
−(b2 − 4ac)

4a
❡✱ ❝♦♠♦ a = −1✱ b = 22 ❡ c = −85 s❡❣✉❡ q✉❡ Yv =

−(222 − 4.(−1).(−85))

4.(−1)
=

−144

−4
= 36

▲♦❣♦ ❛ t❡♠♣❡r❛t✉r❛ ♠á①✐♠❛ é ✸✻ ❡ ❛ r❡s♣♦st❛ ❞❛ q✉❡stã♦ é ♦ ✐t❡♠ ❉✱ ❥á q✉❡ ❛

t❡♠♣❡r❛t✉r❛ ❡st❛r ❡♥tr❡ ✸✵ ❡ ✹✸✳

❘❡s♣♦st❛ ✷

◆❡st❡ ♠♦♠❡♥t♦✱ ❢♦✐ ♠♦str❛❞♦ ❛ r❡s♦❧✉çã♦ ❞❛ q✉❡stã♦ ✉t✐❧✐③❛♥❞♦ ♦ ❝á❧❝✉❧♦ ❞❡

❉❊❘■❱❆❉❆❙✳ ▼❛✐s s❡♠ ❡❧❡s t❡r❡♠ ❛ ♥♦çã♦ ❛✐♥❞❛ ❞♦ ❛ss✉♥t♦✱ ❡♥tã♦ ❢♦✐ r❡❛❧✐③❛❞♦ ✉♠❛

r❡s♦❧✉çã♦ ✧❛tí♣✐❝❛✧♦✉ s❡❥❛✱ ❢♦✐ r❡s♦❧✈✐❞♦ s❛❜❡♥❞♦ q✉❡ ❛ t✉r♠❛ ♥ã♦ ❡♥t❡♥❞❡r✐❛ ♦ ❞❡s❡♥r♦❧❛r

❞♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦✱ ❝♦♠ ❡①♣❧✐❝❛çõ❡s ❞✐r❡❝✐♦♥❛❞❛s✳

❙❡♥❞♦ ❛ss✐♠ ❝❛❧❝✉❧❛♠♦s T ′ ❞❡ T ✳

T (h) = −h2 + 22h− 85 ❞❛í T ′ = −2h+ 22 ❝♦♠♦ ❛ ❢✉♥çã♦ ❞❡r✐✈❛❞❛ ♥♦✈❛♠❡♥t❡ t❡♠ ✈❛❧♦r

♥❡❣❛t✐✈♦✱ ❧♦❣♦ ❛ ❢✉♥çã♦ t❡♠ ✈❛❧♦r ❞❡ ♠á①✐♠♦✳

P♦rt❛♥t♦ t♦♠❛♥❞♦ T ′ = 0✱ t❡♠♦s −2h+ 22 = 0 q✉❡ ✐♠♣❧✐❝❛ h = 11✳

❊ ❛❣♦r❛✱ ❜❛st❛ s✉❜st✐t✉✐r♠♦s ♥❛ ❢✉♥çã♦ ♦r✐❣✐♥❛❧✿

T (11) = −112 + 22.11− 85 = −121 + 242− 85 = 360C q✉❡ ❡st❛r ❡♥tr❡ ✸✵ ❡ ✹✸✱ ❧❡tr❛ ❉✳

✸✹



◮ ◗✉❡stã♦ ✾

❙❡ ✉♠❛ ❜♦❧❛ ❢♦r ❛t✐r❛❞❛ ❛♦ ❛r ❝♦♠ ✉♠❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ 10m/s✱ s✉❛ ❛❧t✉r❛ ✭❡♠

♠❡tr♦s✮✱ ❞❡♣♦✐s ❞❡ t s❡❣✉♥❞♦s é ❞❛❞❛ ♣♦r h = 10t−4, 9t2✳ ❱❛♠♦s ❞❡t❡r♠✐♥❛r ❛ ✈❡❧♦❝✐❞❛❞❡

q✉❛♥❞♦ t = 2✳

❈♦♠♦ ❛ q✉❡stã♦ ❛♥t❡r✐♦r ✱ t❛♠❜é♠ ♣r♦❝✉r❛♠♦s r❡s♦❧✈❡r ✉t✐❧✐③❛♥❞♦ ♦s ❞♦✐s ♠ét♦❞♦s✳

❘❡s♣♦st❛ ✶

❆ ❢✉♥çã♦ ❞♦ ▼❘❯❱ é h = h0 + v0.t +
g

2
.t2✱ ❝♦♠♣❛r❛♥❞♦ ❝♦♠ ❛ ❢ór♠✉❧❛ ❞❛❞❛

♥❛ q✉❡stã♦✱ t❡♠♦s v0 = 10 ❡
g

2
= −4, 9 ⇒ g = −9, 8 ❞❛í v = v0 + gt ✐♠♣❧✐❝❛ ❡♠

v = 10− (9, 8).2

P♦rt❛♥t♦ v = ✲ ✾✱✻ ♠✴s

❘❡s♣♦st❛ ✷

◆❡st❡ ❝❛s♦✱ ❛ r❡s♣♦st❛ s❛✐ ♠✉✐t♦ s❡♠❡❧❤❛♥t❡ ❛♦ ♠ét♦❞♦ ❛♥t❡r✐♦r✱ ❜❛st❛ s❛❜❡r♠♦s

q✉❡ v(t) = h′ = 10 − (2).4, 9t ✭❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ ❞❛❞❛✮✱ ❛í s❡❣✉❡ q✉❡ v = 10 − 9, 8t ⇒
v(2) = 10− 9, 8(2) = ✲ ✾✱✻ ♠✴s✳

❆ t✉r♠❛ ❞❡ ❊▲❊❚❘❖❊▲❊❚❘Ô◆■❈❆✱ ♣♦ss✉í❛ ♥♦ ♠♦♠❡♥t♦ ❞❛ ♣❡sq✉✐s❛ ✸✽ ❛❧✉♥♦s

❡♠ s❛❧❛ ❞❡ ✉♠ t♦t❛❧ ❞❡ ✹✸✳

❋✐❣✉r❛ ✽✿ ❚✉r♠❛ ❞❡ ❡❧❡tr♦❡❧❡trô♥✐❝❛

❋♦♥t❡✿ Pró♣r✐♦ ❆✉t♦r

❙❡♥❞♦ ❛ss✐♠ ❞✐str✐❜✉í❞♦ ✷✹ ❛❧✉♥♦s ✜③❡r❛♠ t♦❞❛ ❛ ❧✐st❛✱ ✶✵ ✜③❡r❛♠ s♦♠❡♥t❡ ❞❡

✉♠❛ ❞❛s ❞✐s❝✐♣❧✐♥❛s ❡ ♦s ♦✉tr♦s ✻ ♥ã♦ s♦✉❜❡r❛♠ r❡s♣♦♥❞❡r✳

❆ t✉r♠❛ ❞❡ ❊▲❊❚❘❖▼❊❈➶◆■❈❆✱ ♣♦ss✉í❛ ♥♦ ♠♦♠❡♥t♦ ❞❛ ♣❡sq✉✐s❛ ✸✷ ❛❧✉♥♦s

❡♠ s❛❧❛ ❞♦ t♦t❛❧ ❞❡ ✸✺✳ ❚❛♠❜é♠ ❞✉❛s q✉❡stõ❡s ❢♦r❛♠ r❡s♦❧✈✐❞❛s ♣❡❧♦ ♣r♦❢❡ss♦r✱ r❡st❛♥❞♦

✽ q✉❡stõ❡s ♣❛r❛ s❡r❡♠ ❞❡s❡♥✈♦❧✈✐❞❛s ♣❡❧♦s ❛❧✉♥♦s✳

❙❡♥❞♦ ❛ss✐♠ ❞✐str✐❜✉í❞♦ ✶✻ ❛❧✉♥♦s ✜③❡r❛♠ t♦❞❛ ❛ ❧✐st❛✱ ✽ ✜③❡r❛♠ s♦♠❡♥t❡ ❞❡ ✉♠❛

❞❛s ❞✐s❝✐♣❧✐♥❛s ❡ ♦s ♦✉tr♦s ✽ ♥ã♦ s♦✉❜❡r❛♠ r❡s♣♦♥❞❡r✳

✸✺



❋✐❣✉r❛ ✾✿ ❚✉r♠❛ ❞❡ ❡❧❡tr♦♠❡❝â♥✐❝❛

❋♦♥t❡✿ Pró♣r✐♦ ❆✉t♦r

❆ t✉r♠❛ ❞❡ ❊❉■❋■❈❆➬Õ❊❙✱ ♣♦ss✉í❛ ♥♦ ♠♦♠❡♥t♦ ❞❛ ♣❡sq✉✐s❛ ✷✵ ❛❧✉♥♦s ❡♠ s❛❧❛

❞♦ t♦t❛❧ ❞❡ ✸✹✳ ❚❛♠❜é♠ ❞✉❛s q✉❡stõ❡s ❢♦r❛♠ r❡s♦❧✈✐❞❛s ♣❡❧♦ ♣r♦❢❡ss♦r✱ r❡st❛♥❞♦ ✽ q✉❡stõ❡s

♣❛r❛ s❡r❡♠ ❞❡s❡♥✈♦❧✈✐❞❛s ♣❡❧♦s ❛❧✉♥♦s✳

❋✐❣✉r❛ ✶✵✿ ❚✉r♠❛ ❞❡ ❡❞✐✜❝❛çõ❡s

❋♦♥t❡✿ Pró♣r✐♦ ❆✉t♦r

❉❛í ❞✐str✐❜✉í❞♦✱ ✶✷ ❛❧✉♥♦s ✜③❡r❛♠ t♦❞❛ ❛ ❧✐st❛✱ ✷ ✜③❡r❛♠ s♦♠❡♥t❡ ❞❡ ✉♠❛ ❞❛s

❞✐s❝✐♣❧✐♥❛s ❡ ♦s ♦✉tr♦s ✻ ♥ã♦ s♦✉❜❡r❛♠ r❡s♣♦♥❞❡r✳

❉✉r❛♥t❡ ❡ss❛ ❛❜♦r❞❛❣❡♠ ❢♦✐ ✈❡r✐✜❝❛❞♦ q✉❡ ♠✉✐t♦s ❛❧✉♥♦s ♥ã♦ s❛❜✐❛♠ r❡s♣♦♥❞❡r

❛s q✉❡stõ❡s✱ ♦✉ s❡ s❡♥t✐❛♠ ♠❛✐s ❛♣r♦♣r✐❛❞♦s ❡♠ ✉♠❛ ❞❛s ❞✐s❝✐♣❧✐♥❛s ❡ ♦✉tr♦s s❛❜✐❛♠

r❡s♣♦♥❞❡r t♦❞❛ ❛ ❧✐st❛✱ ♠❛✐s ❡st❡s ♠❡s♠♦s ✐♥❞❛❣❛r❛♠ q✉❡ ❛ r❡s♦❧✉çã♦ ❡r❛ ♠✉✐t♦ ❞❡♠♦r❛❞❛✳

✸✻



❋✐❣✉r❛ ✶✶✿ ❆♥á❧✐s❡ ❞❛ ♣r✐♠❡✐r❛ ❡t❛♣❛

❋♦♥t❡✿ Pró♣r✐♦ ❆✉t♦r

✹✳✸ ❊❳P▲❆◆❆➬➹❖ ❉❖❙ ❆❙❙❯◆❚❖❙

❏á ♥♦ s❡❣✉♥❞♦ ♠♦♠❡♥t♦✱ ❢♦✐ ❡①♣❧✐❝❛❞♦ ♦ ❛ss✉♥t♦ ❞❡ ❧✐♠✐t❡s✱ ❞❡r✐✈❛❞❛s ❡ ✐♥t❡❣r❛❧✳

❖ ❛ss✉♥t♦ ❞❡ ❧✐♠✐t❡s ❢♦✐ ❡①♣❧❛♥❛❞♦ s♦♠❡♥t❡ ♦ ❝♦♥❝❡✐t♦ ❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✱ ❛ss✐♠

❝♦♠♦ ♦ ❞❡ ❞❡r✐✈❛❞❛s ❡ ✐♥t❡❣r❛❧✳ ❊st❡s ❛ss✉♥t♦s ❢♦r❛♠ ❞❛❞♦s s♦♠❡♥t❡ ♦ ❜ás✐❝♦✱ ♣♦✐s ❛

♣❡sq✉✐s❛ ❡♠ q✉❡stã♦✱ t❡♥t❛ ♠♦str❛r ❛♦ ❛❧✉♥♦ q✉❡ ❡①✐st❡ ♦✉tr❛s ♠❛♥❡✐r❛s ❞❡ s❡ ❣❛♥❤❛r

t❡♠♣♦ ✭r❛♣✐❞❡③✮ ♥❛ r❡s♦❧✉çã♦ ❞♦s ❡①❡r❝í❝✐♦s✱ ❡✱ ♠♦str❛r ❛ ♥❡❝❡ss✐❞❛❞❡ ❞♦ ❡st✉❞♦ ❞♦ ❝á❧❝✉❧♦✳

❙♦❜r❡ ▲✐♠✐t❡s✱ ❍♦❜❜❡s ✭✶✺✽✽ ✕ ✶✼✼✾✮✱ ✜❧ós♦❢♦ ✐♥❣❧ês ❞✐ss❡✿ ✏❙❡❥❛ ♦ q✉❡ ❢♦r q✉❡

✐♠❛❣✐♥❡♠♦s✱ é ✜♥✐t♦✳ P♦rt❛♥t♦ ♥ã♦ ❡①✐st❡ q✉❛❧q✉❡r ✐❞❡✐❛✱ ♦✉ ❝♦♥❝❡♣çã♦✱ ❞❡ ❛❧❣♦ q✉❡

❞❡♥♦♠✐♥❛♠♦s ✐♥✜♥✐t♦✭✳✳✳✮ q✉❛♥❞♦ ❞✐③❡♠♦s q✉❡ ❛❧❣✉♠❛ ❝♦✐s❛ é ✐♥✜♥✐t❛✱ q✉❡r❡♠♦s ❛♣❡♥❛s

❞✐③❡r q✉❡ ♥ã♦ s♦♠♦s ❝❛♣❛③❡s ❞❡ ❝♦♥❝❡❜❡r ♦s ❧✐♠✐t❡s ❡ ❢r♦♥t❡✐r❛s ❞❛ ❝♦✐s❛ ❞❡s✐❣♥❛❞❛✱ ♥ã♦

t❡♥❞♦ ❝♦♥❝❡♣çã♦ ❞❛ ❝♦✐s❛✱ ♠❛s ❞❡ ♥♦ss❛ ♣ró♣r✐❛ ✐♥❝❛♣❛❝✐❞❛❞❡✳✑

✹✳✸✳✶ ❉❛ ❊①♣❧❛♥❛çã♦ ❞❡ ▲✐♠✐t❡s

❈♦♠♦ ❥á ❛❜♦r❞❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ♥❛ ❡①♣❧❛♥❛çã♦ ❞♦ ❝♦♥t❡ú❞♦ ♥❛ ♣❛rt❡ ❞❛ ❢✉♥❞❛✲

♠❡♥t❛çã♦ t❡ór✐❝❛ ❢♦✐ ♠♦str❛❞♦ ❛♦ ❛❧✉♥♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ✉♠❛ ❢✉♥çã♦ q✉❛♥❞♦ ❡❧❛ s❡

❛♣r♦①✐♠❛ ❞❡ ❝❡rt♦ ✈❛❧♦r✱ ♣❛r❛ q✉❡ ❡❧❡ ❝♦♠♣r❡❡♥❞❡ss❡ ❛ tr❛❥❡tór✐❛ ❞❡ ✉♠ ❣rá✜❝♦✳

❋♦✐ ❞❛❞♦ ♦ s❡❣✉✐♥t❡ ❡①❡♠♣❧♦✿

❙❡❥❛ ❛ ❢✉♥çã♦ f ❞❡ R ❡♠ R✱ ❞❡✜♥✐❞❛ ♣♦r f(x) = x + 3✳❋❛ç❛ ♦ ❣rá✜❝♦ ❝❛rt❡s✐❛♥♦

❝♦rr❡s♣♦♥❞❡♥t❡ ❡ ❡st✉❞❡ ❛ ❢✉♥çã♦✳

◆♦t❛♠♦s q✉❡✱ ♣❛r❛ ✈❛❧♦r❡s ❞❡ x ❝❛❞❛ ✈❡③ ♠❛✐s ♣ró①✐♠♦s ❞❡ ✷✱ t❡♠♦s ✈❛❧♦r❡s ❞❡

f(x) ❝❛❞❛ ✈❡③ ♠❛✐s ♣ró①✐♠♦s ❞❡ ✺✳ ■ss♦ ♦❝♦rr❡ t❛♥t♦ q✉❛♥❞♦ x t❡♥❞❡ ❛ ✷ ♣❡❧❛ ❡sq✉❡r❞❛✱

✐st♦ é✱ s❡ ❛♣r♦①✐♠❛ ♣♦r ✈❛❧♦r❡s ♠❡♥♦r❡s ❞❡ ✷✱ ❝♦♠♦ q✉❛♥❞♦ x t❡♥❞❡ ❛ ✷ ♣❡❧❛ ❞✐r❡✐t❛✱ ✐st♦

é✱ s❡ ❛♣r♦①✐♠❛ ♣♦r ✈❛❧♦r❡s ♠❛✐♦r❡s ❞❡ ✷✳

✸✼



▲♦❣♦ ❛♣ós ❢♦✐ ❞❛❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ ▲✐♠✐t❡s ❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✱ s❡♥❞♦ ❛ss✐♠ ❞❡

♠❛♥❡✐r❛ ❜ás✐❝❛ ❡①♣❧✐❝❛❞♦ ♦ ❝♦♥t❡ú❞♦ ❞❡ ❧✐♠✐t❡s✳

✹✳✸✳✷ ❉❛ ❊①♣❧❛♥❛çã♦ ❞❡ ❉❡r✐✈❛❞❛s

❆q✉✐ t❡♥t❛♠♦s ❛♣r♦❢✉♥❞❛r ✉♠ ♣♦✉❝♦ ♠❛✐s✱ ❥á q✉❡ ❛s ❞❡r✐✈❛❞❛s ❞❡ ✐♥í❝✐♦ t❡♠

✉♠ s❡♥t✐❞♦ ❢á❝✐❧✱ ♣♦r ✐ss♦ t❡♥t❛♠♦s ❡♥✈♦❧✈❡r ♠❛✐s ♦ ❛❧✉♥♦ ❝♦♠ ❡st❡ tó♣✐❝♦✳ ❉❡ ✐♥í❝✐♦ ❢♦✐

❝♦♠❡♥t❛❞♦ s♦❜r❡ ♣♦tê♥❝✐❛s ❡ ❧♦❣♦ ❛♣ós ❢♦✐ ❝♦♠❡♥t❛❞♦ s♦❜r❡ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r ❞❛ r❡t❛✱

❛ss✉♥t♦ ❡st❡ r❡❝é♠ ❡st✉❞❛❞♦ ♥♦ ♣❡rí♦❞♦ ❧❡t✐✈♦✱ ❛ ❡❧❡s ❢♦✐ ♠♦str❛❞♦ ✉♠ ❡①❡♠♣❧♦ ❜ás✐❝♦✳

❊①❡♠♣❧♦✿

❈♦♥s✐❞❡r❛♥❞♦ ❛ r❡t❛ t✱ t❛♥❣❡♥t❡ à ❝✉r✈❛ ❞❡✜♥✐❞❛ ♣♦r f(x) = x2✱ ♥♦ ♣♦♥t♦ ❞❡

❛❜s❝✐ss❛ ✷✱ ❞❡t❡r♠✐♥❛r✿

❛✮ ♦ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r ❞❛ r❡t❛ t

❙❡♥❞♦ f(x) = x2✱ t❡♠♦s f(2) = 22 = 4✳ ▲♦❣♦✱ ♦ ♣♦♥t♦ P ❞❡ t❛♥❣ê♥❝✐❛ t❡♠

❝♦♦r❞❡♥❛❞❛s P✭✷✱✹✮✳

❊ss❛ ♠❛♥❡✐r❛ é ❜❡♠ s✐♠♣❧❡s ❞❡ s❡ ❢❛③❡r✱ ♠❛✐s ♥♦ ✐♥t✉✐t♦ ❞❡ tr❛❜❛❧❤❛r q✉❡stõ❡s

❝♦♠ ✉♠ ❣r❛✉ ♠❛✐♦r ❞❡ ❞✐✜❝✉❧❞❛❞❡✱ ❢♦✐ ♠♦str❛❞♦ ✉t✐❧✐③❛♥❞♦ ♦ ❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧✳

❖ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r ❞❛ r❡t❛ t❛♥❣❡♥t❡ à ❝✉r✈❛ é ❞❛❞♦ ♣♦r f ′(x0) = limx→x0

f(x)− f(x0)

x− x0

❊♥tã♦ f ′(2) = limx→2

x2 − 4

x− 2

♦✉ s❡❥❛ f ′(2) = limx→2

(x− 2)(x+ 2)

(x− 2)
= 4

❜✮ ❛ ❡q✉❛çã♦ ❞❛ r❡t❛ t

❆ ❡q✉❛çã♦ ❞❛ r❡t❛ t é ❞❛❞❛ ♣♦r y − f(x0) = f ′(x0)(x− x0) ❞❛í y − 4 = 4(x− 2)

♦✉ ❛✐♥❞❛ y = 4x− 4

◗✉❡✱ ❛ ♣❛rt✐r ❞❛í ♦ ❛❧✉♥♦ ♣♦❞❡ ♣❡r❝❡❜❡r q✉❡ r❡s♦❧✈❡♥❞♦ ❛ ❧❡tr❛ ❛ ❞❛ ❢♦r♠❛ ❞❡

❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧ ❡❧❡ r❡s♣♦♥❞❡r✐❛ ❛ ❧❡tr❛ ❜ ❢❛❝✐❧♠❡♥t❡✳

❈♦♠♦ ❞✐③✐❛ ❑❛r❧ ▼❛r① ✭✶✽✶✽ ✕ ✶✽✽✸✮ ✜❧ós♦❢♦ ❡ ❡❝♦♥♦♠✐st❛ ❛❧❡♠ã♦✿ ✏➱ ✉♠ ♣❛r❛✲

❞♦①♦ ❛ ❚❡rr❛ s❡ ♠♦✈❡r ❛♦ r❡❞♦r ❞♦ ❙♦❧ ❡ ❛ á❣✉❛ s❡r ❝♦♥st✐t✉í❞❛ ♣♦r ❞♦✐s ❣❛s❡s ❛❧t❛♠❡♥t❡

✐♥✢❛♠á✈❡✐s✳ ❆ ✈❡r❞❛❞❡ ❝✐❡♥tí✜❝❛ é s❡♠♣r❡ ✉♠ ♣❛r❛❞♦①♦✱ s❡ ❥✉❧❣❛❞❛ ♣❡❧❛ ❡①♣❡r✐ê♥❝✐❛

❝♦t✐❞✐❛♥❛ q✉❡ s❡ ❛❣❛rr❛ à ❛♣❛rê♥❝✐❛ ❡❢ê♠❡r❛ ❞❛s ❝♦✐s❛s✑✳

❉❛í ❡♠ ❞✐❛♥t❡ ❢♦✐ ❡①♣❧✐❝❛❞♦ ❛s ❞❡r✐✈❛❞❛s ❞❡ ❢✉♥çõ❡s ❡❧❡♠❡♥t❛r❡s ❡ ❛s ♣r♦♣r✐❡❞❛❞❡s

♦♣❡r❛tór✐❛s ❞❛s ❞❡r✐✈❛❞❛s✱ ❝♦♠ ✐ss♦ ♦ ❛❧✉♥♦ ❥á t✐♥❤❛ ✉♠ ❜♦♠ s✉♣♦rt❡ ♣❛r❛ ✈♦❧t❛r à ❧✐st❛

❞❡ ❡①❡r❝í❝✐♦s ❡ ✈❡r✐✜❝❛r ♦♥❞❡ ❡❧❡s ❡st❛✈❛♠ ❝♦♠ ❞✐✜❝✉❧❞❛❞❡s✳

✹✳✸✳✸ ❉❛ ❊①♣❧❛♥❛çã♦ ❞❡ ■♥t❡❣r❛✐s

❊st❡ tó♣✐❝♦ t❡♠ ♣♦r ♦❜❥❡t✐✈♦ s❡r✈✐r ❞❡ ✐♥tr♦❞✉çã♦ ❡❧❡♠❡♥t❛r✱ ♦♥❞❡ ❛ ê♥❢❛s❡ r❡❝❛✐

♥❛ ❝♦♠♣r❡❡♥sã♦ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❡ ♥ã♦ ♥❛ ♠❛♥✐♣✉❧❛çã♦ ❢♦r♠❛❧✳ ❆ ❧✐♥❣✉❛❣❡♠ ✐♥t✉✐t✐✈❛

❢♦✐ ✉t✐❧✐③❛❞❛ ❡♠ t♦❞♦ ♦ t❡①t♦✱ ♠❛s s❡♠♣r❡ ❞❡ ♠❛♥❡✐r❛ ❝♦♥s✐st❡♥t❡ ❝♦♠ ❝♦♥❝❡✐t♦s ♣r❡❝✐s♦s

❡ ♣r♦❝❡❞✐♠❡♥t♦s ❝❧❛r♦s✳

✸✽



◆♦ ♣r✐♠❡✐r♦ ❝♦♥t❛t♦ ❢♦✐ tr❛❜❛❧❤❛❞♦ ár❡❛s ❞❡ ✜❣✉r❛s ♣❧❛♥❛s ❝♦♠♦ ♦ q✉❛❞r❛❞♦✱

r❡tâ♥❣✉❧♦✱ tr❛♣é③✐♦✱ tr✐â♥❣✉❧♦ ❡ ❡t❝✳ t❛♠❜é♠ ❢♦✐ ♠♦str❛❞♦ ✜❣✉r❛s ♣❧❛♥❛s s❡♠ s❡r❡♠ ❞❡✲

✜♥✐❞❛s ♣❛r❛ q✉❡ ♣✉❞éss❡♠♦s ❡♥❝♦♥tr❛r ❛ ár❡❛✳ ❈♦♥t✉❞♦ ♦ ❛❧✉♥♦ ❢♦✐ ❛♣r❡♥❞❡♥❞♦ ❛ ❢❛③❡r

♣❛rt✐çõ❡s ♥❛s ✜❣✉r❛s ❛té ❡♥❝♦♥tr❛r ✉♠❛ ár❡❛ ❥á ❝♦♥❤❡❝✐❞❛ ♣❛r❛ q✉❡ ♣✉❞❡ss❡ ❝❛❧❝✉❧❛r✳ ▲♦❣♦

❛♣ós✱ ❢♦✐ ✈✐st♦ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉♠ ♠ét♦❞♦ ♠❛✐s ❣❡r❛❧ ❞❡ ❝❛❧❝✉❧❛r ár❡❛s ❞❡ ✉♠❛ ✜❣✉r❛

❧✐♠✐t❛❞❛✱ ♥ã♦ ♣♦r ♣♦❧í❣♦♥♦s✱ ♠❛s ♣♦r ❝✉r✈❛s✳

❉❡ss❡ ♠♦❞♦ ❢♦✐ ♣♦st♦ ✉♠ ♣r♦❜❧❡♠❛ ❞♦ ❝á❧❝✉❧♦ ❞❛ ár❡❛ q✉❡ ✉♠❛ ❢✉♥çã♦ f(x) ❢❛③

❝♦♠ ♦ ❡✐①♦ ❞❛s ❛❜s❝✐ss❛s ❞♦ ♣♦♥t♦ ✶ ❛♦ ♣♦♥t♦ ✸✱ ❡ t❛❧ ❢✉♥çã♦ é ❞❡✜♥✐❞❛ ❝♦♠♦ f(x) = x2✳

❋✐❣✉r❛ ✶✷✿ ➪r❡❛ ❞❛ ✜❣✉r❛ ❡♠ t♦r♥♦ ❞♦ ❡✐①♦ ①

❋♦♥t❡✿ Pró♣r✐♦ ❆✉t♦r

❖ ❡①❡♠♣❧♦ ❢♦✐ r❡s♣♦♥❞✐❞♦ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✏❡①❛✉stã♦✑✱ ♦ ❡s♣❛ç♦ ❢♦✐ s✉❜❞✐✈✐❞✐❞♦ ❡♠

♣❡q✉❡♥♦s r❡tâ♥❣✉❧♦s ❡ ❝❛❧❝✉❧❛❞♦s s✉❛s ár❡❛s✱ ❛ s♦♠❛tór✐❛ ❞❛s ár❡❛s ❢♦✐ ♦ ✈❛❧♦r ❛♣r♦①✐♠❛❞♦

❞❛ ár❡❛ t♦t❛❧✳ ❖s ❛❧✉♥♦s✱ é ❝❧❛r♦✱ ❛❝❤❛r❛♠ ❛q✉✐❧♦ ♠✉✐t♦ tr❛❜❛❧❤♦s♦✱ ❡ t❛♠❜é♠ ♠✉✐t♦

✐♥❝❡rt♦ ♣♦✐s ❝♦♠♦ ♣r♦❝❡❞❡r q✉❛❧ ♦ t❛♠❛♥❤♦ ❞♦ r❡tâ♥❣✉❧♦ ❛ s❡r ❡s❝♦❧❤✐❞♦✱ ❡ss❛ ❢♦✐ ✉♠❛ ❞❛s

✐♥❞❛❣❛çõ❡s ♠❛✐s ♣❡rt✐♥❡♥t❡s✳

◆♦ ❡♥t❛♥t♦ ❡ss❡ ♠ét♦❞♦✱ ❢♦✐ ❢❡✐t♦ s✐♠♣❧❡s♠❡♥t❡ ♣❛r❛ ❝❤❛♠❛r ❛ ❛t❡♥çã♦ ❞♦s ❛❧✉♥♦s

❝♦♠♦ ❛ ❞❡✜♥✐çã♦ ❡ ♦ ❝á❧❝✉❧♦ ✐♥✐❝✐❛❧ ❜ás✐❝♦ é ❞❡ s✉♠❛ ✐♠♣♦rtâ♥❝✐❛✱ ♣♦✐s r❡s♦❧✈❡r ❝á❧❝✉❧♦s

❞❡ ár❡❛s ✐♥❝❡rt❛s é ❛❧❣♦ ♥♦✈♦ ✭♥ã♦ tr❛❜❛❧❤❛❞♦✮ ♥♦ ❡♥s✐♥♦ ❜ás✐❝♦✳

❊♠ s❡q✉ê♥❝✐❛✱ ❢♦✐ ❡①♣❧❛♥❛❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ ✐♥t❡❣r❛❧ ❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✱ ❛ss✐♠

❝♦♠♦ ❛❧❣✉♠❛s té❝♥✐❝❛s ❞❡ ✐♥t❡❣r❛çã♦✳

✹✳✹ ❘❊❙P❖❙❚❆❙ ❖❇❚■❉❆❙ ❆PÓ❙ ❊❳P▲❆◆❆➬➹❖

❆❣♦r❛ ♥♦ t❡r❝❡✐r♦ ♠♦♠❡♥t♦✱ ♦s ❛❧✉♥♦s r❡❝❡❜❡r❛♠ ❛ ♠❡s♠❛ ❧✐st❛ ♣❛r❛ ♥♦✈❛♠❡♥t❡

t❡♥t❛r r❡s♣♦♥❞ê✲❧❛✱ ❛té ♠❡s♠♦ ❛q✉❡❧❡s q✉❡ ❥á t✐♥❤❛♠ r❡s♣♦♥❞✐❞♦ ♣♦r ❝♦♠♣❧❡t♦✳

✸✾



❋✐❣✉r❛ ✶✸✿ ❆♥á❧✐s❡ ❞❛ t❡r❝❡✐r❛ ❡t❛♣❛

❋♦♥t❡✿ Pró♣r✐♦ ❆✉t♦r

P♦rt❛♥t♦✱ ♣❡r❝❡❜❡✉✲s❡ ✉♠❛ ♠❡❧❤♦r❛ s✐❣♥✐✜❝❛t✐✈❛ ❞❛s t✉r♠❛s ❡♠ q✉❡stã♦✱ ♣♦✐s

❛♥❛❧✐s❛♥❞♦ s♦♠❡♥t❡ ✉♠ tó♣✐❝♦ ✏◆ã♦ s♦✉❜❡r❛♠ r❡s♣♦♥❞❡r✑ t❡✈❡ ✉♠ ❛✉♠❡♥t♦ ❣r❛♥❞✐♦s♦✳

❙❛✐♥❞♦ ❞❡ ✻✱ ✽ ❡ ✻ ♣❛r❛ ✶✺✱ ✶✻✱ ✶✷ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡♠ ♥ú♠❡r♦ ❞❡ ❛❧✉♥♦s q✉❡ ❝♦♥s❡❣✉✐r❛♠

❡ ❛ss✐♠✐❧❛r❛♠ ♦ ❝♦♥t❡ú❞♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ s❡✉s ❣rá✜❝♦s✳

❖ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ❢♦✐ ✈❛❧✐♦s♦✱ ♦s ❡st✉❞❛♥t❡s q✉❡ ♥ã♦ ❛ss✐♠✐❧❛r❛♠ ♦s ❝♦♥t❡ú❞♦s

❞❛ ❧✐st❛ q✉❡ ❢♦r❛♠ ✈✐st♦ ♥♦s ❛♥♦s ❛♥t❡r✐♦r❡s✱ ♣✉❞❡r❛♠ r❡s♦❧✈❡r ❛s q✉❡stõ❡s ❝♦♠ ❡st❛ ♥♦✈❛

❞✐♥â♠✐❝❛✳ ▼❛✐s ✐ss♦ ❛✐♥❞❛ tê♠✲s❡ ❞❡ s❡r r❡✈✐st♦✱ ♣♦✐s ❛ s✐♠✐❧❛r✐❞❛❞❡ ♣♦❞❡ s❡r ❝♦♥❢✉♥❞✐❞❛

❝♦♠ ♦ ❡sq✉❡❝✐♠❡♥t♦ ❡ ❛ ❢❛❧t❛ ❞❡ ♣rát✐❝❛ ❞♦s ❡st✉❞♦s✳

P♦❞❡♠♦s ❛✐♥❞❛ ♦❧❤❛r ❡♠ ❝♦♥✈❡rs❛s ❝♦♠ ♦s ❛❧✉♥♦s ❞❛ ♣❡sq✉✐s❛✱ q✉❡ ♦ ❝♦♥t❡ú❞♦

❞❛r ✉♠❛ ♠❡❧❤♦r r❡s♦❧✉t✐✈✐❞❛❞❡ ❛♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦s ❛ss✉♥t♦s✳ ❆ ♣r✐♠❡✐r♦ ♠♦❞♦ ♦s ❡st✉✲

❞❛♥t❡s ♣r❡❝✐s❛♠ ❢♦❝❛r ♠❛✐s ❡♠ ♦r❣❛♥✐③❛r s❡✉ t❡♠♣♦✱ ♠❛s ❡✉ r❡❝♦♠❡♥❞♦ ♠✉✐t♦ q✉❡ ✉s❡♠

✉♠❛ ❝♦♠❜✐♥❛çã♦ ❞❡ t❡st❡s ❡ ♣rát✐❝❛s ❞✐str✐❜✉í❞❛s ♣❛r❛ ❛♣r❡♥❞❡r❡♠ ❛s ✐♥❢♦r♠❛çõ❡s ♠❛✐s

✐♠♣♦rt❛♥t❡s ❞❡ q✉❡ ♣r❡❝✐s❛rã♦ ♥❛s ❛✉❧❛s ❢✉t✉r❛s✱ ♥❛ ✈✐❞❛ ❡ ♥♦ tr❛❜❛❧❤♦✳

❖s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ♥♦ ♣r❡s❡♥t❡ ❡st✉❞♦ s✉❣❡r❡♠ ♦ ❛♣r❡♥❞✐③❛❞♦ ❡ ❝♦♠♣r❡✲

❡♥sã♦ ❣❡r❛❧ ❞❡ ✉♠ ❝♦♥t❡ú❞♦✱ ❞❛ s❡❧❡çã♦ ❞♦s ✐t❡♥s ✐♠♣♦rt❛♥t❡s✱ ❞❛ ❡❧❛❜♦r❛çã♦ ❞❡ss❡s ✐t❡♥s

♣❡❧♦ ❡st✉❞❛♥t❡ ❡ ❞❛ t❡st❛❣❡♠ ❞❡st❛ ❡❧❛❜♦r❛çã♦✳ ✖ r❡❝♦♠❡♥❞❛✲s❡ ❛♦s ❡st✉❞❛♥t❡s q✉❡ ❛s

♠❡❧❤♦r❡s té❝♥✐❝❛s ♥ã♦ sã♦ ♠❛✐s ❞✐❢í❝❡✐s ❞❡ ❛♣❧✐❝❛r✱ ❡♠❜♦r❛ ❞❡♠❛♥❞❡♠ ✉♠❛ ❛❣❡♥❞❛ ❜❡♠

♦r❣❛♥✐③❛❞❛ ♣❛r❛ ❞✐str✐❜✉✐r ❛s s❡ssõ❡s ❞❡ ❡st✉❞♦ ❛♦ ❧♦♥❣♦ ❞♦ ❛♥♦✳
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❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❞✐s❝✉t✐❞♦ ♥♦ s❡çã♦ ✷✱ ♦s ❝♦♥❝❡✐t♦s ❞❡ ❧✐♠✐t❡s✱ ❞❡r✐✈❛❞❛s ❡ ✐♥✲

t❡❣r❛✐s✱ ♣♦❞❡♠ s❡r ❞❡s❡♥✈♦❧✈✐❞♦s ❞❡ ✈ár✐❛s ♠❛♥❡✐r❛s✿ ♠❛t❡♠❛t✐❝❛♠❡♥t❡✱ ✉t✐❧✐③❛♥❞♦ s✉❛s

❞❡✜♥✐çõ❡s✱ ♦✉ ❛ ♣❛rt✐r ❞❛ ✐❞❡✐❛ ❞❡ ❛♣r♦①✐♠❛çã♦✱ r❡t❛s t❛♥❣❡♥t❡s ❡ ❝á❧❝✉❧♦ ❞❡ ár❡❛s✱ r❡s✲

♣❡❝t✐✈❛♠❡♥t❡✳ ❊ ❡ss❛ é ❛♣❡♥❛s ✉♠❛ ♣r♦♣♦st❛ ♣♦ssí✈❡❧✳

❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❢♦✐ ♣♦ssí✈❡❧ ❞❡♠♦♥str❛r ♦ ❞✐st❛♥❝✐❛♠❡♥t♦ ❡①✐st❡♥t❡ ❡♥tr❡ ❛

♠❛t❡♠át✐❝❛ ❛♣r❡s❡♥t❛❞❛ ❡♠ s❛❧❛ ❞❡ ❛✉❧❛ ❡ ❛q✉❡❧❛ ♠❛✐s ❡①✐❣✐❞❛ ❡♠ r❡❧❛çã♦ ❛♦s ❝✉rs♦s

❞❡ ❝á❧❝✉❧♦✳ ❖❜s❡r✈♦✉✲s❡ t❛♠❜é♠ q✉❡ ❛❧❣✉♥s ❛❧✉♥♦s ♥❛ ✐♠✐♥ê♥❝✐❛ ❞❡ ❝♦♥❝❧✉sã♦ ❞♦ ❡♥s✐♥♦

♠é❞✐♦✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❡ t❡r ✈✐st♦ ♦ ❝♦♥t❡ú❞♦✱ t✐✈❡r❛♠ ✐♥✢✉ê♥❝✐❛ ♣♦s✐t✐✈❛ ❡ s✐❣♥✐✜❝❛✲

t✐✈❛ ♥♦ ❣r❛✉ ❞❡ ❛❝❡rt♦s ♥❛ ♣❡sq✉✐s❛ ❡♠ r❡❧❛çã♦ às ♥♦çõ❡s ❜ás✐❝❛s ❞❡ ❝á❧❝✉❧♦✳ ◆♦ ❡♥t❛♥t♦✱

q✉❛♥❞♦ s❡ tr❛t❛✈❛ ❞❛ ♣❡r❝❡♣çã♦ ❞❡ ❛❧✉♥♦s q✉❡ ♥ã♦ ❤❛✈✐❛♠ r❡s♣♦♥❞✐❞♦ ♦ ♣r✐♠❡✐r♦ ♠♦♠❡♥t♦

❞❛ ❧✐st❛ ✐ss♦ ❢♦✐ s✐❣♥✐✜❝❛t✐✈♦✱ ♣♦✐s ❛♠❜♦s ❛♣r❡s❡♥t❛r❛♠ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♦ ♠❡s♠♦ ❣r❛✉

❞❡ ❛❝❡rt♦✳

❊s♣❡r❛✲s❡ q✉❡ ❡st❡ tr❛❜❛❧❤♦ ❝♦♥tr✐❜✉❛ ♥♦ s❡♥t✐❞♦ ❞❡ ❡♥r✐q✉❡❝❡r ❛s ❞✐s❝✉ssõ❡s ❡♠

r❡❧❛çã♦ à ✐♥s❡rçã♦ ❞♦s ❝♦♥t❡ú❞♦s r❡❧❛t✐✈♦s ❛♦ ❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧ ❡ ✐♥t❡❣r❛❧ ♥♦s ❞✐❢❡r❡♥t❡s

♥í✈❡✐s ❞❡ ❡♥s✐♥♦✱ ❜✉s❝❛♥❞♦ ❛ s✉❛ ✐♥❝❧✉sã♦ ❡❢❡t✐✈❛ ❡♠ s❛❧❛ ❞❡ ❛✉❧❛✱ ✈✐♥❝✉❧❛♥❞♦✲❛ às ♥❡❝❡s✲

s✐❞❛❞❡s ❞♦ ❞✐❛ ❛ ❞✐❛✱ ❞❛❞❛ ❛ ✐♠♣♦rtâ♥❝✐❛ q✉❡ ♦ ❝♦♥t❡ú❞♦ tê♠ ♥♦ s✐st❡♠❛ ❡❞✉❝❛❝✐♦♥❛❧✳

P❛r❛ q✉❡ ✐ss♦ ♦❝♦rr❛✱ t❛♥t♦s ♦s ❢✉t✉r♦s ♣r♦❢❡ss♦r❡s ❞❡ ♠❛t❡♠át✐❝❛ q✉❛♥t♦ ❛q✉❡❧❡s q✉❡ ❥á

s❡ ❢♦r♠❛r❛♠ ❞❡✈❡ t❡r ❛❝❡ss♦ ❛ ❢♦r♠❛çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ tr❛♥s♠✐t✐r t❛✐s ❝♦♥t❡ú❞♦s✳

❊st❡ tr❛❜❛❧❤♦ ♣r♦❝✉r♦✉ ❞❡✐①❛r ❝❧❛r♦ ❝❛❞❛ ❡①♣❡r✐ê♥❝✐❛ ❡ r❡s✉❧t❛❞♦ ♣r♦✈❡♥✐❡♥t❡s ❞❡

❡①tr❡♠♦ ❡s❢♦rç♦ ❢❛③❡♥❞♦ ❝♦♥t❛s q✉❡✱ ♣♦r ♠✉✐t❛s ✈❡③❡s ❞❡s❢♦❝❛♠ ♦ ✈❡r❞❛❞❡✐r♦ ♦❜❥❡t✐✈♦ q✉❡

é ❡❧✉❝✐❞❛r ✉♠ ♣r♦❜❧❡♠❛ t❡♥❞♦ ❡♠ ♠ã♦s ✉♠ ♣r♦❞✉t♦ ✜♥❛❧ ❡ ♥ã♦ ♦ s❡✉ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦✳

■ss♦ ♣❡r♠✐t✐✉ q✉❡ ♣✉❞éss❡♠♦s ❡❧✉❝✐❞❛r ❛❧❣✉♠❛s q✉❡stõ❡s ❡ ✐♥t❡r♣r❡t❛r ❛❧❣❡❜r✐❝❛♠❡♥t❡

❡ ❣r❛✜❝❛♠❡♥t❡ ❞❡ ❢♦r♠❛ ♠❛✐s ❛♠♣❧❛✱ ❡❧❛❜♦r❛❞❛ ❡ rá♣✐❞❛ ♦s r❡s✉❧t❛❞♦s✳ P♦rt❛♥t♦✱ ❛s

❞✐s❝✉ssõ❡s ❡♠♣r❡❣❛❞❛s ♥❛ ❡❧❛❜♦r❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ♥♦ss♦ ❝r❡s❝✐♠❡♥t♦

♣❡ss♦❛❧ ❡ ❡s♣❡r❛♠♦s q✉❡ t❛♠❜é♠ ♣♦ss❛♠ ❝♦♥tr✐❜✉✐r ♥♦ ♣r♦❝❡ss♦ ❞❡ ❡♥s✐♥♦ ❛♣r❡♥❞✐③❛❣❡♠

❞♦ ❈á❧❝✉❧♦ ♥♦ ❡♥s✐♥♦ ♠é❞✐♦✳

❖✉tr♦ ❢❛t♦ q✉❡ ♥♦s ❢❡③ ❡s❝♦❧❤❡r ❡ss❡ ❛ss✉♥t♦ ❢♦✐ ❛ ❢❛❝✐❧✐❞❛❞❡ ❡ ❛ ♣r❛t✐❝✐❞❛❞❡ q✉❡ ♦

♣r♦❢❡ss♦r ❡♥❝♦♥tr❛ ❛♦ ✉t✐❧✐③❛r ♦ ❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧ ❡ ✐♥t❡❣r❛❧ ❝♦♠♦ ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ❛✉✲

①✐❧✐❛r✳ P♦ré♠✱ ❡❧❡ ❞❡✈❡rá ✜❝❛r ♠❛✐s ❛t❡♥t♦ ❛♦s q✉❡st✐♦♥❛♠❡♥t♦s q✉❡ ❡♥✈♦❧✈❡rã♦ ❛ ♣rát✐❝❛✳

❆❧é♠ ❞✐ss♦✱ ❢♦✐ t❛♠❜é♠ ❛♣r❡s❡♥t❛❞♦ s❡q✉ê♥❝✐❛s ❞✐❞át✐❝❛s ❞❛s q✉❛✐s ♣♦❞❡✲s❡ ♣❡r❝❡❜❡r ♦

❝á❧❝✉❧♦ ❝♦♠♦ ❢♦r♠❛ s❛t✐s❢❛tór✐❛✱ ❝♦♥t❡①t✉❛❧✐③❛❞❛ ❡ q✉❡ ♣♦❞❡ ✈✐r ❛ s❡r ♠❛✐s s✐❣♥✐✜❝❛t✐✈♦

♣❛r❛ ♦ ❛❧✉♥♦✳ ➱ ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r q✉❡ ♦ ❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧ ❡ ✐♥t❡❣r❛❧ ♥ã♦ ♣♦❞❡ s❡r ✈✐st♦

❝♦♠♦ ✉♠❛ ✧tá❜✉❛ ❞❡ s❛❧✈❛çã♦✧♥♦ ❡♥s✐♥♦ ❞❛ ▼❛t❡♠át✐❝❛✱ ❡❧❡ é ♠❛✐s ✉♠❛ ❢❡rr❛♠❡♥t❛ ♣❛r❛

❛✉①✐❧✐❛r ♥❡ss❛ t❛r❡❢❛ ❞❡ ❡♥s✐♥❛r ❞❡ ❢♦r♠❛ ♠❛✐s s✐❣♥✐✜❝❛t✐✈❛ ❡ ❡♠♣♦❧❣❛♥t❡✳
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❘❡❢❡rê♥❝✐❛s

❬✶❪ ➪❱■▲❆✱ ●✳✱ ❊♥s✐♥♦ ❞♦ ❈á❧❝✉❧♦ ♥♦ 20 ❣r❛✉✱ ❘❡✈✐st❛ ❞♦ Pr♦❢❡ss♦r ❞❡ ▼❛t❡♠át✐❝❛✱ ♥✳

✶✽ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ❙♦❝✐❡❞❛❞❡ ❇r❛s✐❧❡✐r❛ ❞❡ ▼❛t❡♠át✐❝❛ ✭❙❇▼✮✱ ✶✾✾✶✳
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“O Mundo está nas mãos daqueles que têm a coragem de sonhar e de correr o risco de viver seus sonhos” 

Paulo Coelho 

 

 

LISTA DE EXERCÍCIOS 

 

1°.  O custo de produção de um determinado bem de consumo é dado pela fórmula � =  �+5 + , . Onde x representa 
a quantidade produzida e C(x) o custo de produção. Determine o limite do custo de produção quando x tende a 100 peças. 

 

2°.  A função consumo em uma certa economia é dada pela equação  � = , +  . Onde C(x) é o total gasto em 
consumo pessoal e x é a renda total disponível para os gastos dados em milhões de dólares. Qual o limite de gastos quando 
a renda tende a 30? 

 

3°.  O lucro trimestral de uma empresa, depende da quantidade x de dinheiro gasto em publicidade por trimestre de acordo 
com a fórmula � =  −8 + + . Onde P(x) e x são medidos em milhões de dólares. Qual o limite do lucro 
quando seu orçamento publicitário trimestral tende a 28? 

 

4°. A posição de um móvel em movimento retilíneo é dada por S(t) = t2 + 9t + 15 onde, t está em segundo e S em metros. 

Determine a velocidade no instante de 6 s. 

 

5°.  Um fazendeiro tem 1200 m de cerca e quer cercar um campo retangular que está na 

margem de um rio reto. Ele não precisa de cerca ao longo do rio. Quais são as dimensões do campo que tem maior área? 

6°.  (ENEM 2015) Um estudante está pesquisando o desenvolvimento de certo tipo de bactéria. Para essa pesquisa, ele 

utiliza uma estufa para armazenar as bactérias. A temperatura no interior dessa estufa, em graus Celsius, é dada pela 

expressão T(h) = – h2 + 22h – 85, em que h representa as horas do dia. Sabe-se que o número de bactérias é o maior 

possível quando a estufa atinge sua temperatura máxima e, nesse momento, ele deve retirá-las da estufa. A tabela associa 

intervalos de temperatura, em graus Celsius com as classificações: muito baixa, baixa, média, alta e muito alta. 

 

 

 

 

 

 

 

 

 

Quando o estudante obtém o maior número possível de bactérias, a temperatura no interior da estufa está: 

a) Muito baixa 

b) Baixa 

c) Média 

d) Alta 

e) Muito alta 

 

7°.  O movimento de um objeto ocorre ao longo de uma reta horizontal, de acordo com a função horária: s = f(t) = t2 + 2t 

– 3. Qual a área do espaço quanto t varia de t = 2 s para t =2,5 s? 

 

8°.  Um móvel tem seu movimento dado por � = + � . Determine o espaço percorrido no intervalo de 0 a 6 s. 

9°. Se uma bola for atirada ao ar com uma velocidade de 10 m/s, sua altura (em metros),  

depois de t segundos é dada por h = 10t – 4,9t2. Vamos determinar a velocidade quando t = 2. 
 

10°. Determinar a área da região limitada por 
  = =  e = =   

 

Intervalos de Temperatura 
(°C) 

Classificação 

T < 0 Muito baixa 
0≤ T ≤ 17 Baixa 

17 < T < 30 Média 
30 ≤ T ≤ 43 Alta 

T > 43 Muito alta 
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TERMO DE CONSENTIMENTO LIVRE  E ESCLARECIDO 

Você está sendo convidado(a) como voluntário(a) a participar da pesquisa de mestrado: CÁLCULO DIFERENCIAL E 

INTEGRAL: UMA ABORDAGEM NO ENSINO MÉDIO. 

A JUSTIFICATIVA, OS OBJETIVOS E OS PROCEDIMENTOS: O motivo que nos leva a estudar o tema é possibilitar a 
compreensão da composição da grade curricular da disciplina de matemática dos discentes do campus, a pesquisa se justifica 

no sentido de nortear as intervenções pedagógicas empreendidas no campus, por uma educação pautada na diversidade e 
dinâmica da ementa das disciplinas de matemática e física contra as desigualdades,  adaptada a nossa realidade educacional, 
ou seja, mais do que entender o perfil do nosso alunado, o projeto em questão poderá ser um importante subsídio para 
medidas de ações afirmativas. O objetivo desse projeto é analisar a composição da grade curricular no tocante as resoluções 
de problemas nas áreas da matemática e da física do corpo discente do IFMA/Santa Inês. O(s) procedimento(s) de coleta de 

dados será da seguinte forma: Aplicação de questionários digitais nas turmas das séries de 3º ano do ensino médio do turno 
matutino do Campus. 
DESCONFORTOS, RISCOS E BENEFÍCIOS: O preenchimento do questionário não representará qualquer risco de ordem física 

ou psicológica para você.   

GARANTIA DE ESCLARECIMENTO, LIBERDADE DE RECUSA E GARANTIA DE SIGILO: Você será esclarecido(a) 

sobre a pesquisa em qualquer aspecto que desejar. Você é livre para recusar-se a participar, retirar seu consentimento ou interromper 

a participação a qualquer momento. A sua participação é voluntária e a recusa em participar não irá acarretar qualquer penalidade 

ou perda de benefícios. O(s) pesquisador(es) irá(ão) tratar a sua identidade com padrões profissionais de sigilo. Os resultados da 

pesquisa serão publicizados, mas os dados individuais permanecerão confidenciais. Seu nome ou o material que indique a sua 

participação não será liberado. Você não será identificado(a) em nenhuma publicação que possa resultar deste estudo. Uma cópia 

deste consentimento informado será arquivada nos arquivos do DPPGI Campus Santa Inês e outra será fornecida a você.  

CUSTOS DA PARTICIPAÇÃO, RESSARCIMENTO E INDENIZAÇÃO POR EVENTUAIS DANOS: A participação no 

estudo não acarretará custos para você e não será disponível nenhuma compensação financeira adicional. 

DECLARAÇÃO DO(A) PARTICIPANTE: O(a) professor(a) orientador(a) Sérgio Nolêto Turibus e o(a) professor(a) 

orientando(a) Jálio Araújo da Silva certificaram-me de que todos os dados desta pesquisa serão confidenciais. Declaro que 

concordo em participar desse estudo. Recebi uma cópia deste termo de consentimento livre e esclarecido e me foi dada a 

oportunidade de ler e esclarecer as minhas dúvidas. 

 
 

 

 

Santa Inês, ____ de _________________ de 2018 

 

 

 

 

________________________________________________ 

Sérgio Nolêto Turibus 

Doutor em Engenharia Nuclear 

Tel: (99) 9 8829 9627 

Email: sturibus@gmail.com 

 

 

 

 

_______________________________________________ 

Jálio Araújo da Silva 

Mestrando em Matemática 

Tel: (86) 9 9924 7887 

Email: jalio.silva@ifma.edu.br 

 

 

 

 

Nome do(a) aluno(a): ________________________________________________________ 

 

 

Assinatura do Pai ou Responsável: ___________________________________________________________ 
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